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INTRODUCTION 


SomgE observations on the aims and history of Prof. Smirnov’s five- 
volume course on higher mathematics have been made in the Intro- 
duction to the first volume of the present English edition. 

In the present volume which forms the second part of Vol. III the 
author comes to the discussion of one of the central subjects of modern 
pure mathematics, an understanding of which is essential also to 
engineers and physicists — the theory of functions of a complex 
variable. Prof. Smirnov’s approach is classical and for that reason is an 
excellent introduction for those students who will go on to study the 
more modern developments of the theory of functions while at the 
same time presenting a complete picture of those aspects of the 
theory (conformal mappings, differential equations in the complex 
plane, calculus of residues) which are of most direct interest to applied 
mathematicians. An interesting feature of the book is that it was the first 
textbook at this level to include a chapter on the theory of functions 
of several complex variables, a subject which forms an essential tool 
to workers in quantum field theory. 

Special functions continue to play an important part in the edu- 
cation of both pure and applied mathematicians. This is recognized 
by Prof. Smirnov. He follows his lucid account of the general theory of 
functions with a full treatment of those properties of special functions 
which are necessary for the proper understanding of mathematical 
physics and engineering. 

Both sides of the coin are engraved with the author’s characteristic 
style and the result is a work of great interest which has already been 
acknowledged as a classic in the countries of Eastern Europe and is 
now whole heartedly commended to students in the English-speaking 
world. 


I. N. SNEDDON 


FOREWORD TO THE FOURTH EDITION 


In THIS edition Volume III was divided into two parts. The second 
part contains material from the former Volume III, beginning with 
the chapter dealing with the principles of the theory of the functions 
of the complex variable. It was slightly rearranged and new material 
was added. This new material is related mainly to the treatise of the 
integrals of Cauchy’s type and to the approximate calculation of in- 
tegrals by the method of the steepest descent. 

I was greatly assisted in my treatment of the latter by Professor 
G. J. Petrashen’, to whom I am deeply grateful. 

Refereaces to the first part of Volume III are indicated, for 
example: [III,, 44]. 

V. SmmNnov 


CHAPTER I 


THE BASIS OF THE THEORY 
OF FUNCTIONS 
OF A COMPLEX VARIABLE 


1. Functions of a complex variable. In the differential and integral 
calculus we assumed that the independent variable, as well as the 
function, could only be real. Later, in higher algebra we analysed the 
most elementary function, viz. the polynomial, in which the inde- 
pendent variable took complex as well as real values. In this chapter 
we shall develop the analytical basis so as to include functions of 
a complex variable. 

Take, for example, the polynomial 


/(z) =a)2" +a,2"-1+4+...+4,, 


where a, are given complex numbers. We can assume that the inde- 

pendent variable z also assumes arbitrary complex values; in this 

event the function f(z) is defined for arbitrary complex values of z. 
The same can be said about the rational function: 


a)z" + 4,2" 7 +...+4, 
ba be. Po, 


or even about expressions containing radicals, for example: 
z— 1. 


In Chapter VI of Volume I we defined elementary transcendental 
functions for the case when the independent variable assumed com- 
plex values; thus we have for the exponential function: 


e? = e*t Y = e* (cosy + isin y) 


and having thus defined the exponential function, we can also define 


1 
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trigonometric functions the arguments of which assume complex 
values: 


; ef — eg ~2 : Pa ae e 7% 
sin z= = ; cosz= 5 ; 
; fe (1) 
tang Se te cot z= 2? =i 557 =e 
COs z e ef%z1) ? 2 ef —_ ] 


Let us recall the expression for the natural logarithm of a 
complex number: 
log z = log |z| + targz, (2) 


where |z| is the modulus of z and arg z denotes the amplitude of the 
variable z. Similarly, by considering the functions inverse to (1), we 
arrive at the inverse circular functions of a complex variable: 


are sinz, are cosz, arc tanz, arc cot z. 


It can easily be shown that these functions can be expressed by a 
logarithm. 
Assume, for example, that 


ef” at l 
z=tanw= te” +1) ’ 
whence 
i(el2” + 1) z= ef2w ey | 
or 


1+ vz 
efw — te 
1 —%tz 


Multiplying the numerator and the denominator by ¢ and taking 
logarithms, we obtain: 


w = arctanz = tg eed ae 
_ ~~ 23 8 itz 
Similarly, if we assume that: 
el — ev 


2=sinw = 


we obtain a quadratic equation for e™: 


e2¥ __ diz e¥_ 1 = 0, 
e” = iz+ J1—2?, 


w = log (iz + I—2) 


whence 


and consequently: 


where both values of the square root must be taken. 
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We shall see later that all the elementary functions of a complex 
variable mentioned above have a derivative i.e. a definite limit 
of the relationship 

Kz + 42) — Ka) 
Az ; 

exists when the complex expression 42 tends to zero. This chapter 
is devoted entirely to the study of the theory of functions of a 
complex variable possessing a derivative. We shall see that this 
theory is distinguished by great clarity and simplicity and has wide 
applications in many branches of natural science and engineering. 
In this chapter we shall give a short outline of the theory itself and 
in the following chapters we shall deal with its applications. In this 
way we hope to achieve a clearer and more compact treatment of 
the theoretical basis. 

In future we shall frequently use the geometric interpretation of 
complex numbers which we mentioned earlier in [I, 170]. 

Let us briefly recall this method of interpretation. Consider a 
plane referred to perpendicular axes OX and OY; every point in this 
plane can be defined by two real coordinates (z, y), or by one complex 
coordinate x + iy, which we shall in fact use in future. In this 
sense the plane is known as the plane of the complex variable, 
the X axis as the real axis and the Y axis as the imaginary axis. 
In the following chapters, in addition to this point representation of 
a complex variable we shall also use the vector representation: when 
the complex number z + ty is represented by a vector the compo- 
nents components of which are equal to x and y. The relationship 
between these interpretations becomes clear at once: if a vector is 
drawn from the origin to the point with complex coordinate x + ty 
then this vector corresponds to the same complex number x + iy. 
In general, if a vector is drawn in our plane from a point A with 
complex coordinate a, + ia, to a point B with complex coordinate 
b, + tb,, then this vector AB corresponds to a complex number 
equal to the difference between the complex coordinates of its 
origin and terminus: 

(5; — a) + t(b, — ay). 
Let us recall some earlier results from [I, 171 and 172]. 
The addition of complex numbers follows the laws of the geometric 


addition of the vectors, corresponding to those numbers. The modulus of 
the complex number is equal to the length of the corresponding vector, 
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and the amplitude to the angle which this vector makes with the 
X axis. 

If the complex variable varies, the corresponding point moves 
in the plane. 

We say that 2 = x + iy tends to the limit a = a + tb, where a 
and 6 are constants, if the modulus of the difference 


ja —2| = (a — x)? + (6 — y)? 
tends to zero. 
It follows from the above expression that, since the terms under 
the radical are positive, | a — z|— 0 is equivalent to 


x—>a and y—b. 
Hence 
ztiy>a+t+ib 
is equivalent to 
z—a and yb. 


Obviously the variable point Mf which corresponds to z = a + ty 
will in this case tend to a limiting position represented by the point A 
with complex coordinate a = a + ib. It can easily be proved, though 
we shall not do so here, that the usual theorems on the limit of a 
sum, product and quotient apply. 

Note also that it follows from the definition of the limit that z— 0 
is equivalent to | z | —> 0. Also, if z—> aitis clear that | z | > | aj. 

Cauchy’s test for the existence of a limit also applies to a complex 
variable. 

Assume, for example, that we have a numbered sequence of values 
of the complex variable: 


4=24+y, 4; 
Zp = yt Yots.--5 
Zn = Ayn tb Yn ties 


The existence of a limit of this sequence is equivalent to the existence 
of limits of the real sequences z, and y,; the necessary and sufficient 
condition for such a limit to exist is that the absolute values of the 
differences | %, — 2m | and | ¥, — Ym | should be as small as possible, 
when n and m are sufficiently large [I, 31]. 

Taking into consideration that 


lz, Sh 2m = V (2p y Lm)? +(Yn ack Ym)? 
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and that the terms under the radical are positive, we can see that 
the necessary and sufficient condition for the limit of the sequence 
z, to exist is that | 2, — Z,,| should tend to become as small as 
desired when n and m are sufficiently large, i.e. strictly speaking, 
for any given positive « an N exists such that |2, —2,|< « if 
n and m> UN. Everything said at the beginning [25] of Volume 1 
about real variables also applies generally to the complex variable. 
The necessary and sufficient condition for a limit of a complex 
variable z to exist consists of the following [I, 31]: for any given 
positive « a value of the variable z exists such that | z’ — 2” |< e, 
provided 2’ and 2” are any two values which exceed the value 
mentioned. We shall say in future that the complex variable z tends 
to infinity when | z|[—> +. 
Consider now a function of the complex variable 


w = f(z) 


and let us agree on our terminology. The function f(z) can be defined 
either in the whole plane or in a definite domain of the plane of the 
complex variable z, for example, in a definite circle, rectangle, annulus 
etc. In this domain we shall distinguish interior points and points 
on the contour. Thus, for example, in the case of a circle, centre 
the origin and unit radius, interior points are determined by the 
condition 
lz]< 1 or @+y? <1, 


whilst the contour is the circumference 
jz] = 1 or 2? +y?=1. 


An interior point has the characteristic property that not only 
the point itself but also a neighbourhood of it belongs wholly to 
the domain, i.e. the point M will be an interior point of a domain, 
provided that a sufficiently small circle, centre at Mf, belongs wholly 
to that domain. 

Points of the contour are not interior points, though interior points 
can be as close as we please to the contour. We also assume that our 
domain does not break down into separate parts (connectivity of the 
domain), or, to be more accurate, we assume that any two points in 
the domain can be connected by a line which also lies wholly within 
the domain. In future we shall understand by a domain the set of 
interior points of the domain. If the contour is added to the domain 
then the domain is closed. 
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We shall call a domain bounded if all its points are at afinite distance 
from the origin. In future we shall enlarge further on the characteristics 
of a domain. 

Let us now return to the function w = f(z). Assume that it is 
defined in a domain B,i.e. for every point z inside B f(z) has a definite 
complex value (we are considering single-valued functions). Let z, be 
a point in B. The function f(z) is said to be continuous at the point 
Zyif f(z) > f(2)) when z— 2p, i.e. for every given positive ¢ a positive 
value of 7 exists such that | f(z) — f(z) | < « provided | z— 2)| < 7. 
A function is said to be continuous in 8B if it is continuous at 
every point of the domain B. The function f(z) can be defined not 
only in B but also on the contour J of the domain, i.e. in the closed 
domain B. We say that such a function is continuous in the closed 
domain B provided it is continuous at every point of the closed 
domain B. When defining continuity at any given point z, on the 
contour J it must be remembered that the point z may tend to 2, in 
any direction, though without leaving the domain B. The theorem 
[I, 43] on real variables is also valid: if f(z) is continuous in a boun- 
ded closed domain, it is uniformly continuous in this domain, i.e. 
for any given positive « a positive 7 exists (which is one and the 
same for the whole domain such that |f(z,) — f(z,)|< ¢ provided 
| 2; — 2,| < 7, where z, and z, belong to the given closed domain. 

Let us write z and w = f(z), separated into real and imaginary parts: 


z2=2-+ yl; 


w = f(z) =u vi. 


To specify z implies specifying x and y, and to specify f(z) implies 
specifying u and v,i.e. we must consider wu and v as functions of z and y: 


w = f(z) = u(x, y) + o(z, y)t. (3) 


With elementary functions the separation into real and imaginary 
parts can be performed by simple operations for example: 


w= 22 = (xt yt)? = (x2?— 92) + Qayi. 


Assume that 2) = 2, + ¥, 7%; the condition 2-> z, is equivalent to 
I—> 2, and y— Yo. 
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It follows from the definition of continuity at the point z, that 
when 2—> Zo, i.e. when r—> 2, and y— y, we have: 


f(z) + f(2o) 
or 
u(x, y) ze Ua, y)t aa Uu(Xp, Yo) — v(Zo, Yo) i, 


which is equivalent to 


ule, y) > U(2t9, Yo) 
and 
(L,Y) > V(X, Yo). 

Consequently, the continuity of /(z) at the point z, is equivalent to 
the continuity of u(z, y) and v(x, y) at the point (79, ¥,). 

Separating the real and imaginary parts and using the property 
of continuity of elementary functions of the a variable, we can 
see that the polynomials e’, sin z, cos z, are continuous functions in 
the whole plane of the complex variable. A rational function is con- 
tinuous everywhere except at points where its denominator vanishes. 
Similarly, tan z is continuous everywhere except at the points where 
cos 2 vanishes. As with a real variable, the sum and product of a 
finite number of continuous functions is also a continuous function 
and the quotient of two continuous functions is also continuous, 
except for those values of z for which the denominator vanishes. 

In our further treatment of the theory we shall first consider single- 
valued functions, then later we shall consider specially the problem 
of many-valued functions. 

The function yz —1, the function (2) and the inverse circular 
functions are all examples of many-valued functions. 


2. The derivative. Assume that f(z) is defined at a point z and at 
all points sufficiently close to z. The derivative /’(z) at the point z 
is determined, as already mentioned, by the usual method, as the 
limit of the equation 


fet As) — 10) (4) 


and this limit should be finite and determinate when the increment 
Az tends to zero in any manner. 

It is easy to prove that, as with a real variable, a constant factor 
can be taken outside the symbol of differentiation and that the usual 
laws for differentiating sums, products and quotients apply [I, 47]. 
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It is also easy to show by applying Newton’s formula, that the 
usual law for differentiating power functions applies when the index 
is a positive integer: 


CYS. (5) 


We can thus assert that a polynomial has a derivative at any 
point z and a rational fraction has a derivative everywhere, except 
for those values of z for which its denominator vanishes. 

Furthermore, the usual rule fordifferentiating a function of a func- 
tion applies: 

F,(w) = Fy (w)-w:, (6) 


assuming, of course, that both derivatives on the right-hand side 
of the equation exist. As with a real variable [I, 45], the existence 
of a derivative at a certain point proves the continuity of f(z) at 
that point. 

Assume that the function f(z) is defined in a domain B, and that 
it has a derivative at every point in B. If this is the case we simply 
say that f(z) has a derivative in the domain B. This derivative /’(z) will 
be a single-valued function in B. 

We shall now introduce an important new definition. We say that 
f(z) is regular or holomorphic in B if it is a single-valued function in B, 
and has a continuous derivative f’(z) in B. Note that the continuity 
of f(z) in B follows from the existence of a derivative. It is sometimes 
said that f(z) is regular (or holomorphic) at the point z). This means 
that f(z) is regular in a domain which contains 2). 

Let us turn to formula (3) in which both z and f(z), are separated 
real and imaginary parts and let us then ask the question: what con- 
ditions must be satisfied by the functions u(z, y) and v(z, y) in order 
that f(z) should be regular in the domain B. To start with we assume 
that f(z) is regular in B and thence we draw conclusions regarding 
u(x, y) and o(z, y). 

As we mentioned above when defining a derivative (the existence 
of which we are assuming), the increment of the independent variable 
Az = Ax + Ayi may tend to zero in any manner. 

Select a point Mf in B, the coordinate of which is z= 2+ yi, 
and a variable point N with coordinate z+ 4z=(x+ Ax) + (y+ Ay) 3, 
so that N tends to M. 

We shall consider two cases of N tending to M, i.e. of 4z tending 
to zero. 


2) THE DERIVATIVE 9 


In the first case we assume that N tends to M while remaining on 
a straight line parallel to the X axis; we then have 


Ay =0 and Az= Az, (7) 


and in the second case we assume that N tends to M while remaining 
on a straight line parallel to the Y-axis; we then have 


Az=0 and dz=idy. (8) 


We can now construct the derivative f/’(z) in both cases. In the 
general case we have: 


(9) 
= lim Lue +424 + 4y) — ua, y)] + ole + 4, y + Ay) — o(z, y)] 
ine Az + iAy 
Ay-+0 
This gives in the first case: 
; nae u(z + Az, y) — u(z, y) . v(x + Az, y) — v(2, y) 
i () see a + i ee | : 
We can thus see that the real and imaginary parts on the right-hand 
side of the equation must have a limit, ie. the functions u(z, y) 
and o(z,y) must have partial derivatives with respect to z, in 
which case the formula applies: 


; au(e, vy) 
fi (2) = SHG) 5 Seley) (10) 


Ee 
Similarly, in the second case we have, from (8) and (9): 
? —]h oh u(z, y + Ay) eae u(x, y) ° vz, y + Ay) — o(z, y) 
a a 5 [ Ay les Ay | 
or 
1 ¢y\ — 9r(% Y) Ou(z, y) 
Comparing the expressions (10) and (11) for /’(z) we obtain the 
conditions which must be satisfied by the partial derivatives of 
u(x, y) and o(z, y): 


—- 
. 


Gu(z,y) _ _Ou(z,y) | _Oe(@,y) _ —_—u(z y) (12) 
oa Oy ; Ox Oy 


Notice that, by (10) and (11), the continuity of the partial 
derivatives of the first order of the functions u(z, y) and (27, y) 
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follows from the continuity of f’(z). Our earlier considerations lead us 
to the following conclusion. In order that f(z) should be regular in B 
the following conditions must be satisfied: u(r, y) must have con- 
tinuous partial derivatives of the first order with respect to x and y 
in B and these derivatives must satisfy the relationship (12). 

We can now show that these conditions are not only necessary but 
are also sufficient for the regularity of f(z) in B. We shall assume that 
the above conditions are satisfied and prove the existence of a con- 
tinuous derivative /’(z). Taking into account the continuity of the 
partial derivatives of u(z,y) and v(z,y) with respect to z and y, we 
can write [I, 68]: 


u(x + Au, y + Ay) — u(2z, y) = 
— PG.) Y) Ag 4 Hey) ma at Ay + €, Ax + &, Ay. 


vo(z + Az, y + Ay) — o(2, y) = 
c= mk Az + ae y) Ay + €, 4x + &, Ay, 


where e, tends to zero simultaneously with dz and Ay. Using the 
latter expressions for the construction of the increment of the function 
f(z + 42)—f(z) and substituting this in the equation (4), we obtain: 
f(z + 4z) — f(z) _ 
Az > 
(Ge ae + Gedy) +6 GE de +S dy) + (ert ie) de +(e + te) 4 
Ox Oy 7] y L 3 2 a) CY 
Az+1 ay 


whence, by making use of the conditions (12), we can rewrite this 
relationship in the form: 
f(z + 4z) — f(z) __ 
Az _ 
du . . Ov ; 
gq (42 + tidy) + ia (4a + dy) 5 Ae : Ay 
Az + iAy 3 Ar tidy | 6 Ax idy * 


where 
&, = €, + te; and &4 = & + ty 


tend to zero simultaneously with 4 z. 
It is easy to see that the last two terms on the right-hand side also 


tend to zero. 
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In fact, for example: 
Ax = |e | Ax | 
5 Ax + tidy é| VAx? + Ay? 


€ , 
the first factor tends to zero and the second factor does not exceed 
unity. 

Thus the last formula can be rewritten in the form: 

Sere — f(z) = ule y) df Gv) y) ite, 
where ¢7 tends to zero simultaneously with 4z and the first two terms 
on the right-hand side are independent of dz. The equation (4) thus 
tends to a definite limit which is defined by formula (10). Hence 
the above conditions for u(x, y) and (2, y) are necessary and sufficient 
for /(z) to be regular in B. The equations (12) are usually known as 
the Cauchy-Riemann equations. 

It may be recalled that we have already encountered these equa- 
tions: they were satisfied by the velocity potential and the stream 
function in the case of the steady-state plane flow of an ideal incom- 
pressible fluid [II, 74]. We can thus see that the fundamental equa- 
tions of the theory of functions of a complex variable (12) are, at the 
same time, also fundamental equations in the study of the above 
hydrodynamical problem. This is the basis for numerous applications 
of the theory of functions of a complex variable to hydrodynamics 
and we shall deal with this in the next chapter. 

Let us now mention a very important circumstance which follows 
from the equations (12). We shall see later that regular functions 
u(z, y) and v(x, y) have derivatives of all orders. Differentiating 
term by term the first of the equations (12) with respect to x and 
the second with respect to y and adding, we obtain: 


0 Ou 
ae +e = O- (13,) 
Similarly, it is easy to deduce from the equations (12) that 
ov 07u 
ae eT a (13,) 


This shows that the real and imaginary parts of the regular function 
f(z) should satisfy the Laplace equation, i.e. they should be harmonic 
functions. In the following chapters we shall analyse in greater detail 
the connection between the theory of functions of a complex variable 
and the Laplace equation. 
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Notice another important circumstance which follows from the 
equations (13), viz. in the construction of a regular function we 
can take its real part arbitrarily, ie. we can take for u(z, y) any 
solution of the equation (13,). We can show that in this case v(z, y) 
is defined up to a constant term. 

In fact, it follows from the equations (12) that 


dv Ov Ou Ou 
whence 
Ce cae au 
we, y) = [| —gede+ sz dy + C. (14) 


It remains to show that the given line integral is independent of 
the path and yields a certain function of its upper limit [II, 171]. 
Let us recall that the condition for a line integral 


j Xdz+ Ydy 
to be independent of the path can be written as follows: 
ox oY 


Oye 
Applying this to the integra] (14) we obtain: 


) Ou 0 [{ du Oru 07a 
wl) alt) ar tae 
and this condition is satisfied since we took a harmonic function 
for u(z, y). Remember that, if u(z, y) is a single-valued function 
then v(z, y) may turn out to be a many-valued function, provided 
the region in which we are applying formula (14) is multiply 
connected [{II, 72]. 
Let us now turn to some examples. A polynomial is obviously 
a regular function in the whole z-plane. A rational fraction is a regular 
function in any domain which does not contain the zeros of its deno- 
minator. If we take, for example, f(z) = 2, then u(z, y) = 2? — y? 
and o(z, y) = 2zy. It can easily be shown that these functions satisfy 
the equations (12). 
Let us show, for example, that the exponential function 


e* = e* (cosy + ¢5in y) 
is regular in the whole plane. In this case: 


u(x, y) =e*cosy; v(z,y) = e*siny, 
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whence it follows directly that: 


Ye cosy; 4H = *sin y; 
a y; Oye ee 


Ov = e*sin xy: 90 — px 
an = 8 Yi gy = e* cosy. 
These partial derivatives are continuous and satisfy the equations 
(12). We evaluate the derivative in accordance with the formula (10): 


(e7)’ = e* cosy + te*siny = e*(cosy +isiny), ie. (e7)’ = e*. 
We have thus obtained the same law for differentiating an exponen- 
tial function as in the case of a real variable. It is now easy to 
prove that sin z and cos z also have continuous derivatives in the whole 
z-plane. These derivatives are evaluated by the same laws as those 


for real variables. For, on applying the rules for the differentiation 
of an exponential function and a function of a function, we obtain: 


P lz —— e7 , ez + ez 
f 
(sin z) = ( I } => Saar anata = COs 2, 
iz —izy, iz iz 
e e . e —-e ‘* 


3. Conformal transformation. Let us now explain the geometric 
meaning of the concept of functional dependence and of a derivative. 
Assume that the function f(z) is regular in a domain B in the X Y-plane. 
Every value of z in the domain B corresponds to a definite value 
w = f(z), and the set of all the values w = uw + iv which correspond 
to all the z’s in B will fill a new domain B, which we shall draw 
in a new plane of the complex variable wu -+ tv (Fig. 1). We can 


V y 


a) 
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therefore say that our function f(z) transforms the domain B into the 
domain B,. Strictly speaking we should have investigated more closely 
the dependence between the points z and w as given by our function 
and proved that the set of the values of w would also fill a certain 
domain. Later, when we have at our disposal the necessary analytic 
apparatus, we shall in fact carry out this closer investigation; for the 
moment, however, we shall restrict ourselves to making general obser 
vations only, which will, nevertheless, permit the reader to understand 
the geometric meaning of the terms introduced. We shall see later 
that, if the derivative f’(z) does not vanish at a point z, then a 
sufficiently small circle, centre at z, will be transformed into a domain 
in the w-plane, which includes the corresponding point w = /(z). 

Let us now explain the geometric meaning of the modulus and 
amplitude of a derivative. Assume that the derivative /’(z) does not 
vanish at the given point. Take two adjacent points z and z+ dz. 
Their corresponding points in the region B, will be w and w+ dw. 

Take the lines MN and M,N, which join the points z and z+ 4z, 
and w and w-+ 4w respectively. These vectors correspond to the 
complex numbers Az and 4w. Thus, the ratio of the lengths of these 
vectors will be as follows: 


or, remembering that the modulus of a quotient is equal to the quotient 
of the moduli: 

[M,N,| _ | 4w 

[MN| ~ | dz 


In the limit, when the point N tends to M and the point M, tends 
to N,, we have: 


_ _|M,N, 
lim =|f (2), 


i.e. the modulus of the derivative f’(z) gives the change in linear dimensions 
at the point z during the transformation by the function /(z). If, for 
example, f(z) = 27 -++ 2+ 3, then in the course of the transformation 
the linear dimensions at the point z = 1 will be magnified three times. 

Let us now explain the geometric meaning of the amplitude of a 
derivative. Assume that the point N tends to the point M along a 
line J and let 1, be the corresponding line in the domain B, (Fig. 2). 
The amplitude of the complex number 4z gives the angle between the 
vector NM and the real axis and, similarly, arg w gives the angle 
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between the vector M,N, and the real axis. The difference between 
the amplitudes, i.e. 
arg dw — arg Az, 


gives the angle between the vectors M,N, and MW and this angle 
is read from the vector MN in the counter-clockwise direction. 
Remembering that the amplitude of a quotient is equal to the diffe- 
rence between the amplitudes of the dividend and the divisor, we can 
write: 


arg Jw — arg dz = arg ae : 


Fic. 2 


In the limit the direction of the vector MN coincides with the 
direction of the tangent to the curve / at the point M/, and the direction 
of the vector MN, coincides with the direction of the tangent to 
the curve J, at the point M,. 

Taking the limit of the above formula we can see that the amplitude 
of the derivative arg f’(z) gives the angle of rotation at the given point z, 
made as a result of the transformation by the function f(z). In other 
words, if an arbitrary curve / were to be drawn through z, and 
had a definite tangent at the point z then, as a result of the trans- 
formation, a new curve J, would be produced, the tangent to which 
would make at the corresponding point w an angle with the above 
tangent equal to the amplitude of the derivative. If we take two 
curves in the domain B, which intersect at a certain angle at the 
point z then, as a result of the transformation the tangents to 
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these curves will rotate by the same angle, equal to the amplitude 
of the derivative and, consequently, the angle between the transformed 
curves will remain the same in magnitude and direction as before, 
ie. transformation by a regular function conserves the angles at all 
points at which the derivative of this function does not vanish. A trans- 
formation under which all angles are conserved is usually called 
conformal. 

If we draw a net of curves in the domain B in the XY- plane then, 
as a result of the transformation, we shall agiin obtain a net of curves, 
which will, of course, be different; the angles between these curves 
will, however, remain unchanged except at points where the derivative 
vanishes. If we take, for example, a net of straight lines parallel to 
the axes in the domain B, then we shall obtain, generally speaking, 
a net of curves in the domain B,; but the angles between these 
curves will remain right angles, as before, i.e. the net will remain 
orthogonal. Moreover, if we divide the domain B into small similar 
squares, then each one of these squares will be transformed in the 
domain B, into a small curvilinear rectangle the sides of which will be 
approximately equal to the product of the length of the side of the 
square and the modulus of the derivative at an arbitrary point in the 
square, i.e. this curvilinear rectangle will also be a square up to higher 
order terms; however the value of | /’(z) | will be different at different 
points and therefore the curvilinear squares filling B will have sides 
of different lengths. 

Let us consider in greater detail the problem of a function of a 
function: 

F(w), where w = f(z). 


Let f(z) be regular in the domain B and let it transform this domain 
into a domain B,. We assume further that F(w) is also regular in the 
domain B,.In this case the function of a function F(w) will be regular 
in the domain B and the differentiation rule, as given by formula 
(6), will apply for it. 


4, The integral. Let / be a curve in the XY-plane. We shall always 
assume that a curve has a parametric equation of the type: 


r=, (1); y= H(t), 


where ¢,(t) and ¢,(¢) are continuous functions with continuous deriva- 
tives, or that the curve consists of a finite number of sections, each 
one of which, from beginning to end, has the properties just mentioned. 
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We already know [II, 66] that the evaluation of a line integral 
§ [X(a,y) de + ¥ (a, y) dy] 


simply involves the evaluation of the usual definite integral. It is 
sufficient to substitute »,(¢) and 9,(t) for x and y in the integrand, 
where dz = gj(t) dt and dy = 
= g(t) dé. We now have to 
integrate with respect to the 
variable ¢ within the limits of 
variation corresponding to the 
curve l. 

Assume that a continuous 
function f(z) is given on the 
curve 1 (Fig. 3). We _ shall 
explain the concept of the con- 
tour integral of the function 
f(z) over the curve (contour) 
l. Divide the curve 1 into 
sections between the points M,, M,,..., M,-,, and let z, be the 
complex coordinate of the point of division M,; for the sake of 
symmetry we shall denote the complex coordinate of the beginning 
of the curve A by z, and of the end of curve B by 2,. Moreover, 
let €, be a point on the arc of the curve M,_, M,. Let us write the 
sum of the products: 


Fic. 3 


S Hoe) (Ze — 2-1). 


k=1 

The limit of this sum, when the number n of divisions increases 
indefinitely and every arc M,_, M, becomes indefinitely smaller, 
is known as the contour integral of the function f(z) over the contour 1: 


§ fe) de = lim ¥ (0) (Ze — 2-2). (15) 
I k=1 


Denote z, = 2% + y,% and C, = & + 7,7. Separating the real and 
imaginary parts of f(z) we can write: 


Moe) (2, — 2-1) = 
k=1 


= 3 [ulbe ta) +(e 0) 1 Ute — tena) + Ye — Yea) 
k=1 
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or 


S F(Sk) (2 — 2-1) = 
k=1 

= s u(&,, Nr) (a, — Xp—1) —v0 (E;,; Mx) (Yr a Yu—1) a 
k=1 
+ i Svlb Nk) (Lp~ — Ly—y) + USks Me) (Ye — Yr—-1)- 
k=1 


Bearing in mind the assumptions made with regard to the line J 
and the continuity of f(z), both sums standing on the right-hand side 
of the equation tend to limits, equal to the corresponding line integrals 
over J; we thus obtain an expression for the integral (15) in the form 
of the sum of the usual real line integrals: 


J Hz) dz = { (u(x, y) dx — v(x, y) dy] +4 f [o(x, y) dx + u(x, y) dy]. (16) 
I { l 


Above, for the sake of simplicity, we assumed that the line / has a 
beginning and an end; it is evident that this definition still holds 
when we integrate round closed contours. 

The contour integral (15) possesses exactly the same properties as 
the usual real line integral (II, 66]. Let us recall these. A constant 
factor can be taken outside the sign of the integral. The integral of 
a sum is equal to the sum of integrals. When the direction of the 
contour of integration changes, the sign of the integral changes. If 
the contour of integration were to be divided into several separate 
parts, then the integral round the whole contour would be equal 
to the sum of the integrals over the separate parts. 

We now introduce an important inequality for the magnitude 
of the integral (15). Assume that the modulus of the integrand 
does not exceed a certain positive number M on the contour I, i.e. 


lf(z)| <M (z on J), (17) 


and let s be the length of the contour 1. In this case the following 
inequality holds for the integral (15): 


| { f(z) dz| < Ms. (18) 
i 


For let us return to the sum (15), which gives the limit of the 
integral. 
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Taking into account the fact that the modulus of a sum is less 
than or equal to the sum of the moduli of the terms, we obtain: 


| > Ao) (Ze — 24-1) | < <> (Sx) | J@x — Zx—al 
k=l k=l 
or, by (17): 


| SAG — 2) | < MS bee — ale 
k—1 k=1 


The factor multiplying M obviously represents the perimeter of a 
step line inscribed in the contour J, and by taking the limit of this 
latter inequality, we obtain the inequality (18). 

The integral (15) satisfies a more precise inequality, viz. denoting 
by ds the differential of the arc of the curve | we obtain the 
following formula: 


| J f(z) dz|j < J If(z)| d (19) 


This inequality can be obtained directly, if we replace f(z) by 


|f(z)| and dz=dzr+idy by |dz|= /da?+dy? =ds in the 
integrand expression. 


5. Cauchy’s theorem. We shall now put the fundamental question, 
viz. under what conditions does the contour integral (16) become 
independent of the path taken. It is obviously necessary and suffi- 
cient that both line integrals on the right-hand side, which give 
the real and imaginary parts of the contour integral, should also be 
independent of the path. Applying the criterion for independence 
of the path of a line integral, as given in [II, 71], we arrive at the 
equations 


Ou(z, y) athe Qv(z,y) , Ov(z,y) _ Ou(z,y) 
oy Or” “ay or” 


and these are precisely the Cauchy-Riemann conditions. Hence, the 
conditions for the independence of a contour integral (16) of its path 
are the same as the condition for the regularity of the function f(z). This 
circumstance is of fundamental importance in the integral calculus 
of functions of a complex variable. 
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Note that in deducing the conditions for the independence of a 
line integral of its path we used the formula (II, 69]: 


[Pe y) dx + Q(z, y) dy] = a OY) aeay. 


In deducing this formula we assumed the continuity not only 
of the functions P(x, y) and Q(z, y) themselves, but also of their 
partial derivatives, since they too are under the sign of the double 
integral. In the case under consideration these latter are in fact 
continuous, since, for the regular function f(z), both functions u(z, y) 
and v(z, y) have continuous partial derivatives of the first order. In 
future we shall integrate round the contour of the domain B itself. 
This will be quite in order if we assume that f(z) is regular in the 
domain B up to the contour i.e. it is regular in the closed domain B. 
By this we mean that /(z) is regular in a somewhat larger domain, 
which contains the domain B together with its contour; hence /(z) 
ts regular in the closed domain B if it is regular in a domain containing 
B and its contour. 

For a more detailed study of this problem it is necessary to take 
account of the kind of domain in which f(z) is regular, i.e. in this case, 
as with real contour integrals (II, 72], it is most important whether 
the domain is simply or multiply connected. We shall recall the appro- 
priate basic definitions and formulate the results which are analogous 
with those obtained for real contour integrals. 

If a bounded domain in the z-plane has a closed curve as its contour 
(in other words, has no holes) then the domain is simply connected. 
If at the same time /(z) is a regular function in this domain and 2, 
is a point in this domain, then the integral 


F (2) = § f (2") de’ (20) 


(where z’ denotes the variable of integration), taken over an arbitrary 
curve in the domain, does not depend on the path and gives a single 
valued function of its upper limit of z. At the same time the value 
of the integral round an arbitrary closed contour in the domain will 
obviously be equal to zero. If our function f(z) is regular in a closed 
domain then we can integrate round the contour of the domain B 
itself, and we obtain zero as a result of the integration. 

Let us now assume that our domain B is multiply connected and 
bounded by one outer closed contour and by several closed interior 
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contours. Assume, for the sake of simplicity, that there is only one 
interior contour i.e. the domain is doubly connected (Fig. 4). We make 
a cut Ain our connecting the outer and inner contours. The cut domain 
B’ will now be simply connected and the expression (20) will give a 
single-valued function of zin B’. If we assume that f(z) is regular in 
the closed domain, then we can integrate round the contour of the 
domain. We can then assert that the integral round the entire contour 
of the simply-connected domain B’ must be zero. As indicated in 
the figure, we must here integrate in the counter-clockwise direction 
round the outside contour, in the clockwise direction round the inside 
contour and twice in opposite directions along the cut 4. The integrals 
along this cut will cancel each other and we 
consequently have: 
\ f(2)dz+ J f(2dz=0, (21) 
A - S 

where 1, is the outside contour, l, is the inside 
contour, and the arrows indicate the direc- 
tion of integration. It follows from the Fie. 4 
diagram that the direction of integration 
for both contours can be determined from one and the same condi- 
tion, viz. when describing a circuit round the contour the domain 
must remain on the left-hand side. This direction will be termed positive 
with respect to the domain. Using the equation (21) we can say, that even 
in the case of a multiply-connected domain, the integral round the 
contour will be equal to zero, provided we integrate everywhere in 
the positive direction with respect to the domain. 

If the direction of integration round the inner contour is reversed 
then instead of the formula (21) we can write: 


l, 


{ f(edz= f(z) dz, (22) 
OA Cis 


i.e. the integral round the outer contour is equal to the sum of the 
integrals round the inner contours (in this case only one), provided 
we integrate round all contours in the counter-clockwise direction. 

The results obtained give the fundamental theorem in the study 
of the theory of functions which is usually known as Cauchy’s theorem. 
We can formulate it in several different ways. 

Caucuy’s TurorEM I. Ifa function is regular in a closed simply-connected 
domain then its integral round the contour of this domain is equal to zero. 
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Caucuy’s THEOREM II. If a function is regular in a closed multiply. 
connected domain then its integral round the entire contour of thi; 
domain in the positive direction is equal to zero. 

Caucuy’s THEOREM III. If a function is regular in a closed multiply. 
connected domain, then its integral round the outer contour is equal to 
the sum of the integrals round all the inner contours, provided we integ. 
rate round all contours in the counter-clockwise direction. 

Let us now explain a lemma of Cauchy’s theorem which is of practi. 
cal importance. Assume that different contours /’ and 1” have the same 
beginnings and ends A and B. Assume that 1’ can be transformed 
into 1” by means of a continuous deformation without leaving 
the domain in which /(z) is regular and without changing the beginning 
A and end B in any way. It follows from Cauchy’s theorem that the 
value of the integral of f(z) will not be affected i.e. if a contour with 
fixed ends is continuously deformed without leaving the domain in which 
{(z) ts regular, the value of the integral of the function f(z) round the 
contour will remain unchanged as a result of this deformation. The same 
thing holds in the case of deformation of a closed contour, as long as 
it remains closed at all times. 

To conclude this we shall make a statement of fundamental impor- 
tance. When deducing Cauchy’s theorem we assumed the continuity 
as well as existence of the derivative /’(z). This continuity of /’(z) enters 
into the definition of a regular function. By employing a different 
method of proof it is possible to prove Cauchy’s theorem by using the 
existence alone of /’(z) without assuming its continuity. However, we 
shall see later that it follows from Cauchy’s theorem that /(z) has 
derivatives of all orders, which means that f’(z) must be continuous. 

Thus the second method of proof of Cauchy’s theorem, which we do 
not give here, is theoretically important in that it does not use the con- 
tinuity of f’(z); on the other hand, one of the consequences of this 
proof is that the existence of the derivative /’(z), implies that the deriv- 
ative must be continuous. In future, unless stated otherwise, we shall al- 
ways integrate round aclosed contour in the counter-clockwise direction. 


6. The fundamental formula of the integral calculus. Assume that /(2) 
is regular in a domain, and consider the function given by the formula 
(20). Ifour domain is multiply connected, we can still assume that F(z) 
is a single-valued function, by making appropriate cuts. In the same way 
as in the integral calculus for functions of real variables [I, 96] it can 
be shown that F(z) is a primitive for f(z), ie. F’(z) = f(z). 
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To do so we note, first of all, that it follows from the definition 
of an integral as the limit of a sum that: 


{ dz=f-a, 


where § and a are respectively the complex coordinates of the end 
and the beginning of the contour J. We evidently have: 
z+A4z 


F (z+ dz) — F(z)= § f(z’)dz’, 


where we can integrate, for cxample, along the straight line con- 
necting the points z and z + Az. We can write: 


z+42z 


F (z+ Az) — F(z)= f [f(’) —f (2) +f(2)] de’ = 


z 


z+4z 2+4z 


= f(z) § de’ + f§ [f(z’) -—f@] a’, 


where /(z) is taken outside the integral, since it does not contain the 
variable of integration z’. The latter formula can be rewritten as 
follows: 


z+ dz 
Fer ayer =7@)+5- { [f(2) —f(z)] de’. (28) 


Zz 
It remains to be shown that the last term on the right-hand side 
tends to zero when 4z— 0. Using the inequality for an integral 
given in [4] and taking into consideration that, in this case, the length 
of the path of integration is equal to | 4z |, we can write: 


+42 


az | Fe) -f@ae'|< ay -max|f (2) — f (z)|-|4z| = 
° = max | f(z’) — f (z)|. 


We must take the maximum of the modulus of the difference 
| f(z’) — f(z) | when 2’ varies along the straight line connecting z and 
(2 + Az). The continuous positive function | f(z’) — f(z) | of 2’ attains 
its maximum value on the given line at a point z’ = 2; ie. 
max| f(z’) — f(z) | =| f(z9) —f(z) |. But when Az—-0, the point 2g, which 
lies on the given line, tends to z and, by virtue of the continuity of 
f(z), the difference f(z) — f(z) > 0; it follows that the last term on 
the right-hand side of the expression (23) tends to zero i.e. F’(z) = f(z). 
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Let us now show that when the function f(z) has two primitives F(z) 
and F(z) they will differ by a constant term. We have by hypothesis: 


. Fi (2) =f (2) and F5(z) =f (2), 
1.0. 


[F, (2) — F, (2)]’ =0. 


It thus remains to be shown that ¢f the derivative of a function is 
identically zero in the domain B then this function is constant in B. 
Hence let /,(z) = u,(x, y) + iv,(z, y) and 


fy (2) =0. 


We can write the following two expressions for the derivative: 


a ae Ou, ° Ov, = Oy, aoe Gu, aa 
hy (2) = Ox eta oy Sy =e 
and we have consequently: 
Ou og. OH dg, OM 
ee ay a Ot ge yt 


from which it follows that w, and v, are independent of z and y, i.e. they 
are constants; hence the function /,(z) will be constant. 

Assume that we have a primitive F(z) for the function f(z). It will 
differ from the primitive (20) only by a constant term, i.e. 


2 
§ f(z) dz’ = F,(z)+C. 
2 
To determine this constant term we assume that the end z coincides 
with the beginning of the path 2), which gives 


O0=F,(%)+C or C= — F,(%), 


and the previous formula can be rewritten in the form: 


z 

f f (2') dz’ = F, (2) — Fy (%), (24) 

20 
i.e. the contour integral is equal to the increment of the primitive over the 
path of integration. We are assuming, of course, that the primitive F(z) 
is a single-valued function and that it is regular in the domain which 
contains the path of integration. 
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Ezample: Consider the integral 


f(2—a)"de, (25) 
i 
where 7 is an integer and / is a closed contour. If n differs from (—1) 
the primitive will be: 


sort (z—a)"*?. (26) 


This will be a regular single-valued function everywhere if n > 0, and 
everywhere except at za when n < —1. We assume that the contour / 
does not pass through z= a. On describ- 
ing a circuit round a closed contour the 
single-valued function (26) will obviously 
receive a zero increment and, conse- 
quently, the integral (25) round an ar- 
bitrary closed contour will be equal to © 
zero when n#—l1. When n> 0 this 
follows directly from Cauchy’s theorem. 
When n < — 1 the result also follows from 
Cauchy’s theorem as Jong as the point 
z=a does not lie within the contour J. But the above arguments show 
that if n is negative and not equal to (—1) the integral] (25) will be 
equal to zero, even if a lies within the contour /. In this case the 
integrand is no longer regular at the point z = a since at this point 
it becomes infinite. 

Let us now consider the case when n = —1, i.e. consider an integral 
of the type 


Fie. 5 


dz 


2—-a 


(27) 


If a lies outside the closed contour J, then, in accordance with 
Cauchy’s theorem, the integral will be equal to zero. Assume that 
the point a lies inside the contour / (Fig. 5). Let us draw a circle C, 
centre at a and small radius 9. The integrand (z — a)-1 will be regular 
in the annulus between the contour J and the circle C and, con- 
sequently, in accordance with Cauchy’s theorem, we can integrate 
round the circle C when evaluating the integral (27). On this circle 


z2—a= oe, 
where y varies in the interval (0,27). Hence 


dz = ige'? dp. 
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Substituting in the integral (27) we obtain; 


j= = fishes — oP = 2ni 
z—a ete 


i i = Sat (28) 


i.e. finally 


7. Cauchy’s formula, Let f(z) be a regular function in a closed 
domain B, which for the moment, for the sake of simplicity, we con- 
sider to be simply-connected. Let / be the contour and a an interior 
point of this domain. 

Let us construct the new function: 

/() 
i. (29) 

This new function is also regular everywhere in B, except, perhaps, 
at the point z = a, since at this point the denominator of the fraction 
(29) vanishes. Isolate this point by a circle, centre at a@ and small 
radius ¢, and let C, be its circumference. In the annulus between the 
contours J and C, our function (29) will be regular without exception 
and, consequently, in accordance with Cauchy’s theorem, we can write: 

(10 ae = [10 a: 
Jz—-a ~ tema 
I Ce 

In the integral on the right-hand side we put /(z) = f(a) + f(z) — 

— {(a), so that 


[AB dem yf se + [OSM ae 
i 


z2—-a 
Ce Ce 


or, by (28): 
fe =r oni + [ H2—Fe) dz. (30) 


Ce 


Let us now pay attention to the following circumstance: the integral 
on the left-hand side of formula (30) and the first term on the right- 
hand side are independent of the choice of the radius ¢; we can there- 
fore assert that the second term on the right-hand side is also 
independent of «. We shall now prove, however, that it tends to 
zero when e-—> 0. It then follows that it is simply equal to zero. 


7] CAUCHY’S FORMULA 27 


Applying the inequality from [4] and keeping in mind the fact that 
as z moves round the circumference C,, centre at a, |z—a|=e, 
we get: 

max |f (z) — f (a)| 


[Hee e ge cate Que = max | f(z) —f(a)| + 2% 
z—a on Cz 
Ce 


E 


When « becomes infinitesimally small, the point z on the circum- 
ference tends to a, and the maximum of the modulus of the difference 
| f(z) — f(a) | tends to zero, i.e. the second term on the right-hand side 
of the formula (30) does in fact tend to zero together with « and, 
in accordance with the above argument, it will be simply equal to zero. 
Thus formula (30) can be rewritten in the form: 


j@)=>- (tea. 


2m J z—a 
t 


Let us now somewhat modify our notation, viz. we shall now denote 
the variable of integration by z’ and an arbitrary point in our domain 
by z. In this case the above formula takes the form: 


f(a) =gr (fae. (31) 


_ 2’—z 


This is Cauchy’s formula and it expresses the value of a regular 
function at any interior point z of the domain in terms of its value on the 
contour of the domain. The integral which forms part of Cauchy’s 
formula contains z as a parameter in the integrand in an exceptionally 
simple form. 

The point z lies inside the domain and the variable point z’ on the 
contour of the domain. Thus z’ — z # 0 and the integral in Cauchy’s 
formula is an integral of a continuous function; hence it can be differ- 
entiated with respect to z under the sign of the integral as many 
times as we please. Differentiating successively we obtain: 


“Oni Tar 


1 a dz’ 
f(2= | je (z Zee dz’; f’(z)= poe , 
i 


and, in general, when 7 is an arbitrary positive integer: 


f(a) = ar | eer ae (32) 
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We can thus see that a regular function has derivatives of all orders 
and these derivatives are expressed by the contour values of the func- 
tion in accordance with the formula (32). 


Let us prove formally the possibility of differentiating under the sign of 
the integral in order to determine f’(z). We have: 


fe) ae Lf A ae 


f(z + 42) — f (2) =< 


27 z’—2z—dAz 2a z’—z 
_ Az f(z’) , 
= tar J (z’ — z) (2’ —2z — Az) dz 
or 
f (2 + 4z) — f (2) =a, | f (2’) de’ 
Az ~ mae (2’ — 2) (2’ — z— Az) : 


If we take the limit as dz — 0 under the integral sign on the right-hand 
side we obtain the expression: 


, 1 ¢_f@’) , 
La= se | eee : (32,) 
i 


It remains to prove the possibility of passing to the limit under the integral 
sign, i.e. it must be shown that the difference 


f (2’) 


-_ f/fe) 4 ; 
oa | Boa ar i, (z’ Seite as) 


tends to zero when Az — 0. 
After elementary rearrangements we obtain: 


5-42 fle’) 
Ont a |e — z)? [z’ — (2 Ay 


The function f(z’) is always continuous on J, and its modulus is bounded, 
ie. | f(z’) | < M. We denote by 2d a positive number equal to the shortest 
distance between the point z and the contour J, i.e. | z’— z| > 2d. The point 
(z + dz), when Az is close to zero, is close to z and we have | z’ — (z+ 4z) | >d. 
Applying the usual inequality to the integral, we have: 


|e _M-s 


lol < oy aa’ 


where a is the length of the contour; it follows that 6-— 0 when Az — 0. It 
can be shown similarly by starting with the formula (32,), that f’(z) also has 
a derivative 


f 2’) 
re = am | aa eo" 


which it was required to prove. 
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The formulae (31) and (32), like Cauchy’s theorem, are also directly 
applicable to a multiply-connected domain; all we have to do is 
integrate round the entire contour of the domain in the positive 
direction, i.e. so that the domain remains on the left. 

Let us now extend Cauchy’s theorem to the case of an infinite 
domain. Let f(z) be regular in the domain B formed by the part of 
the plane outside the closed contour J/, and let it be subjected to an 
additional condition, viz. when the point z 
moves to infinity the function f(z) tends to zero: 


} (2) > 0 when z-> 00, (33) 


We shall show that Cauchy’s formula still 
holds: 


f=s5 [ fe, (34) 


~ Oni J 2’ —2 
co 
where we integrate so that the domain B (in 
this case the part of the plane outside 1) 
remains on the left.To prove this we draw a 
circle, centre the origin and large radius R. Our function /(z) is regu- 
lar in the annulus between the contour J and the circumference Cp (Fig. 
6 of the circle, and for an arbitrary point z in this annulus we have 


_ il f(z’) a, 1 f@’) ay 
f®=s 7, dz ees | 7 ae’. (35) 
Q! OCe 


As in the proof of Cauchy’s formula we shall see that the second 
term on the right-hand side is essentially independent of # and, con- 
sequently, if we can prove that it tends to zero when £# increases in- 
definitely, it follows that it must be identically zero and formula (35) 
becomes formula (34). Let us find an upper bound for the second 
term on the right-hand side of the formula (35). To do so we replace 
the modulus |z’ — z| in the denominator by a smaller quantity, 
viz. by a difference of moduli |z’|—!z|= R—|z2]|. We then 
obtain the upper bound in the form: 


f(z’) ? ’ Ink 
J eee | < merle) gay 
RB 


or 


| | F(2’) de | < max|/(2’)| eS. 
ra oe on Ce ,— 21 
- R 
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If FR increases indefinitely the above fraction tends to 2 2 and the first 
cfator max | f(z’) | tends to zero in accordance with the condition 
R 


(33). We have thus proved Cauchy’s formula for an infinite domain. 
Note that it follows from the proof that the condition (33) must be 
satisfied uniformly with respect to z. In other words, this condition 
can be fully formulated as follows: for any given ¢ an R, exists such 
that | f(z) | < « when |z| > &,. 

Sometimes we have to deal with functions which are regular inside a 
domain and have definite limits on the contour of the domain so that 
they are continuous functions throughout the closed domain, although 
one cannot say that they are regular in the closed domain, i.e. that they 
remain regular when the domain is enlarged. Note that Cauchy's theorem 
and Cauchy's formula apply to such functions i.e. those which are regular 
in a domain and continuous in a closed domain. In fact, if we compress 
the contour slightly, the function now remains regular on the contour 
and therefore Cauchy’s theorem evidently applies, i.e. the integral round 
the contour is equal to zero. If the contour is now expanded continu- 
ously so that it eventually coincides with its initial position, in the 
limit the value of the integral round the initial contour of the domain 
will also be zero. Here, of course, we can pass to the limit, because 
the function is uniformly continuous in the closed domain. 

It can be said that almost all the further results of this chapter are 
a direct result of Cauchy’s formula. We shall return to it on many 
occasions. Below we give two examples of applications of this formula. 


Let us prove Cauchy’s theorem in greater detail, when f(z) is regular inside the 
circle |z| < R, centre the origin and radius R, and continuous in the closed 
circle | z| < R. The function f(z) is regular in the closed circle | z| < R,, where 
R, is any positive number less than R. Cauchy’s formula is applicable, and 


we have: 
§ f@dz=0. 
Iz] =R, 


On the circumference of this circle, z = R, e'? and dz = R, ie? dg, so that 
2n 
ik, § ft (Rye'?) e'? dp = 0. 
0 


Since f(z) is uniformly continuous in the closed circle [1] we can prove the 
possibility of passing to the limit under the integral sign as R, — RF [II, 84]; 
we then obtain in the limit: 

* 


2x 
ik § f (Re!) e!? dp =0, 
i) 
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or returning to the variable z we can write: 
§ {@)dze=0, 
|z[=R 
which is what we wished to prove. When the contours are of a more compli- 
cated type the proof becomes more involved. Cauchy’s formula for functions 
which are regular inside a region and continuous in a closed region follows 
from Cauchy’s theorem, as above. 

Example 1. Take the exponential function f(z) = e’. This function is regular 
in the whole plane and we can apply formula (32); we take as J and 
arbitrary closed contour containing z as an interior point: 

2 
s = e ¢ 
oni) @ a 
Let us take as / a circle, centre at z and with a fixed radius o,. We now 


have: 
2’ —2= ee!?; ez’ = e% ef Cos p + io sing ; dz’ = igel? dy 


and substituting in the above formula we obtain: 


2a 
_ a " eecos@ +lesing—ing ag 
2x0" . 
(6) 


whence 


A 2n 
22 = a | ef 00S @ + i(esin p — Ag) dg. 
n 


On separating the real part, we obtain a definite integral of a fairly compli- 
cated type: 


2a 
n 
[ e® S ? cos (9 sin p — ny) dy = 2x <- ‘ (36) 
0 
2. Consider the rational fraction 
Zz 
#2) _ 1 @2), (37) 


v () 


where the degree of the polynomial (z) in the denominator is higher than 
the degree of the polynomial g(z). This function evidently satisfies the condition 
(33). Assume also that J is a closed contour containing as interior points all 
the zeros of the polynomial y(z). We can then say that the function (37) is 
regular in the part of the plane outside / and that Cauchy’s formula for an 
infinite region holds for it. The integration over! in this formula must be 
carried out in such a way that the domain outside / remains on the left, i.e. 
in the clockwise direction. If we integrate in the counter-clockwise direction 
the result will have the opposite Re and we thus obtain: 


_ e) _ _ e@’) ge 
ez) "i v (2’) (2 —2) aye (38) 
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Consider the integrand in this latter formula. Regarded as a function of z’, 
it ceases to be regular or, as is usually said, it has singularities inside / at points 
where »(z’) vanishes. The point z is not a singularity since it lies outside the 
contour J (in the infinite region B). The existence of these singularities, which 
are zeros of the polynomial y(z’), implies that the value of the integral (38) round 
the closed contour J is not zero. 


8. Integrals of Cauchy’s type. In Cauchy’s formula (31) the numerator 
of the integrand repesented the value of the regular function f(z’) on the 
contour J. At the same time, according to Cauchy’s formula, the value 
of the integral reproduced precisely the function f(z) at a point in the 
domain. We shall regard the integral in Cauchy’s formula as a com- 
putational device, and consider what it will yield if we substitute in 
the numerator of its integrand a function which is continuous and 
specified in a purely arbitrary way on the contour, about which not- 
hing is known other than that it is specified and continuous on the 
contour. Denote this function by w(z’). Our integral will evidently 
be a function of 2: 


F (2) = 55 (5 ae’. (39) 
I 
Bearing in mind the general assumptions made with regard to the 
function w(z’), the integral on the right-hand side is known as an 
integral of Cauchy’s type. As in the previous section, we can differ- 
entiate with respect toz under the integral sign as many times as we 
please, and obtain formulae analogous to (32): 
ni @ (2’ 
F® (2) = am | Fey dz’, (40) 
i.e. F(z) is always a regular function inside the domain B, bounded 
by the closed contour J. We could, of course, have assumed that z lies 
outside the contour J. In this case we should again have obtained the 
formula (40) together with the formula (39), ie. formula (39) also 
defines a regular function for points z which lie outside the contour J. If 
we assume that z lies on the contour J, the integral (39) becomes 
meaningless, since the integrand becomes infinite on the contour of 
integration. This brings us to the following result: the integral of 
Cauchy’s type (39) determines two regular functions: one inside the 
contour l and the other outside the contour. 
Notice that these two regular functions will generally be different. 
To explain this circumstance consider the simplest case, viz. when the 
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“density” w(z’) in the integral of Cauchy’s type is the same as the 
value on the contour of a function /(z), which is regular in the closed 
domain bounded by the contour J. Thus let w(z’) = f(z’) be a regular 
function in the closed domain bounded by the contour J. Ifz lies inside Z 
then Cauchy’s formula (31) applies and the integral of Cauchy’s type 


ii we dz’ (41) 
gives the function f(z) inside the contour. Let us now assume that z 
lies outside the contour / and examine the integrand in the integral 
(41) as a function of z’. Its numerator f(z’) is regular in and on J and 
its denominator z — 2’ does not vanish in or on J since we have 
assumed that z lies outside 1. We can therefore apply Cauchy’s theorem 
and assert that the integral (41) is equal to zero provided 2z lies 
outside J, ie. in this case the integral of Cauchy’s type (41) gives /(z) 
inside / and zero when 2 lies outside J. 

Let us now return to Cauchy’s formula (31). In this formula the 
“density” /(z’) in the integral of Cauchy’s type was the same as the 
values of the function /(z) itself on the contour /. In the general case of 
Cauchy’s integral (39) when w(z’) is assumed to be an arbitrary continu- 
ous function on the contour J, this situation obviously no longer holds. 
In the case of formula (39) we have to distinguish two functions: the 
function /,(z) defined by the formula (39) inside / and the function /,(z) 
defined outside J. If z tends to the point 2’ on the contour / from inside, 
the question arises as to whether /,(z) will tend to a limit at all and if 
it does tend to a limit then what will be the connection between it and 
the values of w(z’). The same question can be asked with regard to the 
function f,(z) when z tends to z’ from outside the contour. In this chapter 
we shall not concern ourselves with this problem. By making certain 
additional assumptions with regard to the functions /,(z’) and f,(z’) 
we find that they must have limit values, though the connection of these 
with w(z’) is relatively complicated. The difference between these limit 
values, or to be more precise, the difference between the limit values 
of f,(z) and f,(z) when z tends to z’ along the normal to the curve J, 
will be exactly equal to w(z’). This is confirmed by the example of an 
integral of Cauchy’s type given by (41). Here the interior limit is 
f(z’) and the exterior limit zero. 

Integrals of Cauchy’s type are frequently used in the analytical 
representation of functions. Note that this representation is many- 
valued, i.e. to be more precise, one function can be represented by 
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different integrals of Cauchy’s type. Let us show this by the following 
example. Let J be a closed contour which encircles the origin z = 0 
and let us define a regular function in / which is identically zero. This 
function can obviously be represented by an integral of Cauchy’s type 
(39) with a “‘densisy” w(z’)=0. We shall show that this function, i.e. 
zero, can be represented by an integral of Cauchy’s type with a 
“density” w(z’) = 1/z’. In fact consider the integral 
‘ 1 , 

Fei= aa | waa © (42) 
and let us show that it is equal to zero whatever the position of z 
inside / (we recall that the origin also lies in /). On decomposing the 
rational fraction into partial fractions we can write: 


1 1 1 
tea ee z (2z’ — 2) 
and, consequently: 
1 dz’ 1 dz’ 
PQS cee | oot ten) oor 
i i 


From the example in [6] we obtain: 
1,1. 
F (2) = SS PS =o) 


Hence the integral of Cauchy’s type (42) also gives zero in J. On 
adding this integral to another integral of Cauchy’s type (39) which 
yields a regular function F(z), we obtain another integral of Cauchy’s 
type, yielding the same function F(z). Thus we cannot conclude from 
the equality of two integrals of Cauchy’s type: 
ef Et [Say (z inside l) (43) 


Qui | 2° —2z Qui J 2’ —2 
t I 


for any z inside J, are, that the ‘densities’ of these integrals are the 
same. This will only be the case if we impose certain additional condi- 
tions on the densities. Thus, for example, the following theorem by 
Harnak applies: if ,(z’) and w,(2’) are continuous real functions and 
£ is the circumference of a circle, the equation (43) is equivalent 
to the identity w,(z’) = ,(z’). 

At the end of this chapter we shall consider the problem of the limit 
ing values of integrals of Cauchy’s type when the contour of the 
domain is approached. 
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9. Corollaries of Cauchy’s formula, Let f(z) be a continuous 
function which is regular in the closed domain B with the contour J, or 
let it be regular inside the domain and continuous in the closed domain. 
Consider the regular function [f(z)]", where n is a positive integer, and 
apply Cauchy’s formula to this function: 


ae lf@21" a, 
[f (z)]" a ‘oni | J . 
Let M be the maximum of the modulus | f(z’) | on the contour J and 
denote the minimum of the modulus | z’ — z| by 4, i.e. the shortest 
distance from the point z to the contour J. 
Applying the usual inequality, we have: 
M"S 
[fh <a. 
where 9 is the length of the contour J. The above inequality can be 
rewritten as follows: 


2 
lfe|<m (5). 


When the positive integer n tends to infinity we obtain the following 
inequality at the limit 
If(2a| <M, (44) 


i.e. af f(z) is a function which is regular in a domain and continuous in 
a closed domain, its maximum modulus is attained on the contour, i.e. 
the modulus at any interior point of the domain is not greater than 
its maximum modulus on the contour. 

It can be shown that the sign of equality in the formula (44) can 
only be obtained when f(z) is constant. The above property is usually 
known as the princi ple of the maximum [or maximum modulus theorem]. 

Let us now consider a second corollary of Cauchy’s formula. The 
function e* and a polynomial in z are examples of functions which 
are regular in the whole plane. We shall show that the moduli of these 
functions cannot be bounded except in the trivial case of f(z) being 
constant. In other words the following theorem, generally known as 
Liouville’s theorem, applies: if f(z) is regular in the whole plane and 
ts bounded, i.e. a positive number N exists so that for every z 


If(z)] <<, (45) 


then f(z) is a constant. 
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We apply Cauchy’s formula to /’(z): 


_ fe) 
i =a | Waar (z’ — yr d 


Owing to the fact that /(z) is regular in the whole plane we can take 
an arbitrary contour for the contour / which encircles the point z. 
We take a circle, centre at z and radius R& for the contour / and enlarge 
it indefinitely. We then have: 


|2’ -—2|= 
and therefore: 
eras | f(z’) | 
[/ (2)| < sR ek. 


Taking into account the inequality (45), we obtain the following 
result: 


If @l <= 


The left-hand side of this inequality is independent of R and the 
right-hand side tends to zero when RF increases indefinitely. It there- 
fore follows that /’(z) == 0 and that f(z) is a constant [6]. 

Take, for example, the function cos z. It follows from formula (1) 
that its modulus increases indefinitely when z tends to infinity along 
the imaginary axis. For, putting z = zy, we have 
e+ ed ; 


cos ty = 3 


10. Isolated singularities. Let us finally turn to a third corollary 
of Cauchy’s formula, viz. to a study of the singularities of a regular 
function. Assume that /(z) is a single-valued function which is regular 
in the neighbourhood of the point z = a but not at the point z =a 
itself. This singularity of the function is generally known as an isolated 
singularity. For example, for the function 


fa=s, 


the point z = 0 will be an isolated singularity. We shall now consider 
the possible types of isolated singularities. 

There can be three cases: (1) the modulus of the function f(z) remains 
bounded when the values of z are close to a; (2) the modulus of the 
function f(z) tends to infinity when z tends to a; (3) the modulus 
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| f(z) | does not remain bounded when z approaches a; the function, 
however, does not tend to infinity but oscillates. 

Let us consider the first case and show that in this event the point 
z =a. is not a singularity of the function f(z). In other words #f f(z) 
is single-valued and regular in the neighbourhood of z=a and if tts 
modulus is bounded in this neighbourhood then it is also regular at 
the point z = a. In fact, encircle the point z = a by two circles with 
radii R and ¢ respectively, centre at z = a, where oe < R. If z lies in 
the annulus between these circles then according to Cauchy’s for- 
mula we have: 


fl2)= aa | co de’ + tar = Jz ie d2". 
Oe 


ce 


We shall show that the second term on the right-hand side tends 
to zero when g tends to zero. As in the proof of Cauchy’s formula it 
will follow from this that the second term is simply equal to zero. 
The condition the modulus of the function f(z) is bounded in the 
neighbourhood of z =a gives | f(z)| < N, where N is a positive 
number. 

We have: (2’ — 2) = (z’ — a) — (z — a); we replace the modulus 
of this difference by the smaller quantity: 

|(z’ —a) —(z—a)| >|z—a|—|2 —a|=|z—al—-e, 
where | 2’ —a| = 9 onC,. We thus get the following inequality for 
the given term: 

| ff@)_ go 2 |< 2 N Ne 


2mi ) 2’ —z Son jecalar |z—a|—e 
Ce 


. 
3 


which shows that this term tends to zero when g — 0. Hence the above 
formula gives: 
ae f (2’ de’, 


f(z) = 271 
i.e. for all values of z close to a tis function f(z) is expressed by an 
integral of Cauchy’s type and therefore f(z) represents a function 
which is regular everywhere, including the point z= a. Strictly 
speaking, if f(z) is single-valued and regular near z = a and if also 
its modulus is bounded then f(z) tends to a definite finite limit, when 
z-> a; if we assume that f(a) is this limit then f(z) will be regular 
everywhere, including the point z = a. 

Let us now consider the second and third cases. The function 
1(z—a) is an example of the second case and singularities of this type 
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are known as poles, i.e. if f(z) is single-valued and regular near the point 
z= aand tf it tends to infinity when z tends to a then the point a is a pole 
of the function f(z). 

We shall now give an example of a singularity of the third kind. 
We shall show, in particular, that the point z = 0 will be a singularity 
for the function 


1 
f(z) =e. (46) 


In fact, if 2 approaches zero from the positive direction then the 
function (46) tends to +09, and when z approaches zero from the 
negative direction it tends to zero. Singularities of this type are known 
as essential singularities, i.e. the point z = a is an essential singularity 
of the function f(z) if the function is single-valued and regular in the 
neighbourhood of the point z =a, yet is not bounded in this neighbour- 
hood and does not tend to infinity when z— a. 

We shall now prove a theorem on the values of a function in the 
neighbourhood of an essential singularity. This theorem was first 
proved by Sokhotskii. 

TuroreM. If z =a is an essential singularity of f(z) then when z 
varies in an arbitrarily small circle, centre z =a, values of f(z) are 
obtained which can be as close as we please to any previously assigned 
complex number. 

The assertion of this theorem amounts to the following. Let » be an 
arbitrarily chosen complex number and let « be an arbitrarily chosen 
positive number. In this case there will be points z in an arbitrarily 
small circle, centre z = a, where | f{(z) —y| < «. Let us use reductio 
ad absurdum. Assume that there is a positive number f such that at all 
points of a circle C, centre at a, the following inequality holds: 
| f(z) — B | > m, where m is a positive number. Let us construct the 
new function: 


1 
P= Fey —B 
This function is regular in the circle C and its modulus is bounded: 


1 1 
= —-————_ < — > 
lP@l=TFa\=B, <m 
It therefore follows from the above proof that it is regular at the 
point z = a; moreover, when z— a the function ¢(z) tends to a finite 
limit. Thus 


1 
=P aay 
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must also tend to a finite limit when z > a provided the limit of 
g(z) is not zero; or it will tend to infinity when the limit of ¢(z) vanishes; 
both these possibilities, however, contradict the definition of an essen- 
tial singularity. 

We can prove a more accurate theorem, viz: 

PicaRD’s THEOREM: If z =a is an essential singularity of f(z) then 
in any small circle, centre at a, f(z) assumes an infinite number of times 
every complex value with the possible exception of one. 

The proof of this theorem is vastly more complicated than the 
proof of the previous theorem and we shall not attempt to give it 
here. We shall only test this theorem for the function (46) which has 
an essential singularity at the point z= 0. 

Take any complex number a, other than zero, and write the equation 


7 ud 


ez =a. (46;) 


Remembering the rules for taking the logarithms of complex 
numbers we obtain the roots of the equation (46,): 


] 
* = fog]a| +(e + 2ka)’ 


where 9 is the amplitude of a within the interval (0,27) and k is 
an arbitrary integer. By taking its absolute value as large as we 
please, we obtain zeros of the equation (46,) as close to zero as 
we please. Thus the function (46) assumes an infinite number of times 
any previously assigned number, except zero, in any circle, which 
can be as small as we please, centre the origin. It can be shown that 
the function sin 1/z assumes an infinite number of times every value 
without exception in a circle with the centre at the origin. 

Poles and essential singularities are isolated singularities i.e. the 
function is regular in the neighbourhood of these points. In future 
when examining many-valued functions we shall deal with yet another 
type of isolated singularitiy, viz. with branch points. 


Il, Infinite series with complex terms. Having explained some 
fundamental points connected with the concept of the integral we 
shall now examine infinite series with complex terms. Consider the 
infinite series with complex terms: 


(ay + iB,) + (ay + ip) +... +(On + 1,) +... (47) 
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This series is said to be convergent when the sum of its first n terms 
Sy = (a, + a, +... + Gp) + 0(B, + by +... + dy) (48) 


tends to a finite limit as n increases indefinitely. It follows from 
this definition that the series (47) will only converge when the series 
of real terms converges 


a,t+a,+... andb,+6,+4.... (49) 


These series consist of the real and imaginary parts of the terms of 
the series (47). If we denote by 4 and Bthe sums of the series (49) then 
the finite sum of (48) will evidently tend to the limit A + 7B which 
represents the sum of the series (47). 

Let us now explain the concept of absolute convergence of the 
series (47). On replacing every term in the series (47) by its modulus 
we obtain a series with positive terms: 


Vaz + ob} + Vaz + b+... (50) 


We can show that if this series converges then the initial series 
(47) will also converge. In fact, from the evident inequality: 


Vaz + b2 >|a,| and |d,| 
we can see [I], 120 and 124] that the convergence of the series (50) 
implics the convergence (even absolute) of the series (49), and hence 
the convergence of the series (47). 

If the series (50) converges then the convergent series (47) is said to be 
absolutely convergent. Such absolutely convergent series have proper- 
ties analogous to those of absolutely convergent series with real terms. 

If the series (47) is absolutely convergent then, as we have just 
seen, the series (49) will also be absolutely convergent and their 
sums are independent of the order of terms [I, 137]. Therefore we can 
say the same about the sum of the series (47). 

Similarly, using arguments analogous to those in [I, 138], we 
can prove a theorem on the multiplication of absolutely convergent 
series. In fact, if we have two absolutely convergent series of complex 
terms 


S=a,+a,+... anndT=£,+6,4+..., 


then the series 


@,B, + (0,8, + a8,) + (4,83 + OB. + 38;) +... 


will also be absolutely convergent and its sum will be equal to ST, 


11] INFINITE SERIES WITH COMPLEX TERMS 41 


We shall not prove this theorem in detail. Cauchy’s test for the exis- 
tence of a limit applies for a complex variable and, as in the case 
of a real variable, gives the necessary and sufficient condition: for the 
convergence of a series of complex terms: the necessary and sufficient 
condition for the series (47) to be convergent is that for any given posi- 
tive « a positive N exists such that 


n+p 
> (% + thy) 


k=n+1 


<6, 


provided n > N, where p is an arbitrary positive integer. 
Let us now examine a series with variable terms, i.e. a series the 
terms of which contain the variable 2: 


Uy (2) + uy (z) +... (51) 


If this series converges for all values of z ina domain B (on a curve /) 
then it is said.that the series (51) converges in the domain B (on the 
curve 1). 

Let us now introduce the concept of uniform convergence as 
we did for the real variable [I, 143]. The series (51) is said to be 
uniformly convergent in the domain B (on the curvel) if for any assigned 
positive e a positive N exists, which is one and the same for all values 
of z in the domain B (on 1), such that 


n+p 


> (2) 


k=n+1 


<é, (52) 


provided n> N and p is an arbitrary positive integer. Uniformly 
convergent series of a complex variable have the same properties 
as uniformly convergent series of a real variable [I, 146]. We shall 
give two fundamental properties which can be proved in exactly the 
same way as in the case of a real variable. 

If the terms of the series (51) are continuous functions of z in the 
domain B (on the curve /) and the series is uniformly convergent in 
this domain (on the curve J) the sum of the series will also be a con- 
tinuous function. 

If the series (51), which consists of continuous functions, converges 
uniformly on a curve J, it can be integrated term by term along this 
curve. 

Let us finally indicate a sufficient condition for the absolute and 
uniform convergence of the series (51), which is exactly analogous 
to that for the real variable [J, 147]. If for all values of z in the 
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domain B (on the curve 1) the terms of the series (51) are bounded: 
| 22, (2) | < mg (== 1) Bice) 


where m, are positive numbers which form a convergent series, then 
the series (51) is absolutely and uniformly convergent in the domain B 
(on the curve 2). 

Let us draw attention to one further circumstance which follows 
directly from the above viz. if the series (51) is uniformly con- 
vergent on the curve / and we multiply all its terms by a certain 
function (z), the modulus of which is bounded on the curve, e.g. is 
continuous, the new series will also be uniformly convergent. 
In fact, as a result of this multiplication we obtain instead of the series 
(51) the following series: 


U, (2) v(2z) + ug (z)o(z) + ..., 


where | o(z) | < WV. It follows from the inequality (52) that we have 
for the new series: 


n+p n+p 
> %(2)0(z)}=[v(z)]] SS um (zp < Ne, 
k=n+1 k=n+1 | 


from which follows the uniform convergence of this series, since NV 
is a definite positive number and e is as small as we please when n 
is large. 

Having explained the elementary concepts concerning series 
with complex terms we shall now prove a fundamental theorem for 
series, the terms of which are regular functions of z. 


12. The Weierstrass theorem. If the terms of the series (51) are 
regular functions in a closed domain B with the contour | and if this 
series converges uniformly on the contour l then it converges uniformly 
in the whole closed domain B, its sum ts a regular function in the 
domain Band each term of this series can be differentiated as many 
times as we please. 

Denote by 2’ a variable point on the curve /. It is given that 
the series 


tty (2") + Uy (2") + oe. (53) 


is uniformly convergent and we therefore have the following inequality: 


<eée (forn>WN and any p> 0). 


cae 
> uy (2) 
k=n 
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The above finite sum of regular functions is also a regular function 
in the closed domain B and therefore, in accordance with the prin- 
ciple of the maximum, the above inequality implies the same inequ- 
ality for the whole domain [9]: 


n+p 
> UM (2) 
k=n 


from which it follows that the series (51) is uniformly convergent 
in the whole closed domain. 

Denoting the sum of the series (53) by 9(z’) (a continuous function 
on 1), we multiply all the terms of the series by 


<e (for n>WN and any p>0), 


1 1 
2m (z’— 2)’ 


where z is an interior point of the domain B: 


1 9 (z’) 1 uw, 2’) 
2710 (2’—z) Qni (z’—2) 


oe ec nd 


221i (z’—2) 


This series will also converge uniformly on the contour / and by 
integrating it term by term round this contour we obtain: 


1 e@) gy __! ae| Oa [2@ a ah 


Imi J 2’ —2 ‘Qn J 2’ —2 271 
i I 


But we have Cauchy’s formula for regular functions of the type 
u,(z) and therefore the latter formula can be rewritten in the form: 


ef SE) ae = wy, (2) + (2) +. 


‘Oni | 2’ —z 
ri 


This shows that the sum of the series (51) can be represented by 
an integral of Cauchy’s type in the domain Band that it is a regular 
function. Denote this sum by (z): 


> U, (2) = p(z) = = fee dz’. (54) 


Note that owing to the uniform convergence of the series (51) 
throughout the closed domain B, which we proved above, 9(z) is con- 
tinuous in the closed domain B and formula (54) is simply Cauchy’s 
formula for the function 9(z). 

It only remains to be shown that the series (51) can be differentiated 
term by term as many times as we please. To do this we multiply (51) by 
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the factor 
m!\ 1 


Qni (z’ — 2z)™tI 


where m is a positive integer, and integrate round I: 


7 


ml g (z’) do’ = =f _ E 9p OE ae ous 
( 


Qmi J (2 — zm Qari f(z — ent? Qi J (2’ —2)mt1 


It follows from Cauchy’s formula and from formula (54) that the 
latter expression can be rewritten in the form: 


p™ (z) = uf (z) + uf (2) + ..., (55) 


which shows that the series can be differentiated m times, term by term, 
inside the domain. In the next section we shall apply this theorem 
to a particular type of series, with which we shall deal almost exclu- 
sively in future viz. to power series. 
Note 1. By using the usual inequ- 
; ality for integrals it is easy to show 
that the series (55) which iscomposed from 
derivatives, is uniformly convergent in 
any domain B, which, together with its 
contour, lies in B. We can construct 
the usual expression for the series (55) 


Fic. 7 n+p 
> uf (2). 
k=n 
By using the Cauchy form of the derivative we obtain 
n+p 1 1 n+p 
oy aan os ’) dz’. 
2 uk (2) Oni de> z)m+i = Ug (2') 


Let 6 be the shortest distance from the contour J, of the domain B, 
to the contour J (Fig. 7). Applying the usual inequality to the above 
integral we obtain: 


n+p mS n+p 
uy™ (2) | << ———— - max Uy (Z)} , 
> oh (2) < Speer max] St ( 


where S is the length of the contour /. Owing to the uniform con- 
vergence of the series (53), the last factor on the right-hand side will 
be as small as we please when 7 is large and this gives the condition 
for the uniform convergence of the series (55). It is also easy to show 
that when Bis a simply-connected domain, the series obtained by term- 
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by-term integration: 


r4 z 

§ uy (2) dz’ + { ug (2')dz’+..., 

a a 

where @ is a point in B, will converge uniformly in B [c.f. I, 146]. 

The terms of this series are regular single-valued functions in B [6]. 
Note 2. The Weierstrass theorem could have been formulated by using 

sequences of functions instead of series [I, 144]: if we have a sequence 

of functions s,(z) (k = 1,2, ...), which are regular in the closed 

domain B with the contour 1, and if the sequence tends uniformly to a 

limit on the contour /, it will tend uniformly to a limit in the whole 

of the closed domain B; the limiting function s(z) will be regular in B 

and for every positive integer m we have in B: 


lim s&™ (z) = s™ (2). 
ho 


13. Power series. A power series is a series of the type 
dy + a,(2—6) +a, (2—b)?+..., (56) 


where a, and b are given numbers. Let us consider, first of all, the 

region of convergence of the series (56). We 

shall prove the following theorem: Zo 
ABEL'S THEOREM. If the series (56) con- 

verges at a point z = 2,, then it will converge 

absolutely at every point z which lies nearer 

to b than 2p, 7.e. 


jz—b|<|z—d], 


and it will converge uniformly in any circle, cen- 
treat b and radius o smaller than |2z,— |, i.e. Fie. 8 
smaller than the distance from z, to b (Fig. 8). 
It follows from the condition of this theorem that the series 


Gy + a, (249 — b) + a,(% — 6)? +... 


converges and, consequently its general term tends to zero when the 
number of the term increases indefinitely. We can therefore assert 
that a positive number W exists such that for every k: 


| ay, (29 — dF < MW. (57) 
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Consider now a circle C,, centre at b and radius g smaller than 
12, — 6], so that this radius can be denoted by oe < @|2,—5)|, 
where 0 < 9 < 1. We have for every z in this circle C,: 


|z—b| <6|z—d|. (58) 


We consider the upper bounds of the terms of the series (56) in 
the circle C,. From (57) and (58) we can write: 


| a, (z — b)*| = | ay (2 — b)* | 


z—b ' < NO, 
Z—b 

from which it follows that in the circle C,, the terms of the series 
(56) have moduli less than a decreasing geometric progression com- 
posed of positive numbers, i.e. the series (56) converges absolutely and 
uniformly in the circle C,. It is obvious that every point z which 
lies nearer to 6 than 2, can be considered as belonging to a circle 
C, and, consequently, it follows from the above, that at every such 
point the series (56) converges absolutely. Abel’s theorem is thus 
fully proved. We will now discuss some corollaries of this theorem. 

CoROLLARy 1. If the series (56) diverges at a point z = z, then it will 
obviously also diverge at every other point which is further removed 
from 6 than 2,. For, if the series converges at this latter point then, 
as a result of Abel’s theorem, it must also converge at the point 2,. 
We can therefore say that the following applies to the series (56): 
the convergence of the series at a certain point implies its absolute 
convergence in the circle which passes through this point and has its 
centre at b; and the divergence of the series at a certain point implies 
ils divergence outside the circle which passes through this point and has 
tts centre at b. It follows that for every series of the type (56) a positive 
number £# exists such that the series (56) converges absolutely when 
|z2—b|< R and diverges when |z—b6|> 2, while in any circle 
with a radius smaller than Rf, i. when |z—06| < @R(0 <6 < 1), 
the series (56) is convergent uniformly. This number #& is known as 
the radius of convergence of the series (56) and the circle |z—b| < # 
as the circle of convergence of the series (compare with analogous 
results obtained for a real variable) [I, 148]. 

Note that the above arguments do not provide conditions for the 
uniform convergence of the series (56) in the whole circle of con- 
vergence but only in a concentric circle drawn with a smaller radius. 
We express this fact by simply saying that the series (56) converges 


13] POWER SERIES 47 


uniformly inside its circle of convergence. In general we shall say that a 
series is uniformly convergent inadomain if it converges uniformly in any 
closed domain which, together with its contour, lies inside the given 
domain. 

Note another important point in connection with the above 
results. The radius of convergence # can, in certain cases, be infinite. 
In that case the series (56) will converge absolutely at every point 
in the plane, and it will converge uniformly in a circle drawn with 
any finite radius. Note also the second extreme case, viz. when Rk = 0. 
In this case the series (56) diverges at every point except at the point 
z = b. At this point the series will reduce to its first term. In future 
we shall not deal with power series for which RF = 0. 

CoroLLaRy 2. The series (56) converges uniformly in its circle of 
convergence and, consequently, the Weierstrass theorem applies to it, 
i.e. the sum of the series (56) in the circle of convergence is a regular 
function of z and of the series can be differentiated term by term as 
many times as we please. By virtue of being a uniformly convergent 
series it can also be integrated term by term. Furthermore, as a result 
of their absolute convergence, power series can be multiplied term by 
term like polynomials. 

It follows from what has been said above that term-by-term differ- 
entiation and integration of the series (56) will not affect the con- 
vergence in the circle of convergence, i.e. the series: 


a, + 2a, (2 — b) + 8a,(2 — b)2+...; (59) 
ao(z— b) + Sr (z—b)? +... (59,) 


have radii of convergence which are not less than that of the series 
(56). It is easy to see that the radius of convergence of series (59) 
cannot be greater than the radius of convergence of the series (56). 

For, suppose that the radius of convergence o of the series (59,) 
is greater than R, i.e. 9 > R. In view of what has just been said, 
we do not decrease the radius of convergence on differentiating this 
Series and we return to the series (56); hence 9 < R, which contra- 
dicts 9 > R. We can thus maintain that term-by-term differentiation 
and integration of the series (56) do not alter its radius of convergence. 

Note in conclusion that nothing has been said above about the 
convergence of the series (56) on the circumference |z—b|= F# of 
its circle of convergence. We shall consider this problem later. 
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14. Taylor’s series. We saw above that the sum of the series (56) 
is a regular function in the circle of convergence of this series. We sha]] 
now prove the converse proposition: any function f(z) which is regular 
in a circle|z—b| <R, centre at b, can be represented in this circle by a 
power series of the form (56) and this representation is unique. 

Take a fixed point z in the circle 
|2—b|< R#. Draw a circle Cr,, centre at b 
and radius #, which is smaller than 2&, that 
z lies in Cp, (Fig. 9). We can express f(z) by 
Cauchy’s formula, by integrating round Cp,: 


] ‘ 
=a {eae (60) 
Cr, 
In Cr, we have | 2’ — b| = R, and, on the 


eee other hand, |z—b|< &,, since z lies in 


Cr, Using the formula which gives the 
sum of the terms of an infinitely decreasing geometric progression, 
we can write: 


1 1 1 =, (2 —b)* 
gs eg ee 61 
2’ —2z z’—b = z—b 2. — oF ( ) 


where we have the following expression for the moduli of the terms 
of this series: 


(@—b | 1, _ z+ 
wala (7=]=5)) 


and it follows from the above that 0 < q< 1. Hence the infinite 
series (61) converges uniformly with respect to 2’ in Cr,. Multiplying 
both sides by 


= Ke’) 


and integrating term by term round to Cpr, we obtain from (60): 


or 


fl2) = > axe — by, (62) 
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where, by Cauchy’s formula [7]: 
, : k) 5 
| w= lies f ; : (62,) 


On = Ori | (e — bert ke 
Cr, 


ie. the value of f(z) at an arbitrary point in the circle |z—b| < R, 
where f(z) is regular, ts represented by the Taylor series: 


fle) = #0) +E (2-2) + LO eet... (68) 


We can show that the representation of /(z) by a power series is 
unique. Assume that f(z) can be represented in a circle, centre at b, 
by a series of the type (62). We will show that the coefficients a, 
are uniquely determined viz. they must be Taylor’s coefficients. In 
fact, assuming in (62) that z = b, we obtain a, = f(b). Differentiating 
the power series (62): 


f(z) = S kay (2 — dy. 
k=l 


On again putting z = b we obtain a, = /’(b). Proceeding in this way, 
we obtain in general: 
Pepe bid (), 
k hn? 

and formula (62) must be the same as Taylor’s series (63). Hence 
if we could obtain in two different ways expansions of one and the 
same function into power series in positive integral powers of (z— b) 
the coefficients of the same powers of (z — b) must be the same in 
both expansions. 

The above arguments show that Taylor’s series (63) for the function 
f(z) converges in a circle, centre at b, in which f(z) ts regular; in this 
circle the sum of the Taylor’s series is equal to f(z). 

Upper bounds for the coefficients in Taylor’s series follow directly 
from the above expression. Let R be the radius of convergence of 
the series (62). In formula (62,) we take a circle, centre at b and radius 
(R—«), for Cpr, where e is a small fixed positive number. On this 
cirele our function f(z) is regular, its modulus does not exceed a 
positive number M and, evidently, | 2” —b| = (R — «). The usual 
upper bound for the integral gives: 


M 
lax] << tape - (64) 


é can be taken as close to zero as we please though the value of 
M evidently depends on the choice of «. 
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Let us apply the Weierstrass theorem which we proved in [12] to 
the case of a power series. Assume that we are given regular functions 
in a circle Cp, centre at b: 


Uy (2) = af + af (2 — b) + a (ze —b)? +... 
and assume that the series 
> uy (2) 
k=1 
converges uniformly in this circle. In this case, in accordance with 


the Weierstrass theorem, its sum is also a regular function in this 
circle and it can therefore be represented by a power series: 


3 lay + af (2 — 6) +o (2-0) +..-1= 
k=l 


= +a,(z—6)+a,(z—b)?+... 


In accordance with the Weierstrass theorem we can differentiate 
this series term by term as many times as we please. Differentiating 
and putting z = b, we obtain the following expression for the sum of 
the coefficients of this series: 


a= Ya; a= sa; a= Sal,..., 
k=l k=l k=1 
i.e. given the above assumptions, we can add these infinite series like 
ordinary polynomials. 


15. Laurent’s series. It is not difficult to obtain results similar to 
the above for power series of a more general type: 


-+. $@_,(2— 6b)? + a_,(2— 5b) ++a,+ 
+a, (z—b) +a,(z—b)?+..., (65) 


which contain negative as well as positive integral powers of (z — 0). 
The series (65) is usually known as Laurent’s series. We shall first of 
all determine its domain of convergence. The series (65) consists of 
two series: 

a, + a, (2 — b) +4, (z—6)?+... (66,) 


and 


aw aw. 
Sot tet (66, 
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and we have to find the domain in which these two series converge. 
This will be the domain of convergence of the series (65). The series 
(66,) is the usual power series of the type we considered above and 
its domain of convergence is a circle, centre at 56. Let this circle be 
|z—b|< #,. To analyse the series (66,) we replace z by a new 
variable z’ in accordance with the formula 2’ = (z—b)-!. This trans- 
forms the series (66,) into the usual power series of the type: 


a_,2’+a_,277+... 


Its domain of convergence in the z’-plane is a circle, centre the 
origin (zero takes the place of b). Denote the radius of this circle 
by 1/R,, so that the domain of convergence of this latter series will 
be | 2’| < 1/R, or 1/| 2’| > &,. Returning to the former variable z, 
we obtain the domain of convergence in the form |z— }b| > R,. 
Thus the domain of convergence of the complete series (65) is given 
by two inequalities: 

jz—d/< Rh; \jz—b| > R,. (67) 


The first inequality defines the interior of the circle, centre at 
band radius #,, and this is the domain of convergence of the series 
(66,). The second inequality (67) defines the part of the plane outside 
the circle with centre at b and radius A, and this is the domain of 
convergence of the series (66,). When &, < &, the inequalities (67) 
do not define a domain When Ff, > RF, the inequalities (67) define 
a circular annulus 


R,<|z-—b|<f,, (68) 


bounded by two concentric circles, centre at b and radii R, and R, 
respectively. Hence the domain of convergence of a series of the type 
(65) is the circular annulus (68). 

Above we split the series (65) into two power series; it follows 
from the theory of power series that the series (65) converges absolutely 
and uniformly in its annulus of convergence, the sum of the series 
is a regular function and the series can be differentiated term by 
term. Note that in the inequality (68) which defines the dimensions 
of the annulus, the inner radius #, can vanish and in that event the 
series (65) will converge for all z sufficiently close to b. Similarly 
the outside radius R, can become infinite, in which case the series 
(65) will converge for all values of z which satisfy the condition 
|z—b|> RR, If the annulus is defined by the inequality 
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0<|z—6|< © then the series (65) will converge in the whole 
z-plane except at the point z = b. 

Note also that that part of Laurent’s series (65) which contains 
positive powers of (z— b) converges not only in the annulus (68) but 
also everywhere in the outer circle, i.e. where |z—06|< &,; the 
part of the series which contains negative powers of (z — b) converges 
everywhere outside the inner circle, i.e. where | z — 6| > &,. If, for ex- 
ample, the series contains a finite number of 
terms with negative powers, the condition 
R, = 0 applies, and if it contains a finite 
number of terms with positive powers of 
(z—b), then the condition R,= °° applies. 
We must emphasize once again the fact 
that we are only considering Laurent’s se- 
ries for which R, < R, since otherwise the 
series has no domain of convergence. 

The converse may be proved in the same 
way as for power series, viz. if f(z) is regular 
in the annulus (68), it can be represented by a Laurent’s series in this 
annulus and this representation is unique. 

If we slightly compress the outer circumference of the annulus and 
slightly enlarge the inner circumference, f(z) will also be regular on 
both contours of the annulus. Denote these contours by Cp, and Cr, 
Applying Cauchy’s formula to an arbitrary point z in this annulus 
(Fig. 10), we obtain: 

1 , 
=a J ply de t+ ae J 
Ca, Cr, 


He) az’. (69) 


z 


When integrating round the circle Cr, we have 


z—6b 
2’ —b |<1 


and in the same way as in the proof of Taylor’s theorem we can 
represent the fraction in the integrand by a series which converges 
uniformly on the circle Cp: 


1 — (z—b)* 


é 


z’—2Z ar (2’ — o)*+} 7 


Multiplying by 


aq ite’) (70) 
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and integrating round Cp, we obtain for the first term on the right- 
hand side of the formula (69) a representation as a power series in 
positive vibe of (z — b): 

sr f 1(z’) dz’ = 4) + a, (2 — 6) + a, (z—b)?+.. 


2 —2 


or 


where 


1 He) 4, 
a = ay | ORT or ds 
ta, 


We have on the contrary, on integrating round Ca,: 


2’—b 


supe 


and instead of the above fraction we must write another expansion, 
uniformly convergent on the circle Ca,: 


ps he ng oo = ts Dyn (2 — bE 
a z—b 1-22? = Zea’ 
z—5b om 


whence again multiplying by the factor (70), we get an expression for 
the second term on the right-hand side of the formula (69) in the form 
of a power series in negative integral powers of (z — b): 


1 , ; . : 
22% f {oa = a_, (z— 6)“ 4+ a_,(z2— b)-2+..., 
oem 
where 


rae ee f (2! — by} f(z") dz 


270 
ote 
Combining both terms we obtain an expression for the function 
/(z) in the annulus in the form of Laurent’s series: 


+0 
fe) = > ale — BF (71) 

It remains to be shown that this representation is unique. For this 
purpose we shall show, in the same way as for Taylor’s series, 
that the formula (71) gives well-defined expressions for the coeffi- 
cients of the expansion a,. Let 1 be a closed contour in the 
annulus (68) which encircles 6. On this contour the series (71) con- 
verges uniformly. We select an integer m, multiply both sides of the 
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equation (71) by (z — b)-"-' and integrate round / in the counter- 
clockwise direction: 


(eB "44 e\dz= "S ay (2d) ae. 
{ 


i ka—e 

We know from [6] that all the integrals on the right-hand side will 
be equal to zero except one which contains (z— 6b)-}, the inte- 
grand of. This integra] will be obtained in the term corresponding to 


k =m, and will be equal, as we know, to 227. Hence the above 
formula gives: 


{ (2 —b)-™ f(z) dz = 2a, 


i 
whence well defined expressions for the coefficients are obtained: 


ae f (@—b)-" fe) de (m=0, +1, £2,...). (72) 
{ 


22t 


16. Examples. Applying the expansion into Taylor’s series to the 
elementary transcendental functions, we obtain expansions into power 
series which are familiar from the differential calculus; these series will 
also hold when the independent variable assumes complex values. 

Example 1. For the function f(z) = e” we evidently have f(z) = e’, 
and consequently, f(0) = 1. Formula (63), when 6 = 0, gives 
(McLaurin’s series): 


ea1+2 424... (73) 


Our function e’ is regular in the whole plane and, consequently, 
the expansion (73) holds in the whole plane. 

Similarly we can obtain expansions for the trigonometric functions 
which also hold in the whole plane: 


‘ r4 23 25 

sing =p gp tgp (74) 
2 z4 

cosz=] — TT al (75) 


2. The formula for a geometric progression 


th 
l—z 


=l]+2z2+4+274... 


serves as an example of a series with a circle of convergence | z| < 1. 
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We replace z by (—z) in this series and integrate between the 
limits 0 and 2: 


Zz 
2 
Oe 
0 
We thus obtain a new power series with the same circle of con- 
vergence |2|< 1. When z assumes real values its sum, as we know 
from [I, 132], is equal to log (1 + 2). We will show that the same 
thing applies to all complex values of z in the circle |z| <1, ie. 
strictly speaking, we will show that the sum of our series 


z 
d 
e() = {755 (77) 
i) 
satisfies the equation 
er) — ] + 2, (78) 
We take the function e? = f(z) which is regular in the circle 
|z|< 1 and write its expansion into a McLaurin’s series. To do 
so we have to find the derivatives of this function. Taking into 
account that ’(z) = 1/(1 + z), we evidently have: 


f’ (2) =e. = (79) 


and furthermore 
” 1 1 


ie. f(z) = 0 when n > 2. It also follows from the formulae (77) 
and (79) that /(0) = e® = 1 and /’(0) = 1. Thus the expansion of f(z) 
into McLaurin’s series does, in fact, give us: 


f(z) =e? =1+4+ 2. 

We can thus see that the sum of the series (76) is one of the possible 
values of log (1 + 2). This latter function is many-valued, but the 
power series (76) singles out a single-valued branch which is regular 
in the circle | z| < 1: 


log(l +2) =+—242_... (80) 


Values of the logarithm as given by this formula are sometimes known 
as the principal values of the logarithm. The circumference of our circle 
of convergence passes through the singular point z= —1 which belongs 
to the function log (1 + z). The character of this singularity will be 
explained later. 
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3. Consider the function (1+ z)”. When is a positive integer 
its expansion in integral positive powers of 2 is given by the usual 
Newton’s binomial formula. When m is a negative integer the func- 
tion will have a pole at the point z = —1; on evaluating successively 
its derivatives and constructing McLaurin’s series, we obtain an exp. 
ansion in the circle | z] < 1 [I, 131]: 


(l+2)"=14+— 2 ima go 4 mn Mn) 
(81) 


When m is not an integer, our function will be many-valued. For 
example, when m=1/2 we have /1+2z. In general, for an arbitrary 
value of the constant m we can write our function in the form [I, 176]: 


(1 ae 2)" =< emlog(l+z) | (82) 


and this function will be many-valued since the function log (1 + 2) 
is many-valued. Replace log (1-+ 2) by the value given by the 
equation (80). In this case the function (82) will be a single-valued 
function which is regular in the circle | z | < 1. Evaluating successively 
the derivatives of the function (82), we have from (77): 


r1+ z)my’ — eM log(itz), m -= me(™—) loga+z) — m1 + 2)m-1, 


((1 + 2)")" = m(m — 1) e—® 80+2) — mim — 1) (1 + 2)"-? 
and in general: 
[1 + 2z)™] = m(m — 1)... (m — hb + 2D) el l0e0 +2) — 
= mm —1)...(m—k+1)(1+2)™-*, 
where log (1 + z) is defined by the series (80). Note that the series 


(80) gives that value of log(1-+ 2) which vanishes when z = 0. 
Thus formula (82) and the subsequent formulae give: 


(l+2)",9=1; [(1+2)"]' |,.0=™ 
and 


[(1 + 2)" |,_5 = m(m — 1)... (m—k+1). 


This shows that for our function (82) McLaurin’s series coincides 
with the series (81), i.e. formula (81) gives a regular single-valued 
value for the function (82) in the circle |z| <1 for an arbitrary 
index m. In future we shall call formula (81) Newton’s binomial 
formula. 
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4. Replacing z by (—z*) in the formula for a progression, we obtain 
the expansion, valid in the circle | z| < 1: 


1 


er ee he ee 


On integrating between the limits 0 and z we obtain a new expan- 
sion, which also holds in the same circle: 


23 25 


Zz 
d 
| esr teaie ies wie came (83) 
0 


We shall see later that the sum of the above series gives one of 
the possible values of arc tan z, and formula (83) thus defines one 
branch of a many-valued function in the circle |z| <1, namely a 
branch which is regular and single-valued in the given circle. 

The expansion for one of the branches of the many-valued function 
arc sin 2 in the same circle can be obtained similarly: 


z 
dz ae 1 23 1-3 28 
\yserttettast. ee) 
0 
5. Consider the function 
1 
a= z(z— 1) (2—2) ~ 


The poles z = 0, z = 1, z = 2, are singularities of this function but otherwise 
it is single-valued and regular in the whole plane. Consider three circular 
annuli, centre the origin: 


(K,) O<|zj/<1; (K,) 1<|z}<2; (Kj) 2< |z| << +00. 


In each one of these our function can be expanded into a Laurent’s series 
in integral powers of z. For example, on decomposing f(z) into partial frac- 
tions in the annulus K., we have: 


l1 J] | I 1 
f= a Tear tree’ 


whence, since 1 <|z| < 2, we have in the annulus: 


] sock: ] => 1 
z—1 z eos Ko gtt1 
z 
Ve oe de 8 cs oh ee 
z—-2 2 z 2 » ok’ 
1 — — k=0 
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and finally, in the annulus K, we have: 
ais | iy See 
2) = —-—- -— — aie eae 
Me 2% o. gk 4 eo oF 


Similarly, in the annulus K,, where | z | > 2, we have an expansion in nega- 
tive powers of z only: 


ee I. crag al | ae 
2-17 2 ye? 3-2 2 2 2 eet 
k=0 1——__—sik=0 
Zz 
or 
Ke) = FIN. 
Ko2 gttt 


Our function will also be regular, for example, in an annulus, centre at 
z = 1, inner radius R, = 0 and outer radius R, = 1. In this annulus it can 
easily be represented by a Laurent’s series in integral powers of (z — 1). 

6. Consider the quotient of two power series: 


by +012 + 5,27 +... 85 
Q@,+4,2+ 4,27 +... iS) 


Let the radii of convergence of both series be not less than a positive 
number g. Assume also that the constant term a, of the series which appears 
in the denominator does not vanish. In that case the function in the denominator 
will not vanish at the origin or in some circle with centre at the origin. Assume 
that it is regular and not equal to zero in the circle |z| < 9,. We can 
assert that the fraction (85) will be regular in a circle, centre the origin, the 
radius of which is equal to the lesser of the two numbers og and Q, (or, per- 
haps, even in a larger circle). In this circle we have an expansion of the 
function into a power series: 


bob +O,2+02,27 4+... 
a, +a,2+4,27+... 


To evaluate the coefficients c, we multiply the quotient by the divisor and 
obtain the product in the form of a power series: 


Ag Cg + (41 Cy + Aq C1) 2 + (Ae ey +A, ¢, + aye.) 27+... = b,+6,2+0,27+4... 


The product obtained must coincide with the dividend and by virtue of 
the uniqueness of the expansion into a power series, we can simply equate 
the coefficients of like powers of z. This gives a series of equations for the coeffi- 
cients c, of the quotient: 


=C,+¢e,2-+¢,27+... 


Ay Ly = b, 
a, Co + a2 Cy = bi (86) 

AC) +a, ¢, + a,c, = b, 
The coefficients c, can be evaluated successively from the above formulae. 
The first (n + 1) equations (86) can be treated as a system of (n + 1) equations 
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in the unknowns Cp, ¢, -- +) Cn: On solving them with the aid of Cramer’s for- 
roula we can write an expression for the coefficient c, in the form of a quotient 


of two determinants: 


Ao 0, 0, ’ 0, by 
a, a, OQ, ,0, Ob 
Gy, A, Gp , 9, 0, 
Anna» An-2r Anagy +++1 Ay Day 
Bp Ant» Enea, «+ +1 Gy, By 
a aC SP (87) 
ay, 9, 0, -.., 0, O 
a1, A, 0, , 0, O 
ag ais ay , 0, 0 
Gps Babs pcg sx e5. gy 0 
Gp Anat» Bn-zy +++) A, Ay 


On applying these arguments to the expansion 


l1—--+ +... 


wo obtain a power series for tan z in the circle | z | <n/2, since, as we shall 
see later, the function cosz has only the real roots which are familiar from 
trigonometry. 


17, Isolated singularities. Point at infinity. Assume that the function 
f(z) is single-valued and regular in the neighbourhood of the point 
z= )b, but not at the point z = 6 itself. It will thus be regular in an 
annulus, centre at 6 and inner radius zero, and it can expanded 
in this annulus, i.e. in the neighbourhood of the point b, into a Laurent’s 
series in integral powers of (z— 6). In this case there are three 
possibilities: (1) the series does not contain terms with negative powers 
of (z — b), (2) the series contains a finite number of terms with negative 
powers of (z — b) and (3) the series contains an infinite number of 
terms with negative powers of (z — b). 

In the first case the series which gives the function f(z) and does 
not contain negative powers of (z — b) is simply Taylor’s series and 
our function will in fact be regular at the point z = b. Let us consider 
the second case, when the series has the form: 


f2)= 5 a (2-0), (88) 


k{=—m 
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where the coefficient a_,, does not vanish. Formula (88) can he 
rewritten in the form: 


fe) = ape 


When z tends to b the factor outside the square bracket tends to 
infinity and the square bracket tends to the limit @_,, which is 
finite and non-zero (the sum of a power series is a continuous func- 
tion); therefore the product tends to infinity. Thus in the second case, 
in accordance with our earlier terminology [10], the point 6 is a pole 
of the function f(z). Let us introduce a new terminology which is in 
general use, viz. in the expansion (88) the point 6 is known as a 
pole of order m; the sum of terms in ek powers 


[=m + @ m1 (@ — b) + @-m+2 (2 — 6)? +...]. 


a_m Aom+t 


@—oy" + @— Hy ain 


is known as the infinite part corresponding to this vole. The coefficient 
of (z — 6)-}, viz. a_, has a special name, viz. it is known as the residue 
of the function f(z) at the pole b. 

We will now show that an expansion of the form (88) always holds 
when 0 is a pole of the function. Thus, let f(z) be single-valued and 
regular in the neighbourhood of 8 and let it tend to infinity when 
z—> b. We will show that an expansion of the form (88) holds. Consider 
the function 


1 
p(z) = Fay: 


It is regular in the neighbourhood of the point b and tends to zero 
when z-—> b. Consequently (z) is also regular at the point 6 [10], 
where it vanishes. Let us write its expansion into a Taylor’s series. 
In this expansion the constant term will certainly be absent. Assume 
that the first term of this expansion, which is not zero, contains 
(z — b)™, ie. 


P(2) = by (2 — B)™ + Ong (2 — BMH +4... (bn #0). 
From above we have the following formula for f(z): 


Gs xe a a St ea 2 
P(2) (z— b)™ bm + Oms (z — d) +... 


The denominator of the second fraction written does not vanish when 
z=6 and therefore this fraction can be expanded into a Taylor’s 
series in positive powers of (z — 6). Dividing this Taylor’s series by 
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(z — b)™ we obtain an expansion for f(z) in the form (88). Comparing 
the last result with the one above, we can assert that the term 
“pole”, introduced by us in [10] is equivalent to the concept of 
a singularity in the neighbourhood of which the function can be 
expanded into a Laurent’s series with a finite number of terms in 
negative powers of (z — b). Consequently an essential singularity will 
be a point in the neighbourhood of which the function /(z) can be 
expanded into a Laurent’s series with an infinite number of terms in 
negative powers of (z — b). Here, as with a pole, the coefficient of 
(zg — 5)-1 is known as the residue of f(z) at the essential singularity b. 

Note that in the expansion of ¢(z) there must be a non-vanishing 
coefficient b,,, since otherwise g(z) would be identically zero in a circle, 
centre at 6, and this contradicts the equation g(z) = 1/f(z), since /(z), 
according to the given conditions, must be regular in the neighbour- 
hood of z = 6. 

We shall now introduce the concept of the point at infinity. We 
consider that a plane has one point at infinity. The neighbourhood 
of this point at infinity is defined as the part of the plane outside 
a circle, centre the origin. This neighbourhood is defined by an 
inequality of the form | z| > #. We could, of course, take the centre 
of the circle at a point other than the origin, i.e. instead of the above 
inequality the neighbourhood of the point at infinity could be defined 
by an inequality of the form | z— a|> R, and this would not cause 
any fundamental changes. However, we shall use the first condition 
|z|> &. 

Let f(z) be a single-valued function which is regular in the neigh- 
bourhood of the point at infinity. We can regard this neighbourhood 
as a circular annulus, centre the origin, inner radius A# and outer 
radius infinity. In this annulus it must be possible to expand f(z) 
into a Laurent’s series in integral powers of z and, as before, three 
different cases arise. 

In the first instance we consider the case when the Laurent’s 
series contains no terms in positive powers of z,i.e. when the expan- 
sion has the form: 


Hz) =a + 4-2 +... (89) 


z 2 


When z tends to infinity, f(z) tends to a finite limit a, and it is 
said that f(z) ts regular at the point at infinity, where f(co) = do. 

In the second instance we consider the case when the expansion 
of f(z) into a Laurent’s series contains a finite number of terms in 
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f\2) = A 2" Omg 2 OF FO 2 dg t SE + 
+-B+4... (dm#0). (90) 


Taking 2” outside the bracket, we can see, as above, that /(z) tends 
to infinity when z—> oo, while the quotient /(z)/z” tends to a finite 
non-zero limit @_,,. In this case the point at infinity is known as a pole 
of f(z) of order m and the set of points (@_,2" +... + a_, 2) is known 
as the infinite part at this pole. 

Finally, if the expansion contains an infinite number of terms in 
positive powers of z: 


fl2) =... a 24a ,2+a+— +H 4+..., (91) 


then the point at infinity is known as an essential singularity of the 
function f(z). If we replace z by a new independent variable ¢t according 


to the formula 
1 l 


a= 

the neighbourhood of the point at infinity of the z-plane will 
be transformed into the neighbourhood of the origin’ in the ¢-plane 
and the expansion (91) will contain an infinite number of terms in 
negative powers of t. It follows that if, z= oo is an essential singularity 
of f(z), on variation of z outside any circle, centre the origin, radius 
as large as we please, a value of f(z) may be obtained as close as we 
please to any arbitrary, previously assigned complex number, and 
indeed, /(z) takes any complex value, with the possible exception of 
one [10] an infinite number of times. In all three cases the coefficient 
a, of z-1 with the reverse sign is known as the residue at the point 
at infinity, i.e. (—a,). The purpose of this definition of the residue will 
be explained later. 

Note that, when the point z = a is a pole of the function /(z), we 
write /(a) = © and say that w = f(z) transforms z = a into the point 
at infinity. When z = © is a pole of f(z), this is usually written as 
f(co) = © and it is said that w = f(z) transforms the point at in- 
finity into itself, ie. the point remains in its former position. 

Returning to (7] we can see that the condition for the applicability 
of Cauchy’s formula to a domain containing the point at infinity can 
be formulated as follows: 


f(z) > 0 uniformly when z—> 0, 
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and means that /(z) is regular at the point at infinity, whilst in the 
expansion (89) @) = 0, i.e. f(co) = 0. 

Example 1. We said earlier with reference to the function e* that 
it is regular in the whole plane, but in saying this we excluded the 
point at infinity. The expansion of the function e* holds everywhere 
and, in particular, in the neighbourhood of the point at infinity. 
It contains an infinite number of terms in positive powers of z 
and, consequently, the point at infinity is an essential singularity 
of e?. The same can be said, for example, about sin z and cos z. 

2. Every polynomial] is a regular function in the whole plane and 
evidently has a pole at infinity, the order of which is equal to the 
order of the polynomial. 

Consider the following rational function which is a quotient of two 
polynomials: 


z) 

ey a1), 
where the fraction cannot be simplified,i.e. the zeros of the numerator 
and the denominator are different. Our function will have singularities 
at a finite distance these being the zeros of the polynomial y(z), and 
these points will be the poles of the function. The behaviour of the 
function at the point at infinity will depend on the degrees of the 
polynomials in the numerator and the denominator. If the degree 
of ¢(z) is higher than the degree of y(z) by m, then f(z) will tend 
to infinity when z— oo, but the ratio /(z)/z" will tend to a finite 
non-zero limit, i.e. our function will have a pole of order m at infinity. 
However, if the degree power of ¢(z) is higher than the degree of y(z) 
the function will be regular at infinity. 


18. Analytic continuation. If a function f(z) is regular in a domain B, 
the question arises as to whether is it permissible to extend the domain 
in which the function is defined, i.e. is it permissible to create a larger 
domain C which contains B within itself and to define the regular 
function F(z) in this larger domain so that it coincides with f(z) 
in the original domain B. This extension of the domain in which the 
regular function is defined, or, as it is sometimes said, the extra- 
polation of the regular function, is known as analytic continuation 
of the function. It happens that, if analytic continuation is pos- 
sible, it will be fully defined and unique. In this respect regular 
functions of a complex variable differ fundamentally from say continu- 
ous functions of a real variable. For suppose we are given a continuous 
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function w(x) of the real variable z in the intervala < x < b. We can 
evidently continue the graph of this function outside the given interval 
in an infinite number of ways without affecting its continuity. How- 
ever, in the case of a regular function f(z) of a complex variable the 
values in the original domain B will fully determine the values of the 
function outside this domain provided such extension of the domain, 
i.e. analytic continuation, is at all possible. It only needs to be remar- 
ked that in the course of analytic continuation one can arrive at many- 
valued functions. In this section all the circumstances which can 
arise during analytic continuation are explained and the proof of the 
uniqueness of this continuation is given. 

To begin with let us explain some properties of regular functions. 

Let the point z = b be a zero of the regular function f(z). In this 
case the constant term will be absent in the Taylor’s series with the 
centre at b and, perhaps, some of the succeeding terms will also be 
missing. Assume that the first non-zero term is of the order (z — 0)”, ie. 


f(2) = Gm(2 — 6)" + amy, (2 — BY" + 0+. (Gm #0) (92) 
or 


f(z) = (2 — 6)" [Gm + Om4y (2 — 6) +--+]. (93) 


In this case z = 6 is known as a zero of multiplicity m. Let us 
turn to the formula (93) and assume that z is equal to a number 
which is close to, but different from, b. In this case the factor (z — b)” 
will be non-zero, and the value of the sum inside the square brackets 
will be close to a@,,, which is also non-zero, i.e. the sum is non-zero. 
In other words, at all points sufficiently close to the zero of a regular 
function, the function must be non-zero. Hence the zeros of a regular 
function are isolated poinis. We naturally assumed in the above argu- 
ments that the expansion into Taylor’s series (92) contains at least 
one term which is non: zero. Otherwise, we must evidently regard the 
function as identically zero, at least in the circle in which Taylor’s 
expansion holds. Keeping this in mind we can now proceed to prove 
the theorem which is of fundamental importance in the problem of 
the uniqueness of analytic continuation. 

THEOREM. If f(z) is regular in a domain B and vanishes in a domain 
B, which ts part of B, then f(z) ts identically zero in the whole domain B. 

We shall use reductio ad absurdum. Assume that f(z) does not 
vanish at the point c in the domain B. Let us take a point 6 in f and 
connect this point with the point c by the curve J, which belongs 
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to the domain B. On a section of this curve, adjacent to the point 5, 
our function will vanish and on another section, adjacent to the 

gint c, it will be non-zero. Therefore there must be a point d on the 
curve J, such that our function is zero along the whole section bd; 
whilst there are points on dc as close as desired to d at which the 
function is non-zero. A regular function is at the same time contin- 
uous and, consequently, there must be a zero at the point d itself. 
However this zero is not isolated since the whole arc bd of the 
curve J consists of zeros of our function. It follows from earlier consi- 
derations that the expansion of our function into a Taylor’s series 
with centre at d must be identically zero, and consequently, our 
function must vanish in a circle with centre at d, i.e. it must also 
vanish on a section of the curve adjacent to the point d which is 
part of the section dc. This circumstance contradicts the property of 
the point d, that on the section dc there are points which can be as 
near as we please to d, where f(z) does not vanish. The theorem is 
thus proved. 

Note. In the proof of the above theorem the conditions could 
have been restricted to the fact that f(z) vanishes on a curve in B. 
In this case the function would have vanished in a circle with the 
centre at one of the points of the curve. 

It is even sufficient to assume that the zeros of f(z) have a point 
of accumulation in B,i.e. there is a point 6 in Bsuch that in a circle, 
centre at b and radius, as small as we please, f(z) has an infinite 
number of zeros. By virtue of our earlier considerations, Taylor’s 
series for f(z) with centre at 6 would, in this case, be identically 
zero, i.e. f(z) would vanish in a circle, centre at 0}, i.e. would vanish 
everywhere in B. 

CoRoLLARY. Let the two functions /,(z) and f,(z) be regular in B 
and coincide in a part 8 of this domain or on a curve. Their differ- 
ence must be equal to zero in f and hence, by the above theorem, it 
must be equal to zero in the whole domain, i.e. if two functions, 
which are regular in a domain, coincide in part of that domain (or on 
a curve) then they coincide in the whole domain. 

Suppose that all the values of our two functions and the values of all 
their derivatives coincide at a point 6 in the domain B. In this case 
their expansions into Taylor’s series with the centre at 6 will also 
coincide, i.e. our functions will coincide in a circle, centre at 6, and 
therefore they will coincide in the whole domain; hence if the values 
of two functions and of all their derivatives are the same at a given point 
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of a domain, the values of the functions will be the same throughout the 
domain in which the functions are regular. 

Let us now turn to the problem of analytic continuation. Let 
/,(2) be regular in the domain B, and suppose that we have succeeded in 
constructing a new domain B, which has the part B, , in common 
with the domain B, (Fig. 11), and that we have defined the regular 
function f,(z) in the domain B, which coincides with f,(z) in B, ». We 
may term /,(z) the direct analytic continuation of /,(z) from B, into B, 
via B, 2. The function defined as /,(z) in B,, and as f,(z) in B,, gives a 
unique regular function throughout the extended domain. We will show 

that there cannot be two dif- 

ferent analytic continuations. In 

fact, assume that we have two 

(2) different analytic contiruations 

of f,(z) from B, into B, via B, ,. 

These two functions /$?(z) and 

(?)(z) which are regular in B, must 

coincide with /,(z), and consequ- 

ently, they must coincide with 

each other in B, ,. But now, by what has been proved above, they 

must coincide in the whole domain B,, i.e. they give the same ana- 
lytic continuation. 

Suppose now that we have a chain of domains B,, B,, Bs, ... where 
B, and B, have the part B, ,, in common, B, and B, have the part 
B, , in common etc. In the domain B, we have a regular function 
f,(2) which coincides with /,(z) in B, ». In the domain B, we have a 
regular function /,(z) which coincides with /,(z) in B, 3, etc. Here we 
have the analytic continuation of f,(z) via a chain of domain and this 
analytic continuation is unique. Note that, generally speaking, the 
overlapping of the domains B, need not be confined to the parts By 44; 
which we have mentioned above. Let us consider, for example, a chain of 
domains consisting of three domains B,, B, and B,, and assume that B, 
overlaps with B, (Fig. 12). In this common part, which is shaded in the 
diagram, the values of /,(z) as defined in B, and the values of /,(z) aa 
defined in B,, can be different. Here we obtain a many-valued 
function as a result of the analytic continuation. However we can 
avoid this geometrically, viz. if the values of /,(z) and /,(z) are different 
in the shaded part then we assume that this shaded part consists 
of two sheets, as it were, one of which belongs to B, and the other 
to B,. 
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The problem of many-valuedness can arise even during the 
first step of the analytic continuation. Suppose we have the 
analytic continuation of /,(z) from B, into B, via B, 2 (Fig. 13), 
put that B,and B, have alsoa part 8 in common. In f the values of /,(z) 
may or may not coincide with the values of /,(z). The set of all values, 
obtained as a result of all the possible analytic continuations of 
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the initial function /,(z), yields a unique function which we shall call 
an analytic function and which we denote by /(z). As we have said 
already, this function /(z) may prove to be many-valued. 

Instead of analytic continuation via a chain of domains one 
frequently speaks about analytic continuation along a curve. Consider 
a line 1 divided into successive sections: P,Q,, P.Q,, ..-, PnQn 
so that the sections P,Q, and Px, Qe4, have the part Py4, Q, in 
common (Fig. 14). Assume that this curve / is covered by a chain of 
domains B,, B,, ..., By, ..., so that the section P,Q, lies in By. 
Denote by By, .4, the domain in which B, and By,4, overlap and 
which contains the section P,4, Q, of the line J. (There can be sever- 
al or even an infinite number of domains in which B, and By4, 
overlap, but we only take the one which contains P,4, Qx.) 

Suppose there exists a regular function /,(z) in B, and that this 
function can be continued with the aid of the chain of domains 
By: Bojeiss Bigsdas By via B,, a, Bog, ---1 Bn—sn- Instead of this, we 
say that f(z) can be continued along the line 1. The values of the func- 
tion on the section P, Q, (and in the neighbourhood of this section) are 
given and by applying the fundamental theorem of this paragraph we 
can see, as before, that there can be only one analytic continuation 
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along J. It does not depend on the way in which we divide / into sections 
and cover it by domains possessing the above properties. 

Let us return to the analytic continuation along | via a definite chain 
of domains B,. In the neighbourhood of every point on the line J the 
analytic function f(z) will have definite representation as a Taylor’s se- 
ries. We shall call this series the function-element at the corresponding 
point on the line l. If this line/is slightly deformed while its ends P, and 
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Qn, remain fixed, it will remain in the domains B, and the function-ele- 
ment of f(z) at the point Q, will be the same.as before. This shows 
clearly that, in general, if we deform this curve continuously whilst 
keeping its ends P, and Q, fixed, and if the analytic continuation 
of the initial element at the point P, along the line is possible in any 
of its positions, the element obtained at the point Q, as a result of the 
analytic continuation will always be the same. 

Suppose that, on analytic continuation along a curve / from the point 
P,, we can only proceed as far as a point C, beyond which analytic 
continuation along this curve is no longer possible. In this case the 
point C is known as a singularity of the function. But note an 
important circumstance, viz. had we performed the analytic conti- 
nuation from the point P, to the point C along another curve J, 
instead of the curve J, the point C might not have been a singu- 
larity, i.e. generally speaking, a singularity is defined not only by 
its position in the plane but also by the path by which it is reached 
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in the course of the analytic continuation (c.f. the example in [19]). 
In future we shall almost always be concerned with the simpler case, 
when the position of the singularities can be fixed in advance and 
they do not depend on the path of the analytic continuation. 

A theorem of great importance in the theory of analytic conti- 
nuation follows at once from the above. It is known as the uniqueness 
theorem. If the analytic continuation of an initial function-element is 
possible along any path in a simply connected domain B, these 
analytic continuations along paths in B yield a unique function 
in B. 

In fact, let the initial function-element be defined in the neigh- 
bourhood of a point P, and let us take two different directions 1, 
and J, for the analytic continuation from P, to Q,. Owing to the fact 
that the domain is connected we can, by means of a continuous 
transformation, transform the contour /, into the contour J, without 
leaving the domain B and, by hypothesis such analytic continuation 
along the contour will always be possible. But, as we have said 
already, the final result of the analytic continuation at the point 
Qn will be the same, i.e. in fact the different paths selected for the 
analytic continuation give the same final result and we obtain a 
unique function f(z). 

In the above arguments we have sometimes restricted ourselves 
to the simple outlines without going into the details of the proof 
since this would require much more space. We hope, however, that 
the reader formed a picture the basic ideas about analytic continua- 
tion. We must emphasize that all that has been said above is only 
theoretical in character and does not give any indication as to the 
practical methods of analytic continuation. 

Let us now mention another principle in the theory of functions 
which is closely connected with analytic continuation and which is 
known as the principle of permanency. Assume that the initial function- 
element /,(z) satisfies a certain equation, e.g. the differential equation 
of the second order: 


polz) 22 + p,(z) 2 + p, (2) fe) =0, (94) 


the coefficients p,(z) of which are given polynomials in z. On 
analytical continuation of f,(z), the derivatives /fj(z) and /(z), 
and also the whole of the left-hand side of our equation are analy- 
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tically continued. Consequently, if the left-hand side vanished in 
the initial domain, it would also vanish on analytic continuation, 
in other words, if the initial analytic function-element satisfies the 
equation (94) the equation will be satisfied by the analytic function, 
obtained from the initial element as a result of the analytic con- 
tinuation. 

Let us now turn to a definite method of analytic continuation. 
Here we shall only use circular domains and Taylor’s expansion in such 
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domains (Fig. 15). Let the initial function-element be given in the 
form of a Taylor series, centre at b,: 


= Saf) @—d,). (95) 
k=0 


Let us draw a contour / from the point b, and perform the analytic 
continuation of our function along this contour. We proceed as fol- 
lows: we take a point b, on the curve J such that the arc b, b, lies in 
the circle K, which is the circle of convergence of the series (95). By 
using this series we can evaluate the derivatives fO (b,) and write the 
expansion of our function, centre at b,: 


ma k 
f, (2) = = 24 aj) (z — by) =) (z — b,)*. (96) 


k=0 


This new function will be defined in a circle K,, centre at b,. If this 
circle lies outside the circle K,, the function (96) will provide an 
analytic continuation of /f,(z). At the point 6, the values of the 
functions /,(z) and f,(z) and the values of all their derivatives coincide, 
and the functions will be the same in the overlapping portion of the 
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two circles. Notice that the series (96) can be obtained from the 
series (95) as follows: we rewrite the series (95) in the form: 


Sal? [(z — by) + (by —B,)I*- (97) 


k=0 


On expanding | (z — b,) + (0, — 0,) * by the binomial formula and 
collecting terms in like powers in the sum (97) of (z—),), we 
obtain the series (96). 

Having performed the first analytic continuation we proceed to 
the next. We choose on the curve J a new point 6, such that the 
arc b, b, belongs to the circle K,. The series (96) can be rearranged, 
as shown above, in powers of (z — b,), when a new function-element 
is obtained: 


Is (2) = >a (z — bs)", 
k=0 
which is defined in a circle K;, centre at b,, etc. As a simple example, 
consider the series 


ee ee ae (98) 


This series is convergent and defines a function which is regular 
only in the circle |z|<1. But its sum 1/(1—2) is a regular function 
in the whole plane except at the point z= 1 and, consequently, 
we can continue the series (98) in the whole plane. If we take a point b, 
in the circle |z| <1 and reconstruct the series (98) in powers of 
(z — 6,), we obtain a new series of the form: 


Pm = ees (z— b,)*. 


This series converges in a circle, centre at b, and radius equal to 
the distance from this point to the point z = 1. If the point 6, does 
not lie on the segment (0, 1) of the real axis, this new circle will 
lie outside the old circle and we obtain an analytic continuation which 
can be continued further. In practice, in a case of this kind, it is 
evidently unnecessary to use analytic continuation of the series (98), 
— it is natural to use the finite form 1/(1—z). However, if the 
function is only given in the form of a power series and no other ex- 
pression is known for it only the process of analytic continuation 
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remains open. Many attempts have been made in this field to find 
an easier practical way of performing analytic continuation. Later 
we shall give one practical method for particular case. For the present 
we take the analytic continuation of elementary many-valued func- 
tions as an example. 


19, Examples of many-valued functions. Consider the function 
z= w? (99) 


and suppose that the variable w varies in the upper half-plane i.e. 
in that part of the plane in which the coefficient of the imaginary 
part is positive (above the real axis), so that arg w varies from 0 
to x. On squaring, the modulus |w| is squared, and the amplitude 
is multiplied by two i.e. the values of z will fill the whole plane, and 
both the positive and negative parts of the real axis in the w-plane 
will be transformed into the positive part of the real axis in the 
z-plane. We can thus see that, as a result of the transformation (99), 
the upper half of the w-plane is transformed into the whole z-plane with 
a cut along the positive part of the real axis from 0 to +00. Denote 
the plane with this cut by 7,. Conversely, we can regard w as a 
single-valued function of z in the domain T,: 


w = Jz, (100) 


where those values of the radical must be taken which.give the positive 
coefficient of the imaginary part of /z. Real positive values of 2 lie 
both on the upper and the lower edges of our cut. On the upper edge 
positive values of the function |/2 must be taken, and on the lower 
edge negative values must be taken. The limit of the ratio 4d w/Az 
will evidently be equal to the reciprocal of the ratio 42/4 w, i.e. 
the usual law for differentiating inverse functions will apply and the 
function (100) will be regular in our domain: 


dz : dw = ] (101) 


Returning to the beginning of our discussion, we now assume that 
w varies in the lower half-plane. On squaring, we evidently obtain for 
2 a second copy of the same former region 7,. Let us denote this 
by 7. In this new region 7, our function (100) will again be regular 
and single-valued, provided that value of the radical is taken which 
gives the negative coefficient of the imaginary part of //2z. 
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It also follows from the above that the values of the function (100) 
along the upper edge of the cut in the domain 7, coincide with the 
values of that function along the lower edge of the cut in the domain 
T, and vice versa. 

We can thus see that, by cutting from 0 to + ©, we obtain a domain 
in which our function (100) is single-valued, but to obtain all the values 
of the function we must regard it as two different functions, which 
are defined in the domains 7', and 7’, respectively as above. Such 
a division of the function (100) into two separate single-valued 
functions appears artificial and we shall now combine these two 
functions into a single analytic function which is single-valued and 
regular in a two-sheeted plane. In order to produce this two-sheeted 
plane 7, imagine the copy 7, on top of the copy T, with their edges 
joined together cross-wise along the cut, viz. the upper edge of the 
cut in 7, is joined to the lower edge of the cut in 7, and vice versa. 
We assume that the point z = 0 coincides on both copies. The con- 
structed two-sheeted domain T is evidently obtained from the w-plane 
as a result of the transformation (99) and the function (100) will be 
regular and single-valued in the entire domain 7, except at the point 
z= 0. Note the special importance of this point. If, starting from 
a point z, we draw a closed contour about z = 0, on returning to 
the point z, we find ourselves on another sheet as compared with 
that from which we started to draw our contour. Here, the values 
of the function V2, as defined above on our contour, will evidently 
give the analytic continuation of the function along that contour, 
and the final value of the function at the point z, will be of oppo- 
site sign as compared with the initial element at that point. The point 
z= 0 has the property that the function )2 is continuous and 
has a derivative in the neighbourhood of the point, but on the ana- 
lytic continuation round a closed contour about this point it changes 
its values. Such a point is known as a branch-point of the function. 
In the case under consideration we return to the original values of 
the function by describing another circuit about the point z= 0 
and such a branch-point is known as a branch-point of the first 
order. The domain 7 evidently represents the total domain of 
existence of the function (100). In this case we have been able 
to obtain this domain relatively simply, since the function (100) 
is the inverse of the very simple function (99). Figure 16 shows the 
appearance of a two-sheeted plane near a branch-point of the 
first order. 


74 THE BASIS OF THE THEORY OF FUNCTIONS OF A COMPLEX VARIABLE [19 
Generally speaking, if the function 
2 = 9(w) (102) 


is single-valued and regular in the whole w-plane, as a result of the 
transformation (102) this plane may change into the many-sheeted 
z-plane and the inverse function, to 
(102): 


w = f(2) (103) 


will be regular in this many-sheeted plane 
and will have the derivative 
; 1 
fO= vey” 

This regularity will only be lost at 
points which correspond to values of w 
where g’(w) = 0. These points correspond 
tothe branch-points of the inverse func- 
tion (103). We will explain this in greater detail in one of the following 
paragraphs. The above many-sheeted planes are usually known as 
Riemann surfaces (Riemann was a mid-nineteenth century German 
mathematician). Consider the following example: 
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] 
f(z) = ray ie (104) 

The many-valuedness of this function is solely due to the presence 
of /z and, consequently, in the two-sheeted plane 7, which we 
constructed above for the function (100), the function (104) will also 
be single-valued. This function will have a singularity at the point 
z = 0 (branch-point) and also at one of the points z = 4. There will 
be two of these points (on both sheets 7, and 7T,). On one of the 
sheets 4 = +2 and on the other 4 = —2. On the latter sheet 
the point z= 4 will be a pole of the function (104). Had we not 
the two-sheeted plane 7, as a result of the analytic continuation of 
(104) we would have obtained different values for this function 
and the point z = 4 would have been a singularity for those paths 
of the analytic continuation for which )/z is equal to —2 when z = 4. 
The function (104) can be regarded as the inverse of the function 


Se MOONE (104,) 


uw , 


19] EXAMPLES OF MANY-VALUED FUNCTIONS 75 


which is regular in the whole plane except at w = 0, where it has a 
pole of the second order; it can be shown that this function transforms 
the w-plane into a two-sheeted 7-plane of the type described above. 
In the case under consideration the point w = 1/2 will be transformed 
into the branch-point z = 0; the point w = 0 will be transformed 
into the point z = oo. The point w = © gives the point z = 4 on 
one of the sheets. A point with the same coordinate z = 4 on the 
other sheet will be obtained when w=1/4. Note that in the given 
two-sheeted plane we must regard not only the point z = 0 but also 
z= © as coinciding on both sheets, i.e. the points z = co and z= 0 
are both branch-points of the first order. The first of these points can 
be obtained from the formula (99) only when w = 0, and from the 
formula (104,) only when w = 1 /2. The point z = ©, can be obtained 
from the formula (99) only when w = ©°, and from the formula (104,) 
only when w = 0. 
Consider a function of the following kind: 


w = f(z) = V(z — a) (2 — 8). (105) 


For this function the points a and 6 are branch-points. By describ- 
ing a circuit round a closed contour encircling one of these points 
we change the sign of the expression (105) but by describing simul- 
taneously circuits round both points we leave the function unaltered. 
In fact, assume: 


zZz—-a=o,e"; 2z2—b=g,e!%, 
whence 
i ites 


f(z) = Ve, ee 


If we describe a circuit round a closed contour / encircling both points 
in the counter-clockwise direction, 27 will be added to the amplitudes 
g, and ¢,, the sum (9, + g,) will receive an increment of 42 and the 
amplitude of the expression (105) an increment of 2z, i.e. the value 
of the function will be unchanged. In order to make the function (105) 
single-valued it is sufficient to make a cut from the point a to the 
point b. This cut prevents us, as it were, from making separate 
circuits round the points a and 6b. The function (105) is two-valued 
at all points except z =a and 6; in order to obtain all the values 
of this function we must take two copies of the plane cut in the 
way described above. On each of these (105) will be a single-valued 
function and the values of this function on different copies will differ 
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from each other in sign only. If we superimpose one copy on top of 
the other and imagine the edges of the cuts to be joined cross-wise, 
we obtain a two-sheeted Riemann surface, with branch-points 
of the first order at a and 6; on this surface the function (105) will 
be single-valued and regular (except at the branch points). The point 
at infinity will not be a branch-point and each sheet will have its 
own point at infinity. In the neighbourhood of this point at infinity 
we can rewrite the function (105) in the form: 


1 
2 


f(z) = +2(l —=)*(1 —2) 


Expanding the differences by the binomial formula, which is 
possible since in the neighbourhood of the point at infinity | a/z | and 
| b/z | are smaller than unity, we obtain our function in the following 
form in the neighbourhood of the point at infinity: 


la 1 G 1-3 a3 
fa@l=+2(1\—g2-sag—-raee )x 
1 b 1 a 1-3 63 
MUG. s¢e ate ) 


i.e. on multiplying the series we can see that the point at infinity is 
a pole of the first order on both sheets. 

Notice that, on solving the equation (105) with respect to z, we 
obtain a many-valued function w, i.e. the function (105) is not the 
inverse of a function which is single-valued in the whole plane. The 
Riemann surface, on which it is single-valued, will have two branch- 
points z = a and z = d of the first order. This Riemann surface can 
be obtained by the transformation 


_ bw? —a 
~ w2—] 


of the w-plane and the inverse function of the above: 


w= yz=s 
z—b’ 
will have the same Riemann surface as the function (105). 
Consider the function 


f(2)=\e—a ans) 


where n is a positive integer. Every circuit round the point z= a 
changes the value of the function, and on performing n such circuits 
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in the same direction, we return to the original value of the function, 
i.e. for the function (106) the point a will be a branch-point of the 
order n — 1. For, denoting the modulus and amplitude of z—a by 0 
and 9 respectively, we obtain: 


\z—a= Voo'n. 


On describing a circuit round z= a, n times in the positive direction, 


n 
we add 2nz to p and, consequently, the amplitude of //z — a _ receives 
an increment of 2x, which does not alter the value of the function. 
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We shall now consider another many-valued function which is of 
special importance in the theory of functions, viz. the logarithm. 
This function is obtained as a result of the inversion of an exponen- 
tial function 

z=e”, (107) 

We shall first explain some properties of the exponential function. 

It is easy to see that it has a pure imaginary period of 2zi. In fact: 


ev t27! — e¥ 27! — e” (cos 2m + isin 22) = e”. 


We divide the plane w = wu + iv into strips, 27 in width, by straight 
lines parallel to the real axis. As the fundamental, strip take say thestrip 
U bounded by the lines v= 0 and v= 2z. We can transform this funda- 
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mental strip into another strip by adding 2nz7 to w, where n is an integer, 
The values of the function (107) thereby remain unaltered because 
of the periodicity, i.e. the values of the function in every strip will 
be the same as in the initial strip. We shall now consider the way 
in which the fundamental strip is transformed by the function (107). 
Draw in this strip a line A,,, parallel to the imaginary axis with the 
abscissa #% = wo. Along this line we have: 


U =U (0<vuc< 22) 
and, consequently: 
e” = ee? (0<u< Qn), 


i.e. our line will be transformed into a full circle, centre the origin and 
radius e’*, whilst the same point on the circle corresponds to the 
ends of the line A,,. If we take the part of the strip U bounded by two 
lines, parallel to the axis u = 0 with the abscissae wu = u, and 4u,, 
as a result of the transformation (107) we obtain a circular annulus 
in the z-plane, centre the origin and radii e"' and e”* (Fig. 17). Finally, 
the entire strip U will be transformed into the z-plane with the excep- 
tion of the origin. The upper and lower edges of the strip will be 
transformed into the positive part of the real axis. We make a cut 
along this part of the real axis. We can say then that the upper edge 
of this cut corresponds to the lower edge of the strip and the lower 
to the upper edge of the strip. Denote by 7, the plane with the cut 
without the origin. In this domain T', the function inverse to (107): 


w = logz (108) 


will be single-valued and regular and its derivative can be found by 
the usual rule for differentiating inverse functions: 


eee (109) 
dz (e”)’ e” z 


We have, as we know: 
log z = log| 2z| + cargz. 


On analytical continuation of this function along a contour we must 
preserve continuous variation of the amplitude arg z. 

In the domain 7 variations of the amplitude is restricted to 
0 < argz < 22, and we obtain a single-valued definition for the 
function (108). The point z = 0 is evidently a branch-point for our 
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function (108), viz. on analytical continuation of this function 
round a closed contour about the origin and on encircling the origin 
ntimes in the counter-clockwise direction, we add 2nzi to the function 
(108); every subsequent circuit will give new values of the function, 
j.e. in this case the point z = 0 is a branch-point of infinite order. 

Let us return to the transformation of the w-plane by the function 
(107). Every strip into which we have divided the w-plane gives a 
new domain 7’, in the 2-plane and there will consequently be an in- 
finite number of such domains. We superimpose them on top of each 
other and number them so that the domain corresponding to the 
initial strip is number one, the next one placed on top of it is number 
two, etc. while domains corresponding to the lower strips are numbered 
0, (—1), (—2), ... Let us now join in imagination the edges of the 
cuts as follows: join the upper cut of 7, with the lower cut of To, 
and the lower cut of 7; with the upper cut of 7',; join the upper cut 
of 7’, with the lower cut of J'_, and the lower cut of 72 with the upper 
cut of T, etc. In this way we obtain a Riemann surface with an in- 
finite number of sheets and with branch-points of an infinite order 
at z= 0 and z= co. On this Riemann surface 7 our function (108) 
is regular and single-valued. The surface 7 is obtained from the 
w-plane as a result of the transformation (107). 

The function w = log (z — a) evidently has branch-points of an 
infinite order at 2 = a and z = ©. Let us also consider the function 


z2—-a4 


se = log (2 — a) — log (z — 5). (110) 


w = log 


This function has branch-points at z = a and z = b. If we describe 
a circuit in the positive direction round a closed contour which en- 
circles both points, both terms in the above expression receive an 
increment of 22% and the difference remains unchanged, i.e. infinity 
is not a branch-point of the function (110). 

We can rewrite our function in the following form: 


w = log(1 — +) = log (1 —2), 


and we can expand both terms according to formula (80) for all values 
of z, the moduli of which are greater than | a| and |b |. As a result 
we obtain the following form for our function in the neighbourhood 
of the point at infinity: 


w= Sst, (111) 
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where 


Formula (111) gives one of the branches of our many-valued function 
in the neighbourhood of infinity. To obtain the remaining branches 
it is sufficient to add 2nzi to the above expression. For each fixed 
integer n we obtain another branch of our function. 

Consider the function 


_ t ee 1 i—z 
w= arctan 2 = >; 8 Tye’ 
which has branch-points of infinite order at z = 7 and z = —?. The 


derivative of this function, as in the case of the real variable, is 


dw i i41 
“dz 1+2? 
or 
dw 1 
‘dz (i +2)(@— 2)" 


20. Singularities of analytic functions and Riemann surfaces, 
In the preceding paragraphs we dealt with examples of many-valued 
functions and constructed Riemann surfaces for these functions, on 
which they were single-valued. We shall now consider the general 

problem. Owing to lack of 


ge space we shall not go into de- 
ri Bs tails. To begin with we shall 
: b P explain the concept of an iso- 
\ } lated singular point in analytic 
0 i é J continuation. 
Soe Assume that we are given 


the initial analytic function- 
element f(z) at a point z=a 
and that we propose to 
continue it along a line 1. Suppose that analytic continuation is 
possible up to point z = b but no further, so that the point z = b 
is a singularity in the analytic continuation along 1 [18]. Assume 
the existence of a circle K, centre at z=, such that the func- 
tion-elements f(z), corresponding to points on the section cb of the 
line 1 in K, (Fig. 18) can be analytically continued along any 
line in K, which does not pass through the point z= b. In this 
case the point z= 0b is known as an isolated singularity of f(z) 


Fia. 18 
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(corresponding to the path /). The analytic continuation along any 
line in K can lead to single-valued or many-valued functions in 
K.In the first case the single-valued function obtained in K is regu- 
lar everywhere in K except at z=b and it can be expanded into a 
Laurent’s series in integral powers of (z — b); the point z=6 is ei- 
ther a pole or an essential singularity of our analytic function 
f(z) (on analytic continuation along J). In the second case, when 
the function in K is many-valued, the point z= 0b is known as a 
branch-point. Suppose that, given all the possible analytic continua- 
tions in K, we obtain a finite number of different elements at a 
point 2 = a inside K. Denote this number by m. It is easy to see that 
at any other point z= in K, we again obtain m different elements. 
This is due to the fact that, on analytic continuation of different initial 
elements along the same path from a to £ or from # toa, different ele- 
ments are obtained at the end-point. In the case under consideration 
the point 2 = b is known as a branch-point of the (m — 1)th order. If 
the number of different elements obtained on analytical continuation 
in K is not finite at every point in K then z = 6 is a branch-point of 
infinite order. 

Let us consider in greater detail the case of a branch-point of the 
finite (m — 1)th order. By hypothesis, analytic continuation can be 
performed in K, except at the point z=b. A circle K with an isolated 
point z= b is a doubly-connected domain. Take m copies of the 
circle K and cut each copy along the same radius. Such a circle K,, 
cut along the radius, is a simply connected domain. Let us take the 
same point z=a in each copy K,. At that point we have m elements of 
our analytic function. In each copy we take a definite element at the 
point 2 = a and continue it analytically in K,. In accordance with the 
uniqueness theorem [18] we obtain a definite single-valued function 
in every copy. We shall term one edge of the cut in every copy the left- 
hand edge and the other the right-hand edge. For example, we shall 
describe as the right-hand edge that edge from the points of which we 
can reach the left-hand edge by moving inside K, and encircling the 
point z= bin the counter-clockwise direction. Take a copy of the circle 
K, with a single-valued function defined in it. Call this copy the first 
copy and denote the definite single-valued function by /,(z). The values 
of the function f,(z) on the left-hand edge coincide with the values 
of our function on the right-hand edge of the cut in some other copy 
of K,.Call this latter copy of K, the second copy and denote the function 
defined in it by /,(z). Join in imagination the left-hand edge of the 
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first copy with the right-hand edge of the second copy. The values 
of the function f,(z) on the left-hand edge of the second copy coincide 
with values of our function on the right-hand edge of another copy of 
K,. Let us call this copy the third copy and denote the function defined 
in this copy by /,(z). Join in imagination the left-hand edge of the second 
copy with the right-hand edge of the third copy. Continuing in this way 
we eventually reach the last copy m. It can easily be seen that the values 
of the function /,,(z) on the left-hand edge of the mth copy coincide with 
the values of /(z) on the right-hand edge of the first copy. Join in imagi- 
nation these two edges. We thus obtain an m-sheeted circle L with the 
branchpoint z=b of the (m—1)th order. This point must coincide on 
all copies. In the m-sheeted circle Z our function will be singie-valued 
everywhere except at the point z = b. Replace z by a new independent 


variable ‘ 
m ™m 1 is 
2’ =/z—b=Joe ”, (112) 
where 9 = | z — b| and g = arg (z — b), where @ is fixed in a definite 
way at a point of Z. The point z=6 will be transformed into the point 
2’ = 0. In general, on describing a circuit round the point z =, 
the amplitude changes by 22m and on describing a circuit round 
the point z’=0 it changes by 2z. In the z’-plane the m-sheeted circle 
L will be transformed into a one-sheeted circle C, centre at 2’ = 0 


m 
and radius )#, where R is the radius of L. In this one-sheeted circle C 
our function will be single-valued and regular with the possible ex- 
ception of the point z’ = 0. Consequently it is possible to expand it 
in C into a Laurent’s series: 


dees 
f (2) = pea a,z'" 


n=-@ 


or, returning to the former variable: 


+e mo + n 

f= 3S a,(Vz—b5"= > a, (2-6), (113) 

n=—-o nm=a~—o 

i.e. in the neighbourhood of the branch-point of the (m — 1)th order 
our function can be expanded in integral powers of the argument (112). 
The value of the argument (112) at a point 2, which lies in the neigh- 
bourhood of the point z = b, can be fixed in an arbitrary yet definite 
manner. The expansion (113) can have different forms. It can happen 
that the expansion contains no terms with negative values of n: 


f (2) =a, + a, f2—b + a, (V2 —b)? + side 
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It is evident here that {(z)—> a) when z-> b, while z may tend to b in any 
manner as long as it remains in L. In the case under consideration 
we assume that f(b) =a, and call the point z=6 a branch-point of the 
regular type. If the expansion (113) contains only a finite number of 
terms with negative values of n, then f(z)» c% when z— DB. In this 
case we put /(b) = co and call the point z = 6 a branch-point of the 
polar type. If the expansion (113) contains an infinite number of 
terms with negative values of n, the 
point 2=6 is a branch-point of the 
essential singularity type. 

All these definitions can be extended 
to the point at infinity. Suppose that 
f(z) is continued analytically along the 
contour J and that a neighbourhood 
K(|z|> &) of the point at infinity (Fig. 
19) exists, such that the function-ele- 
ments f(z), corresponding to points on 
the arc l in K, can be analytically con- 
tinued along any path inside K. If 
this analytic continuation gives a 
single-valued function then the point 
z= 0 will be either a regular point of f(z), or a pole or an essential 
singularity [10]. If the analytic continuation produces a many-valued 
function then z = © is a branch-point. If this branch-point is of the 
finite (m — 1)th order then in its neighbourhood the expansion given 
below applies: 


Fic. 19 


n +o a 
= a, 2 mn, 
n=—o 


Es 1 
f (2) = > ole 


Vz 


where everything that was said above regarding such an expansion 
again applies. The character of the point z = co may, of course, 
depend on the path J of the analytic continuation, by which we 
reached the neighbourhood of the point at infinity. 

We shall now explain in general terms the concept of a Riemann sur- 
face for a given many-valued analytic function f(z). Suppose that, on 
analytic continuation of the initial element, we have reached a point 
z= a. At this point we are given a certain element, i.e. a series 
expanded in positive integral powers of (z — a). This series can be 
rearranged in positive integral powers of (z — £8), where # is 
any point in the neighbourhood of z =a, i.e. the element at the 
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point z = a also gives the elements at all points which are sufficient- 
ly close to a. To every such element we ascribe a point z which acts 
as the centre of the corresponding circle of convergence of the power 
series (element). To the given element with the centre at z= a we 
ascribe the point a. To elements obtained from it at the neighbouring 
points z = #, we ascribe points z = f, which belong to the neighbour- 
hood of z = a, i.e. which lie on the same sheet as the point z =a, 
In the course of analytic continuation we keep on obtaining further ele- 
ments and, consequently, further points z on the Riemann surface. If, 
on returning to the point z=, we obtain the function-element 
which we had earlier, we identify it with the former point z= a. 
If, however, this element proves to be different from the former, then 
we regard the new point z=a as being different from the former point 
z= a (we consider it to be situated on a different sheet) i.e. on 
analytic continuation we regard two points z, which have the same 
complex coordinates, as different if we have different elements of 
our analytic function at those points. In this way we construct a 
Riemann surface during the analytic continuation, which corresponds 
to the given analytic function f(z). On this surface f(z) is single-valued 
and regular. A Riemann surface usually includes the poles of f(z) as 
well as the finite order, branch-points of the regular and polar types. 
Note that, in general, the Riemann surface cannot be obtained from 
the w-plane as a result of the transformation z = p(w), where (w) 
is single-valued and regular in the w-plane (with possible poles), as 
could be done in the simpler cases in [19]. 

Above we have only considered isolated singularities. It can happen 
that these points completely fill certain lines in the course of analytic 
continuation. For example, it can happen that the initial element, given 
by a power series, cannot be continued in any direction, i.e. that any 
point of the circumference of the circle of convergence of this power 
series is a singularity. The series given below can serve as an example 
of a series which cannot be continued: 


SSH z ary hrs 4 ese zt e+ ey 2+... 
n=l 


21. The theorem of residues. Let us now return to the expansion 
of a function into a Laurent’s series in the neighbourhood of a singula- 
rity (a pole or an essential singularity). In this expansion we separated 
the coefficient of (z — b)-! and called it the residue of the function 
at the given singularity. We shall now explain the significance of this 
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coefficient. Thus, let us assume that in the neighbourhood of the point 
b the following expansion holds: 


+e 
f(2)= S a(e—d)'. 
k= 
Integrate this formula round a small closed contour /), which surrounds 
the point 6, and on which the given expansion converges uniformly: 


. +o . 

froa = > a, | (2—by! dz. 
le k=-a To 

As we saw earlier [6], all the integrals on the right-hand side are equal 

to zero, except one, which corresponds to k = — 1; this integral is equal 

to 2ni, i.e. we have: 


| { (2) dz = a_,- 2m. 
Ie 
Let us now consider the more general case. Assume that f(z) is 

regular in a closed domain Bwith the contour J, save for a finite number 
of points 6,,...,d, in that domain, which are poles or essential singu- 
larities of the function. Denote by aS) s=1,...,m) the residues 
at these singularities. Isolate each singularity by a small closed con- 
tour J,. In accordance with Cauchy’s theorem we can write: 


m 
fred = 5S fpeaz. 
| s=11, 
But, as we saw above, the value of every integral round each contour 
1, is equal to a®) - 2ni and, consequently, the above equation ex- 
presses the value of the integral round the contour of the domain in 
terms of the residues of the function at the singularities in the domain: 


{7 (z) dz = 2ni Sa®, (114) 
f s=! 


THEOREM OF Resipuss. If a function is regular in a closed domain 
save for a finite number of points (poles or essential singularities ) then 
the value of the integral of this function round the contour of the domain 
is equal to the product of 2ni and the sum of residues at the above singu- 
larities. 

In future we shall find countless applications for this theorem. 
At the moment, however, we shall only establish some theoretical 
consequences which are necessary for our further treatment. To begin 
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with we shall give the practical rules for calculating residues without 
using the expansion of the function into a Laurent’s series. 
As the first example consider the following function: 
_ (2) 

f(z) = yey (115) 
where g(z) and »(z) are regular at the point b and y(b) = 0, so that 
the function (115), generally speaking, has a pole at the point 5. 
Suppose, furthermore, that the point z = 6 is a simple zero of y(z), 
ie. the expansion of the function »(z) into a Taylor’s series begins 
with a first degree term: 


yp (2) =¢,(2—b) +e, (2— 5)? +...  (e, #0). 


In this case the function (115) has a simple pole (of multiplicity -one) 
in the neighbourhood of z = b: 


P” a 


. (@—b) +... 
(@)= cope eec ha: 


It follows from the last formula that we can write for the residue a_,: 


a_, =f (2) (z— 6) |,-5 = oe, 


or, taking into account that c, is equal to py a 


2) 2 2 116 

—1 —_ y’ (b) ( ) 

As a second example, consider the case when the function /(z) 
has a pole of an arbitrary order m at the point b: 


The product f(z) (2 — 6)” is a regular function at the point b, and the 
coefficient a_, is the coefficient of (z—b)"—' in this product, whence 
recalling the expression for the coefficients in Taylor’s series, we have 
the following formula for the residue of our function: 


1 
1, = ——— — b)™ ; 117 
= opr ee om] (117) 
Let us consider one more example. Suppose that f(z) has a zero of 
the mth order at the point b, i.e. Taylor’s series with centre at b begins 
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with a term containing (z — 6)”. In this case our function has the 
following form in the neighbourhood of the point b: 


f (2) = (2 — 6) 9 (2) (yp (b) #0), (118) 


where (2) is regular at b and is not equal to zero. Let us construct 
the logarithmic derivative of our function: 


ft @) nee yp’ (z) | (119) 


It can easily be seen that the point b is a simple pole of the logarithmic 
derivative, with a residue equal to the order of the zero of the function 
f(2)- If, instead of having a zero, our function has a pole of multiplicity 
m at the point b, formula (118) still holds, except that m must be 
replaced by (—7); also, all the subsequent working is the same, i.e. if 
at a given point the function has a pole of multiplicity n that its loga- 
rithmic derivative has a simple pole with a residue (—7) at this point. 


22. Theorem on the number of zeros. Assume that f(z) is regular 
in the closed domain B with the contour / and that it does not vanish 
on the contour. Assume that it has zeros },, ..., 6b, in the domain 
of orders k,, ..., km. Its logarithmic derivative has simple poles at 
these points b, with residues k,. From the theorem of residues we 
have: 


i ea 
oa | “Te dz =k, thy +... thm: (120) 


If every multiple zero is counted as many times as there are units in 
its multiplicity, the number on the right-hand side gives the number 
of zeros of our function in the domain, i.e. given our assumptions 
with regard to the function f(z), the integral on the left-hand side gives 
the number of zeros of the function included within the contour 1. 

The integrand here evidently has the primitive log f(z) and we 
obtain the value of the integral by determining the increment that 
this primitive receives on describing a circuit round the contour J. 
Here we have to consider the single-valued branch of the function, 
which means, as we know already, that when describing a circuit 
round the contour J we must preserve a continuous change of arg 
f(z); here, 


log f (2) = log | (z)| + targ f(z). 
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After the circuit is completed log | f(z) | returns to its former value 
and receives no increment; consequently, the total increment received 
by our primitive is equal to the product of 7 and the increment of arg 
{(z). In accordance with formula (120), we must also divide the incre- 
ment of the primitive function by 227, when we finally obtain the 
following result: 

Caucuy’s THEOREM. If the function f(z) is regular in the closed domain 
B and does not vanish on the contour of this domain, the number of 
zeros of the function in the domain is equal to the change in the amplitude 
of the function on describing the contour, divided by 2x, or, in other words, 
it is equal to the change in the amplitude expressed as parts of 2x. 

The above theorem is evident in the case of polynomials. Take, for 
example, a polynomial of the third degree and represent it as a 
product of first degree factors: 


Ay + 4,2 + ag2z? + agz3 = a, (2 — 5,) (2 — 84) (2 — bg). 


Suppose that the zeros 5, and b, lie within the contour / and that the 
zero 6, lies outside the contour /. Every difference (z— b,) corresponds 
to a vector drawn from b, to z. When the point z describes a circuit 
round the contour / the amplitudes of the vectors (z — 6,) and (z — 5,) 
evidently receive an increment of 22, but the amplitudes of (z — 8,) 
remains unaltered. Hence the total increment of the function is equal 
to 4x (the amplitude of a product is equal to the sum of the amplitudes 
of the factors) or, expressed as parts of 22, this increment is equal to 
2, i.e. it is equal to the number of zeros inside l. 

Let us establish a further theorem on the number of zeros of a 
regular function; this is a direct result of Cauchy’s theorem. Assume, 
as before, that f(z) is regular in a closed domain and does not vanish 
on the contour. Assume that we have another function ¢(z), which is 
regular in a closed domain, and the modulus of which on the contour 
Lis less than that of f(z), i.e. 


|p (z)| <|f(z)| on L. (121) 


Notice that, when this condition applies, f(z) evidently cannot 
vanish on |. Consider the two functions: 


f(z) and f(z) + (2). (122) 


Both functions satisfy the conditions of Cauchy’s theorem. We have 
shown this to be so for the first function and the second function 
cannot vanish on the contour because of the condition (121). We shall 
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ghow that the second function has the same number of zeros within 
the contour as the first function. For this purpose consider the ampli- 
tude of this function on the contour, remembering that on the contour 


f(z) # 9: 
arg [f (z) + ¢ (z)] = argf(z) + arg| 1 +75)1. 


To prove our assertion it is sufficient to show that, on completing a 
circuit round the contour J, the change in the amplitude 


g (2) 
arg [2 we ra (123) 


is equal to zero. In accordance with the condition (121), the modulus 
of the fraction g(z)/f(z) is less than unity and, consequently, on 
describing a circuit round the contour / the variable point 
' A) 

wal tre, 
will always lie inside a circle C, centre 2’ = 1 and unit radius. 
This variable point describes a closed curve which lies within the 
circle C and which evidently does not encircle the origin. We can 
thus see that the variation in the amplitude of the expression (123) 
is in fact equal to zero. 

RovucuHe’s THEOREM. If f(z) ts regular in a closed domain witha contour 
Land 9(z) ts also regular in a closed domain and satisfies on the contour 
l the condition (121) then the functions f(z) and f(z) + g(z) have the same 
number of zeros within the domain. 

Note that from Rouche’s theorem follows the basic theorem of algebra, 
viz. any polynomial of the mth degree: 


A ta2z+...+4a,2" (a, # 0) (124) 
has exactly n zeros in the plane. For suppose we put here f(z) = a, 2” 
and g(z) =a +a,z2+...+a,-,2"*. On any circle, centre the 


origin and a sufficiently large radius, we evidently have| 9(z) | < 
[ f(z) |, since the degree of the polynomial 9(z) is lower than the 
degree of the polynomial f(z). In accordance with Rouche’s theorem, the 
polynomial (124) has the same number of zeros inside the circle as 
the polynomial f(z) = a, 2", and the latter polynomial has a zero of 
multiplicity n at the origin. 

We shall also point out a consequence of Cauchy’s theorem 
which is of great importance in the theory of conformal transformation. 
Suppose that the function 

w = f(z) (125) 
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is regular in a closed domain and, when the point z describes a circuit 
round the contour J, the point w describes a simple closed circuit 
round the contour /,, which does not cut itself (Fig. 20). We shall 
show that the function (125) transforms in this case the initial region 
B into the domain B,, bounded by the contour J,. Take a point w, 
inside the contour J, and a point 
Ne w, outside the contour /,. We have 

to prove that the function 


F, (2) =f(z) wy 


has one zero in the domain B 
and that the function 


F, (2) =f (2)—w, - 


Fic. 20 ‘ 
has no zeros. When the point z 


describes a circuit round the con- 
tour /the difference f(z) — w,= w— w, will correspond to a vector drawn 
from the point w, to the variable point w on the contour J,. Two 
cases are conceivable: the point w can describe the circuit round the con- 
tour J, in the counter-clockwise direction or the circuit can be described 
in the clockwise direction, assuming that the point z describes the cir- 
cuit in the positive direction, i.e. in the counter-clockwise direction. In 
the first case the variation in the amplitude of the function F(z) 
is evidently equal to 22, and consequently, this function has one 
zero within /. In the second case we obtain a negative number (—2z) 
as the variation in the amplitude of the function F(z) and it ap- 
pears that the function F(z) has minus one zero in the domain which 
does not make sense, since the number of zeros must either be equal 
to zero or be a positive integer. Hence the second case is impossible, 
and when the point z describes a circuit round the contour / in the 
positive sense then the corresponding point w must describe a circuit 
round /, also in the positive sense. Let us now turn to the function 
F.(z). The amplitude of the corresponding vector from we, to the 
variable point w on the contour /, receives no increment on describing 
a circuit round the contour /, and, consequently, the function F(z) 
has no zeros within 1. We thus arrive at the following theorem: if 
/(z) is regular in a closed domain B with a contour / and transforms 
into a simple closed contour l, which does not cut itself, then on de- 
scribing a circuit in the positive sense round the contour J, a circuit 
in the positive sense is also described round the contour /,, and the 
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function /(z) transforms the domain B into the part of the plane 
bounded by the contour 1. 

We obtained Cauchy’s theorem by considering the integral on the 
left-hand side of formula (120) and assuming that f(z) is regular 
in a closed domain and does not vanish on the contour. Let us now 
assume that f(z) has a finite number of poles in the domain but that 
it is otherwise regular and that it is also regular on the contour, on 
which it does not vanish. In this case, as we have seen, the integrand 
has simple poles in the domain at the zeros of the function f(z), with 
a residue equal to the order of the zero, and at the poles of the 
function f(z) with a residue equal to minus the order of the pole. 
Applying the fundamental theorem of residues to this integral, we 
obtain in the case under consideration the following formula instead 
of the formula (120): 


I 5 es 

2m | Tey dz=m—n, (126) 
where m is the total number of zeros and x the total number of 
poles of our function in the domain. Assume that these zeros are situated 
at the points b,, ...,6,,, and the poles at the points ¢,, ¢), ..-,¢n, 
where multiple poles and zeros are counted several times. It is easy 
to prove the following formula by using the fundamental theorem 
of residues: 

1 ) 
aa |? te de (bb, ec Be, ee el ey (007) 
ie. the integral on the left-hand side expresses the difference between 
the sum of the coordinates of the zeros and the sum of the coordinates 
of the poles. In fact, in the case of a zero b of multiplicity k we have 
the following expansion in the neighbourhood of that point: 


24 = = [b+ (2-0) [— +a(z—b)+...], 
whence it follows that the residue at this point is equal to kb. 
The same argument also applies fora pole. 

In conclusion we shall make an addition to the above theorem 
about the conformal transformation of one domain into another domain. 
It is given that f(z) has one simple pole in the domain B, i.e. in formula 
(126) nm = 1, and that f(z) transforms the contour / into a simple closed 
contour which does not cut itself, but when describing a circuit 
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round J in the positive sense a circuit in the negative sense will be 
described round the contour /,. Let us consider once again the functions 
F(z) and F,(z). They both have the same simple pole in the domain 
as the function /(z). For the first of these functions the variation in the 
amplitude, expressed as parts of 22, is equal to minus unity but, 
on the other hand, in accordance with formula (126), this change in 
the amplitude must give the difference between the number of zeros 
and the number of poles; thus by hypothesis, the function has one 
pole. It therefore follows that the function F(z) has no zeros. Con- 
versely, the variation in the amplitude of the function F,(z) when 
the point 2 describes a circuit round /is equal to zeroi.e. the difference 
between the number of zeros and poles is, for this function, equal 
to zero. But this function has one pole and, consequently, it, must 
also have one zero. Thus in the case under consideration the func- 
tion f(z) transforms the part of the plane inside the contour J into 
the part of the plane outside the contour /,, while the pole is trans- 
formed into the point at infinity. 


23. The inversion of a power series, We shall now apply Rouche’s 
theorem to the investigation of a function which is the inverse of a power 
series: 


w= d,+ a, (z—b) +a, (2— 5)? +... = F(z). (128) 


To begin with we assume that the coefficient a, is not equal to zero, 
ie. F’(b) 40. For values of z which are close to b we obtain values 
of w which are close to ay. We shall show that in the case under con- 
sideration a neighbourhood of the point 6 will be transformed into a 
one-sheeted neighbourhood of the point ag which contains this point. 
It will then follow that the inverse function to (128) will be single- 
valued and regular in the neighbourhood of the point a, and there- 
fore can be expanded into a Taylor’s series in powers of (w — a). 

The function 


f(z) =a, (2—b) +a, (2—bP +... 


has a simple zero at the point b and it will certainly not vanish in the 
neighbourhood of this point [18]. Let K be a circle, centre at b, in 
which the function f(z) is regular and where it has a single zero z = b. 
On the circumference C of this circle | f(z) | does not vanish; a positive 
uumber m exists such that on the circumference | /(z) | > m. Assume 
further that K, is a circle in the w-plane, centre at a) and radius op, 
which is smaller than m. Take a fixed point ws in this circle. 
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We consequently have | a) — w)| < @< m, ie. on the circum- 
ference C of the circle K we.have | @ — wy | < | f(z) | since | f(z) | > m 
on C. In accordance with Rouche’s theorem the function 


Ay — Wyo t+ f(z) =a) +f (2) —w = F(z) — wv, 


has the same number of zeros in the circle K as the function /(2), i.e. 
one zero. In other words, the values of w = F(z) provide a one- 
sheeted covering of the circle K, when z varies in the neighbourhood 
of the point z = b, i.e. the one-sheeted circle K, in the w-plane corres- 
ponds to non-circular neighbourhood of the point z = 6 in the z-plane 
(which contains the point z = 6). Our assertion has thus been proved, 
ie. if tn the series (128) the coefficient a, # 0, then the neighbourhood 
of the point z = b will be transformed into a one-sheeted neighbourhood of 
the point w = dy and the inversion of the series (128), when the values 
of w are close to w = ao, will have the form: 
2=b+ Sc, (w—a,)". (129) 
n=l 
We shall now consider the case when the first few coefficients vanish 
in the series (128): 


W — a, =a, (2 — b)™ + 4,4, (2 — Bb)" + 


+ Omig(2—B)™?2 4+... (dq), (180) 
i.e. 


W — Oy = Op (2 — By™[1 +B ( — b) + me (2 — B+... 


This formula can be rewritten in the form: 


|- 


\o—a, = Va, (2—b) fi + [2m (2-0) +22 (eye... J", (181) 


m 

where for /a,, we take a definite value of the radical, whilst the 
expression {1 +{[.. ye has m different values for z close to 3, 
these values being all obtained from any one of them by multiplying 
by the values of the mth root of unity [I, 175]. The latter equation 
is equivalent to (130). On the right-hand side the sum in the square 
brackets is close to zero for values of z close to b, and we can apply 
Newton’s hinomia] formula to this square bracket [16]: 


1 ] 
1 m mts 
ft ape ee 
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A circle which can be as small as we please, centre at z= b, can be 
found in which the square bracket is a regular function, the modulus 
of which does not exceed a number q, which is smaller than unity. 
In this circle the above series converges absolutely and uniformly, 
The terms of the series in this circle form power series and by using 
the Weierstrass theorem as applied to power series, we obtain an ex- 
pansion of the figured bracket on the right-hand side of formula (131) 
in the form of a power series in the above circle: 


{14 [.. i= 1 +e (2 —b) +e (2—b) + Bebe 


and this formula (131) can be rewritten in the form: 


Jo —a,=d,(2—b) +dy(2—B+..., —“(181) 


™ 
where d, = a, # 0. When applying Newton’s binomial formula, we 
took a definite value of the radical on the right-hand side of formula 
(130), and formula (131,) gives us the same value of the radical on the 


m 
left-hand side of (131,). Denote this value of /w—a, by w’: 


wo! = Vo — a, = d, (2 —b) + dy (2 —8)? 4... (132) 


From what was proved above (d,40), the one-sheeted neighbourhood 
of the point z= 6 will be transformed into the one-sheeted neighbour- 
hood of w’=0 and owing to the fact that w — a,=w’™, the one-sheeted 
neighbourhood of w’ = 0 will be transformed into the m-sheeted 
neighbourhood of the point w= dy [19], if we take all the values of 
/w—4p i.e. in the case (130) the one-sheeted neighbourhood of the point z=b 
will be transformed into the m-sheeted neighbourhood of the point w= 4,. 

Furthermore the derivative of the function (132) does not vanish 
when z=8, and consequently, under transformation by this function, 
angles at the point z = b remain unaltered [3]. The further trans- 
formation w— a, =w'™ magnifies angles at the point w’=0 m 
times since, raising to the mth power, the amplitude of the complex 
number w’ is multiplied by m, i.e. under transformation by the function 
(130), angles at the point z = b are magnified m times. 

Finally, in accordance with what has been proved, the inversion 
of the power series (132) has the form: 


z2=b+ Se,w", 


n=l 
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or, returning to the variable w, we obtain the inversion of the power 
series in the form: 
z=b+ Se, (/w—b)". (133) 
n=l 


m 


As mentioned above, the formula w’ = /w— 6} transforms the 
m-sheeted neighbourhood w = b into a one-sheeted neighbourhood 
w’ = 0 if we take all the possible values of the radical; in the 
expansion (133) we must also take all the values of the radical 
appearing on the right-hand side. Only then do we obtain aone-sheeted 
neighbourhood of the point z = b. 

Above we considered the case when the point b and the correspond- 
ing point a, lie at a finite distance apart. Exactly the same results are 
obtained when one or both these points lie at infinity. Suppose, for 
example, that b = co and that a, is finite. In this case we have the 
following expansion instead of the expansion (130): 


] 1 
Wy = Ome + Omar apy + ++ (M>05 bm #0). (134) 


When m = 1, the one-sheeted neighbourhood of z = ©° is transformed 
into a one-sheeted neighbourhood of w = dy. When a, = © and b is 
finite our function has a pole at the point z = b. If this pole is 
simple, i.e. when the expansion has the form: 


ae; 


w= tay ta,(2—b)+..., (135) 


then the one-sheeted neighbourhood of the pointz = 6 is transformed 
into the one-sheeted neighbourhood of the point w = o°. Finally, when 
b = a, = © our function is defined at infinity and has a pole at that 
point. If this pole is simple then the expansion has the following form: 


w=az+a+2+—+..., (136) 


and the one-sheeted neighbourhood of the point z = °° is transformed 
into a one-sheeted neighbourhood of the point w= °c. The function 
inversa to (136) has an expansion of the same form: 
z=—wtbh+a tat: (137) 
24, The principle of symmetry. In [18] we described the analytic 
continuation of the domain B, into a new domain B, in the event when 
this new region overlaps the initial domain; but at that time we 
did not give a practical method for performing the process of 
analytic continuation in the general case. We shall now describe one 
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method for performing analytic continuation in a special case, when 
the new domain does not overlap the initial domain but merely 
touches it along a contour. However, to begin with, we must prove an 
auxiliary theorem. 

RieEMANN’s THEOREM. [f f,(z) is regular on one side of an arc of the 
curve L and also on the curve while f,(2) has the same property on the other 
side of the curve, and the values of these functions coincide on the arc L, 

then these two functions jointly define a 

if. 1 single regular function in a domain 

which contains the given arc or, in 

other words, f,(z) ts the analytic con- 
tinuation of f,(z). 

Draw the contours 1, and 1, which 
have common ends on ZL; one con- 
tour lies in the domain where the 
function f,(z) is regular and the 
other in the domain where the function /,(z) is regular, so that our 
functions /,(z) and /,(z) are regular in the domains B, and B,, bounded 
by the closed contours J, and LZ and I, and L respectively (Fig. 21). 
Take a point 2 in B,. This point lies outside B, and we can therefore 
write [7]: 


Y 
Fie. 21 


f,(2) = 57 [ ACY de; 


J 2 —2z 
+L 
272 2’—2z 
a+b 


If we add these two equations, on the right-hand side we have to 
integrate twice along the arc L in opposite directions, while the integ- 
rands are the same in both cases, since, by hypothesis, the values of 
f,(2’) and f,(z’) coincide on L. The two integrals thus cancel each other 
and only integrals along the arcs J, and J, remain. For the sake of 
simplicity, denote by f(z’) the function which is equal to },(z’) on the 
arc l, and equal to f,(z’) on the arc J,. Adding the above equations, we 
obtain: 


1 if , 
fi(2) = ae; f F&L ae’. 
i+h 


Similarly, by taking the point z in the domain B,, we obtain: 


ae: f(2’) ay 
h@a= 35 { vag 
ith 
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i.e. our functions /,(z) and f,(z) are expressed by the same integral of 
Cauchy’s type round the closed contour (/, +/,). Consequently, the first 
of these functions can be analytically continued from the domain B, in 
the domain B,, while the second function can be continued from the do- 
main B, into the domain B, and, as a result of the analytic continuation, 
a single analytic function is obtained, which proves Riemann’s theorem. 

Note that we used Cauchy’s 
formula in the above proof; this 
formula also applies when the 
function is not regular on the 
contour but when it is conti- 
nuous in a closed domain and 
regular in that domain. We are 
thus under no obligation to 
assume that the two given func- 
tions /,(z) and f,(z) are regular 
on the arc itself, as is given 
in the conditions of Riemann’s 
theorem. It is sufficient that 
f,(z) is regular on one side 
of the arc Z and that it is continuous as far as the arc; the same applies 
to f,(z) on the other side of the arc; also, the values of these functions 
must coincide on the arc ZL. Riemann’s theorem thus proves that each 
function can be analytically continued across the arc and that one of 
these functions is the analytic continuation of the other. 

Let us now consider the principle of symmetry. 

THE PRINCIPLE OF SYMMETRY. If f,(z) ts regular on one side of a segment 
(a, b) of the real axis and if it ts also continuous up to this line, while on 
the line itself its values are real, then this function can be analytically 
continued across this line, and at points symmetrical with respect to the 
real axis, this function has complex conjugate values. 

Assume, for convenience, that our function /,(z) is regular in a domain 
B,, which touches the line (a, b) and lies above it (Fig. 22). Construct the 
domain B, so as to be symmetrical with B, with respect to the real axis 
and proceed to define the function /,(z) in that domain according to the 
following rule: assume that at every point A, of the domain B, the 
function f,(z) has a complex value, which is conjugate with the value 
of the function /,(z) at the point A,, symmetrical with respect to the real 
axis. These symmetrical points evidently have complex conjugate 
coordinates and denoting, as usual, the complex number which is 


Fia. 22 
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conjugate with a by a, we can define our function /,(z) in the domain 
B, as follows: 


f, (2) =f, (2)- 

This newly constructed function will be regular in the domain B,, 
for the increments Az of the independent variable and Aw of the 
new function are complex conjugates to the analogous magnitudes 
for the function /,(z) at the symmetrical point. The same can be said 
with regard to the ratio of their increments. Consequently, this ratio 
tends for the function f,(z) to a definite limit, equal to the complex 
conjugate to the analogous limit for /,(z), i.e. it tends to a limit equal 


to f’(z); therefore the function /,(z) will be regular in the domain B,, 
The values of /,(z) coincide with the values of /,(z) on the line (a, b), 
since on this line the values of /,(z) are real. In accordance with 
Riemann’s theorem, /,(z) is the analytic continuation of /,(z) across 
the line, which proves the principle of symmetry. 

The principle of symmetry can be formulated geometrically as fol- 
lows: if /,(z) is regular on one side of the segment (a, b) of the real axis 
and if it transforms this segment into another segment on the real axis, 
then this function can be analytically continued across this segment; 
now, points symmetrical with respect 
to the real axis will be transformed 
into other points, symmetrical with 
respect to the real axis. The principle 
of symmetry can be formulated in a 
more general way, by introducing 
the concept of points symmetrical 
with respect toa circle, viz. two points 
are symmetrical with respect to a 
circle if these points lie on the same 
radius of the circle (one point must 
lie on the radius itself and the other 
on its continuation) and the product of their distances to the 
centre of the circle is equal to the square of the radius of the circle 
(Fig. 23). 

Let A, and A, be two points symmetrical with respect to the circle 
C. Draw a circle C’ through these points and let M be one of the 
points of intersection of this circle and the circle C. 


Taking into account the fact that the product of OA, and its outer 
part OA, must be equal to the square of the tangent and, on the other 
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hand, that by definition this product must also be equal to the 
square of the radius OM?, we can assert that OM is a tangent of the 
circle C’, i.e. the circle C’ is orthogonal to the circle C. It is thus 
easy to see that two points A, and A,, symmetrical with respect to 
the circle C, have this characteristic property: any circle drawn 


A, 


Fig. 24 


through these points is orthogonal to C, or in other words, a family of 
circles through points, symmetrical with respect to the circle C, consists of 
circles orthogonal to C. Two points, symmetrical with respect to a 
straight line, have the same characteristic property, viz. a family of 
circles drawn through these two points consists of circles orthogonal to 
the straight line (Fig. 24). 

In this general form the principle of symmetry reads as follows: 
if f(z) is regular on one side of an arc (a, b) of the circle C,, if it is 
continuous as far as the arc and transforms this arc into an arc of 
another circle C,, then /,(z) can be analytically continued beyond this 
arc (a,b) and points, symmetrical with respect to the circle C,, are 
transformed into points, symmetrical with respect to the circle C,. 
In this definition of the principle of symmetry we can understand by 
the term ‘‘circle”’ a circle in its ordinary sense or a straight line. 

The proof of this general definition of the principle of symmetry is 
given at the beginning of the following chapter. 


25. Taylor’s series on the circumference of the circle of convergence. 
Consider Taylor’s series 


> a, (z — by (138) 
k=0 
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with radius of convergence R. Putting z — b = ge, we can write 
the series in the form: 


> aot eit” (139) 
k=0 
or 


> a,, (cos ky + isin ky) o*. 
k=0 


It is given that this series converges when e < &. When g = &, ie. 
when we are on the circumference of the circle of convergence, we can 
say nothing definite about convergence. If we take, for example, 
the series 


eee ee ee > (140) 


with the radius of convergence # = 1, then on the circumference of 
the circle of convergence, i.e. when | z| = 1, the moduli of all terms 
of the series are equal to unity, and the series, evidently, diverges 
on the entire circumference of the circle of convergence. Consider the 
following series as the reverse example: 


t+ 5+ St... (141) 


In this series the ratio of the modulus of one term to the modulus 
of the preceding term is 
n 2 
= (Sy) lel. 


and this ratio tends to |z|; therefore, in accordance with d’Alam- 
bert’s test, the radius of convergence of this series is also equal to 
unity. By substituting z= e' we obtain a series, the moduli of the 
terms of which are equal to positive numbers 1/n*, forming a con- 
vergent series, i.e. the series (141) converges absolutely and uniformly 
not only inside the circle of convergence but also throughout the closed 
domain including the circumference. We can thus see that the con- 
ditions relevant to the convergence of a power series on the circumfer- 
ence of the circle of convergence can be very varied. 

We saw earlier that differentiation and integration of a power 
series does not alter the circle of convergence. However, these processes 
can have a definite effect upon the convergence of a series on the 


gt 
n? 


gnt+t 
cea ; 
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circumference of the circle of convergence. Thus, for example, by 
integrating the series (140) twice we obtain the series 
2 23 24 
Teta typo te 
which, like the series (141), converges absolutely and uniformly 
throughout the closed circle. 

We shall now describe a theorem which deals with the sum of a 
power series, when the latter converges on the circumference of the 
the circle of convergence. We proved an analogous theorem earlier 
for the real variable [I, 149] and we shall therefore not prove this 
theorem again: below we just formulate the result. 

ABEL'S SECOND THEOREM. If the power series (138) converges at a 
point z=b= Re'®> on the circumference of the circle of convergence, 
then it will converge uniformly along the whole length of the radius 
arg (z — b) = gp. It follows that the sum of the series is a continuous 
function along the whole length of the radius, i.e. the value of the sum 
of the series at a point Re’’* on the circumference is equal to the limit 
to which the interior value of the sum of the series tends when ap- 
proaching the point Re'® along the radius from the interior. A simple 
evaluation of the sums of certain trigonometric series is based on this 
theorem. 


Consider one example. In the expansion 


2 2? 23 24 
log(l+2=y~-s + 3>- te 


replace z by (—z) and subtract the series thus obtained from the one above. 
We thus obtain the expansion 


og =2([+5+7+--] (142) 


l—z 


in the circle of convergence |z| <1. In this expansion, put z = e’? and 
separate the real and imaginary parts: 


cos p cos 39 cos 5 .. {sing sin 39 sin 59 
2 oe ——-+ ...] - 
(pe 4 See See.) 4 ie ( P+ + 


It can be shown, though we are not going to do so here, that both these trig- 
onometric series converge when gp differs from k a (k = 0, +1, +2,...). 
Let us determine the sums of these series. Separating the real and imaginary 
parts of the function, we have: 


l+z {1 +2| : 1 
log = OR egy one i 


Z2 
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From Fig. 25, when z = e'? we obtain directly: 


Jl +z|=2 


4 
cos $| 


(0< @ < 22), 


[1 —2| = 2sin 

The amplitude of the fraction (1 + z)/(1—z) is equal to the angle between 
the vectors AM’(—z — 1) and AM(z — 1); when z = 0 the sum of the series 
(142) is equal to zero, and in this case the angle must also be equal to zero. 


Fic. 25 


When the point z coincides with the point e/? this angle rests on the diameter 
and is evidently equal to (+ 2/2.) We have thus found the sum of the above 
trigonometric series: 


log cot $= 2(S 


cos 3 
g Rol a P+...) 


1 3 
(O<p<2) 


m sin sin 3 
peaCy eg 

Note one other circumstance, connected with the representation of 
the trigonometric series in the form (139). Separate the real and imagi- 
nary parts in the coefficient a,, viz. a, = a, — 7f,. Substituting in 
formula (139) and separating the real and imaginary parts in the sum, 
we obtain the following formula: 


{ (2) = > (a, cos kp + B, sin kp) o* + 


k=0 
ae Bf, cos kp + a, sin kg) e*. (143) 
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The second trigonometric series differs from the first series only by 
the fact that the coefficients of cos kp and sin kp are interchanged 
and the coefficient of sin kp has its sign reversed. The second trigono- 
metric series is usually said to be conjugate with the first series. Note 
that we introduced the minus sign in the coefficients a, for greater 
simplicity in subsequent formulae. This is of no fundamental import- 
ance, since the real number f, can be both positive and negative. 


26. The principal value of an integral. We shall now consider the limiting 
values of Cauchy’s integrals. To begin with let us introduce a new concept in 
connection with integrals of discontinuous functions. Let z= c be a point. 
in a finite interval (a, 6) and f(z) a function which is defined in this interval. 
Assume further that the integrals 


cs b 

i} f(z)dz and ‘ f (x) dx (144) 

a cts 
exist for any « > 0. Assume, for example, that f(z) is continuous in the whole 
interval (a,b) except at the point z= c and that it becomes infinite when 
z tends to c. The improper integral of f(x) over the interval (a, b) can be defined 
as follows: if when e — +0, the integrals (144) tend to finite limits then the sum 
of these limits is, in fact, equal to the integral of f(z) in the interval (a, b) 
{1, 97]. If the integrals taken separately have no limits but the sum of the in- 
tegrals, when e + -++0, tends to a finite limit, then this limit 


cs & 
lim | 5 { (x) da + i) 1(2) a 


e++0 a c+e 


is known as the principal value of the integral over the interval (a, 5): 


c—é b 
f f(a)de+ § 7@) as| (145) 


. a e€+6 


b 
v. p. § f(z)da= lim 
a e++0 


where v. and p. are the first letters of the French words valeur principale which, 
in English means “principal value’’. 

In future, for the sake of compactness, we shall not write the letters v- p. 
in front of the integral. The main feature of definition (145) is that the limits 
of integration on the right-hand side of the formula contain the same number, 
which tends to (+0). 

The principal value of an integral can be defined similarly when f(z) has 
several discontinuities in the interval. If the usual improper integral of the func- 
tion f(z) exists over the whole interval (a, b) {I, 97] then the principal value 
(145) of the integral evidently coincides with this improper integral. It follows 
from the definition (145) that a common factor can be takca outside the integral 
and that the integral of a finite number of terms is equal to the sum of the 
integrals of the individual terms, on the assumption that the integrals of the 
terms exist only in the principal value sense. 
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We shall now give some simple examples of the principal value of an integral, 


Consider the integral: 
b 


dé 
Fesou ap (146) 


where a <a <b} and where p is a positive number. When p > | we have: 


x—e8 b 

dt dt 1 1 1 
leat Coy —- p= [boat - Geet 
a x+e 


+ (=a? = er} 


When 7 is even the last term on the right-hand side is (— 2): e?-1, and the right- 
hand side increases indefinitely when « — (+0), while the integral (146) does 
not exist. However, when p= is odd the right-hand side of the above formula 
does not contain « and we have: 


b 


dé l l 1 ; 
| (=a)? ioplece - boar | (p is odd). 
a 
When p = 1, we obtain: 
x-a d b 4 t=x-e b ‘ 
- t ; 2 
; aa + | = ee + log (¢ — 2) | = log -— 
a8 {=a t=x+e 
i.8. 
b 


f dt =] b—-z. 
f—-c 8 ee 


We say that the function w(x) satisfies a Lipschitz condition of order a in the 
interval (a, b), where 0 <a<1, provided that for arbitrary values of x, and 2, 
in the interval, the conditions shown below are satisfied: 


| w (x2) — w (a,)| <k| a, — 2, |", (147) 


where & is a constant. We introduced the same condition earlier, when a = 1, 
and we saw that it is satisfied when w(x) has a bounded derivative in the 
interval [II, 51]. Consider the integral: 


b 
(2) =| af) dt, (148) 
a 
which can be rewritten in the form: 
b b b 
| re t= [ SOR a + o(@) | os 


a a a 
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Using the condition (147) we obtain the following inequality for the integ- 
rand of the first integral in the neighbourhood of the point ¢ = z: 


oe |< j= (149) 


and, consequently, this integral is absolutely convergent in the usual sense 
(II, 82]. The second integral is equal to: 

b-z. 

r—a 


w (x) log 


Hence the integral (148) has a meaning for any z in (a, b) provided that w(z) 
satisfies a Lipschitz condition (147). The function f(z), which is defined by the 
equation (148), is defined for all values of x in (a, b). Construct the expression: 


x—8 b 

* a(t)  (é) 

= ary { PEE at. (150) 
a xX+8 


When ¢ is positive the integrand is a continuous function of ¢ and x, provided 
that x belongs to an arbitrary closed interval within the interval (a, 6), and 
that ¢ belongs to the interval (a, z — «) or (x + «, 6); consequently, the expres- 
sion (150) is a continuous function of x (II, 80]. Using the identity: 
@ (t wo (t)— a(x“ ] 
) _ 2©W=0@) 1 ay 


t¢—2Z t—2Z t—2z 


and the condition (147), it is easy to show that when ¢ — (+0), the expression 
(150) tends uniformly to the limit f(x) with respect to z and, consequently, the 
function f(z), defined by the formula (148), is a continuous function in any 
closed interval contained in (a,b); in other words, the function f(x) is a contin- 
uous function in the interval (a, 6). Later we shall prove the more precise 
result viz. when «/(¢) satisfies a Lipschitz condition of order a <1 then the 
function f(x) will also satisfy a Lipschitz condition of the same order a in any 
interval within (a, 6). When a = 1 in the condition (147), f(x) satisfies a Lip- 
schitz condition of an order less than unity. 

The continuity of the function w(x) evidently follows from the condition 
(147). On the contrary, it does not follow from the continuity of the function that 
it satisfies a Lipschitz condition, i.e. a Lipschitz condition is a stronger condi- 
tion than mere continuity. Note, that if the integral (148) is to exist at a point 
x it is sufficient that w(t) satisfies a Lipschitz condition in a neighbourhood 
of the point # and that in the remaining part of the interval (a, 6) it is continuous 
or merely integrable for the integral (148) exists when the inequality (149) 
applies to all values of ¢ sufficiently close to x. If every point 2 in the inter- 
val (a,b) belongs to the interval in which a Lipschitz condition (147) is 
satisfied with a given a and k, then the integral (148) exists for all values of 
x in (a, b). Here, the constants a and & can be different in different intervals 
contained in (a, b). 
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We shall now investigate the possibility of a change of variables in the 


integral (148). To begin with, let us prove the lemma: 7f 7,(€) and 7,(e) are such 
that the ratios n,(e): € and n,(e): © tend to zero when e + (+0), then 


[29 dies 2 ie (t) Dae + f fal 


t—2Zz 6 +0 t— t—@cz 
a X+e+n;(8) 


To prove the lemma it is sufficient to prove that 


x—-8+1,(8) x+e+7,(8) 
lim f GOO ahha im | OA) ay 3.03 
e—>+0 t—2z 670 i—@zZ 
x~—s x+e 


We shall prove, for example, the first of these equations. Assume that n,(e) >0, 
then |¢—2|> ¢€— ne) when tr—ect<x—e+ m(e) and, conse- 
quently: 3 
x—8+7,(€) 
w w(t) de 


< m:n (€) _ m mM) 9. 
toa. 


e—m(e) 1 — mle) é€ 
€ 


x-—s8 


where m is the maximum value of |«w(t)|. When 7,(e) <0, we can write: 


x—8+7,(8) 
@ (t) dt 
t—2Z 


m-|m (€) | 
e 


x-—@ 


and the lemma is thus proved. 

By using this lemma it is easy to prove the formula for the change of vari- 
ables in the integral (148). 

THEOREM. Let t = y(t) be a monotonically increasing function of t, varying 
in the interval (a, b) when a< t< 8, while u(r) has continuous derivatives up 
to the second order in the interval (a, B) and u(t) # O tn (a, B). In this case the 
formula for the change of variables applies: 


b B 
w (t) J w [x (z)] H(z) 
—— dt = | —t 4 dr, 151) 
Jae H(t) — #(E) ( 

where x = u(é) and the integral on the right-hand side is to be understood in the 
principal value sense. 

In accordance with the definition of the principal value of an integral, we 
form the sum: 


Co [u(r)) we) (a5 fe (e)] Hw (e)_ 152 
f 2-H) al 0-06 % a 


Denote: w(é — e) = 2 — e’ and w(é + «) =x +e’ + 7. According to Taylor’s 
formula: 


H(E +h) = pw (E) + hy’ (+= at (§+ 60h) (0<0<1). 
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Putting h = —e and later, h = +¢, we obtain: 
rx 
ae =x — en’ (§) + > "(5 — 88) | 


ete tna=rten (+e (Ete) (<6, and <1), 
whence: 


? ’ € ” et wv a” 
emelw—swre—ae]s n= Flere toe) +o E—o0)], 


and, consequently, the ratio 7 : «’ tends to zero when ¢’ + 0. Transforming 
the integrals in the sum (152) to the variable ¢, we can write this sum as follows: 


x—a’ 


fe e208 vee jf 20 ay, 


x+e’+n 


and by using the lemme proved above we can assert that the sum (152) 
gives in the limit the integral on the left-hand side of (141), which proves the 
above formula. In the conditions of the theorem the “monotonically increasing 
function y(z)’”’ can evidently be changed to ‘monotonically decreasing”. 


27. The principal value of an integral (continuation). The concept of the 
principal value of an integral can also be applied to a line integral. We shall 
only consider integrals of Cauchy’s type: 


f (&) =| oO ae, dr (153) 
L 


where LZ is a closed or open contour in the plane of the complex variable rt 
and ¢ is a point on that contour, which does not coincide with its end when the 
contour LE is open. Let ¢ be the length of the arc LZ, measured from a certain 
point. In future we shall assume that the functions 2(s) and y(s) in the para- 
metric equation of the contour 1(s) = 2(3) + y(s)t have continuous derivatives 
up to the second order. Assume that the point rt = £ corresponds to the point 
8 = 8,. The principal value of the integral (153) can be defined as the principal 
value of the integral with respect to the real variable s: 


I 


| ee [= (a)} 1’ >) ds, (154) 


t (8) — T (8) 


where J is the length of the contour Z, and we can assume that s, lies in the 
interval of integration. Precisely as in [26], it can be shown that the integral 
(153) exists if the function w(t) satisfies a Lipschitz condition on L: 


| o (t,) — w(t) | < kit, — 7, |" (0<a<l). (155 


108 THE BASIS OF THE THEORY OF FUNOTIONS OF A COMPLEX VARIABLE [27 


Using the theorem for the change of variables proved in [26], it is easy to 
show that if, in the parametric equation of the contour t(¢) = x(¢) + y(t), 
the functions have continuous derivatives up to the second order and r’(t) # 0, 
then the principal value of the integral (153) reduces to the principal value of 
the integral: 


"_ofr@] 
w , 
| says Oe 
where (a, f) is the interval of variation of the parameter ¢ and ¢ = ¢, corresponds 
to the point tr = &. If w(z) is identically unity then we have the primitive 
log (t — %,) for the integral (153) and we obtain the following result when 
the contour is closed: 
, [ — = ni. (156) 
L . 

We must always remember that we integrate round a closed contour in the 
counter-clockwise direction. Similarly, as in the case of a straight line, we can 
assert that, when the condition (155) applies, then formula (153) defines a 
function f(&) which is continuous at all interior points of ZL, when the curve 
is open, or at all points of L, when the curve is closed. In this case, as in the 
case of the straight line, the more exact theorem, proved by I. I. Privalov 
(Dokl. Akad. Nauk, S.S.S.R., XXII, No. 9, 1939) applies: 

If the condition (155) applies then the function f(&) satisfies on a closed contour 
L a Lipschiiz condition for the same a when a <1, or of any order, less than 
unity, when a = 1. If L is an open curve then the same condition applies for f(é) 
on any closed arc of the curve within L. 

We shall prove this theorem for a section of a straight line. The proof is 
analogous for contour integrals. As a preliminary let us make some remarks 
with regard to a Lipschitz condition. It is easy to see that a Lipschitz condition. 


\f(€+ 4&) —f()| <&| 46|* (157) 


can be tested for sufficiently small values of | 4é |. In fact, let (157) be proved 
for | d4E£| < m, where m is a positive constant. When | 4&| > m then the 
relationship: 
| f(§ + 48) — f(€) | 
| 46 |* 


remains bounded, i.e. 
[4 (& + 48) — f (6) | < ke, | 4E|* (|4| > m), 


where k, is a constant. Choosing the greater of the two constants k and k, 
we obtain a Lipschitz condition for all permissible values of 4. Suppose also 
that 8B <a<_ 1. For values of 4&, with modulus less than unity we have 
| 4£| B > | 4é]| a, and therefore, if f(£) satisfies a Lipschitz condition of order 
a, then it will also satisfy this condition of order 8. Suppose that the two 
functions f,(&) and f,(¢) satisfy a Lipschitz condition of the same order a. 
It is easy to see that their sum and their product also satisfy this condition of 
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the same order. In the case of the sum this is directly due to the fact that the 
modulus of a sum is less than or equal to the sum of the moduli, and in the 
case of the product we can write: 


f (& + 4) fe (E + 4) — fh (&) fe (§) = fe (& + 48) [F, (€ + 46) — AH] + 
+ hi (& [fe (§ + 46) — fe (§)], 


from which our remark about the product follows directly. 
We shall now prove the above theorem. We have: 


d 


4) = [PS a, 


a 
or 


b-—& 
§-—a’ 


6 
He) = [ POP) a + w (8) 10g 


where w(t) satisfies a Lipschitz condition of order a. Assume that & belongs 
to an interval J, in (a, b). In the second term on the right-hand side the factor 
w(£) satisfies a Lipschitz condition of order a and the second factor has a 
bounded derivative which satisfies the same Lipschitz condition of the first 
order. Thus the whole product satisfies a Lipschitz condition of order a and 
it is sufficient to prove the theorem for the function: 


b 
w(t)— w(t 
vg [P= 26) ©) ay, 
a 
expressed by the usual bounded integral. We have to find the upper bound of 
the modulus of the difference: 
b 


eae ay UE wS | 


v(E-+ 48) y= [[ Peer) _ oe (168) 
a 


where | 4é| is sufficiently small. On separating the interval (¢ — e, é + «) 
from the interval of integration, where « = 2] 4&|, we take the upper bound 
of the integral (158) in this part of the interval. By using the condition (155) 
we obtain: 
é+s 
k J (jt—€— AEA 4 |e — EY ae. 
é—a 
The integral of the second term can be represented in the form: 
§ é+a ; 
{ @-or tart f @—ertaes = (27 | 48 9 + 2° | 481"). 
é—e é 
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We can proceed similarly with the integral of the first term and the modulus 
of the integral (158) in the interval (f — «,é-+ ¢) has an upper bound: 
k, | 4& | a, where k, is a constant. Upper bounds of the integrals in the added 
intervals (a, § — e) and (& + e, b), remain to be found. For this purpose we shall 
represent the integrand in the form: 


4 
[> () — o(8 + 48) eae 
Using (155) we obtain the following inequality for the modulus of the integral 
of the second term: 
é—e 
kag") f A dt e+ fot 2 


a 


= [o (€ + 4&) 


(159) 


=k 


log 


—&§ a a 
Poe | 4b I <a | abr 


where k, is a constant. We recall that the modulus of the above logarithm 
remains finite during variations of £ in the interval !. The upper bound of the 
integral of the first term in the expression (159) remains to be found in the 
added intervals (a, £ — ©) and (+ e, 6). Let us find the upper bound of the 
integral in the first interval. The inequality in the second interval will be exactly 
the same. From (155) we have the following inequality for the first term of the 
expression (159): 


Ag 
t)— & + Ag) | ——_____— > —______- 
[o (t) — w (§ + 48)] FY Fee eT 
AE | k | AE | 
er 
t—&|jt-—&— ae p-2 _ geal, _ _46 |is 
| I | [e—ePosj1— 


When ¢ varies in the interval (a,  — e) then (§ — t) > ¢,i0. (€ —¢) > 2| AE], 
and, consequently | 4£|: |¢— £| < 1/2; hence: 


Ag 
| ie a a} 
Thus during the variation of ¢ in the first interval (a, £ — e) the modulus of 
the first term of the expression (159) does not exceed 


2~4k | Ag | 
(é aS. ie 


and the modulus of the integral of the above first term can be written as fol- 
lows: 


(—t>0), 


f—e 


21-2 | AE | Ja (159,) 


ae 


When a < 1, then the eae is as follows: 


nt 1 
AE es 
| eer <3 + TET alae 


| 4g |". 
l—a 
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We thus obtain the required upper bound for the difference (158) when a< 1. 
When a = | the upper bound (159,) takes the following form: 


k | 4§ | [log (§ — a) — log (2 | 4€ | )], 


the difference (158) when a = 1 can be written as follows: 


] 
where k, and k, are constants. Bearing in mind that as 4&— 0, log (1]4é I), 
tends to infinity more slowly than any negative power of | 4£| we can write: 


ky] Ag | + ky | 48 | log <k,|4E|?, 


1 
| 4é| 
where f is any number which satisfies the condition 0 < 8 < 1; the theorem 
has thus been proved for the case when a = 1. 

We shall now investigate the behaviour of the function f(&) when the point 
£ aproaches the ends of the line, for example, when it approaches the end 
t =a. We are assuming, as we did above, that w(t) satisfies a Lipschitz condi- 
tion of order a on the whole closed section (a, b). To start with we assume that 
w(a) = 0. In doing so we can extend this to saying that the function is zero 
when ¢t <a, i.e. we can assume that w(t) = 0 when ¢ <a. In this case w(t) is 
defined on a section (a,,b) where a, <a and the Lipschitz condition is not 
affected by the above extension. The integral 


j2e. “ di = -[# ott dt 
= 


a, 


gives the former function f(é), and bearing in mind that the point ¢ = a lies 
within the line (a,,b) we can maintain on the strength of what was proved 
above, that f(£) satisfies a Lipschitz condition of order a (we assume that a < 1) 
and on any line (a, b,) where b, < 6. Suppose now that w(a) # 0. 

We can write: | 


b & 
j() = [ O= 2) a toa [4 


The numerator of the first integrand vanishes when ¢t = a and this integral 
gives a function which satisfies a Lipschitz condition of order a up to the point 
§ =a. As we saw in [26] the second term on the right-hand side is equal to: 


w (a) log (6 — £) — w (a) log (§ — a). 


The minuend in this difference satisfies a Lipschitz condition of order one 
up to =a. 

Thus in the neighbourhood of the point £ = a the function f(£) represents 
a@ sum: 


~— w (a) log (§ — a) + f, (8), 
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where /,(¢) satisfies a Lipschitz condition of order a up to the point § = a, 
When the end £ = b is considered, we obtain the analogous result: 


 (b) log (b — €) + fz (€). 


where f,(¢) satisfies a Lipschitz condition up to the point & = 6. 

The behaviour of the function f(£) near the ends of the line was also considered 
when more general assumptions were made with regard to w(t). We only quote 
the result here, but the proof can be found in Muskhelishvili’s book Singular 
Integral Equations, which contains the results of the first investigations into 
integrals of Cauchy’s type. 

THEOREM. Let w(t) satisfy a Lipschitz condition (147) of order a on any 
closed line (a’, b’) within (a, 6); the constant & depends on the choice of the line 
(a’, b’) (k grows indefinitely when a’ — a or when 5’ — b). Assume further 
that near the ends of the line, the function w(t) can be represented in the form: 


w* |¢ | 


w (t) = (t—c)” ’ 


(160) 
where c denotes either a or b, y = y, + y,¢ (y¥0) when 0 < y, < 1, and w*(t) 
satisfies a Lipschitz condition up to ¢ =c. At the same time f() satisfies a 
Lipschitz condition of order a if a < 1, or of any order less than unity, when 
a = 1, on any closed line within (a, b); in the neighbourhood of ¢ = c it has 
the form: 

w* (c) 


&) = + xcot 
f (6) x cot yx (=e)? 


+h), 
and when y, = 0 then f,(£) satisfies a Lipschitz condition up to § = ¢; if 
y, # 0 then 
f* (&) 
|g—el” 


where f‘*(é) satisfies a Lipschitz condition up to & = c, and »,< y; the sign 

(+-) refers to the case when c = a and the sign (—) to the case when c = 8. 

All this applies when the line is replaced by a sufficiently smooth are with ends 

¢t = a and t = b, and when we integrate with respect to the complex variable ¢. 
Note that when y = 0 the result shown above applies: 


fh (é) a 


(8) = £ (log z—— thie), 
where f(é) satisfies a Lipschitz condition up to ¢ = c. 


28. Integrals of Cauchy’s type. Consider an integra] of Cauchy’s type (8): 


F(z)= mil dt, (161) 
L 


where z does not lie on L. If L is a closed contour, then this integral defines two 
different regular functions: one within Z and the other outside ZL. If the 
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contour is not closed then F(z) is regular outside L. In either case F(co) = 0. 
When z = ¢ lies on the contour we have the principal value of the integral 
and we can rewrite it in the form: 


Qu Jr—é “Fe a = 
L 
ie. from (156) 
] @ (t) 1 1 w (zt) — w (&) 
aa fi Wi dt= 508) + 57 [SSP ae. (162) 
L 


To begin with we assume the contour to be closed. We shall prove the theorem: 
if z tends towards a point £ on L then the integral (161) has the limit: 


Fo 8) +o, mle oC} ar, (163) 


where the (+) sign is taken when z— & from inside L and the (—) sign when 
z— & from outside L. Consider the first case. The integral (161) can be rewritten 
in the form: 


1 @ (Tt) @ w (é) dt 73) ile —o 2) 
Qi Fug on Qi raat aa |oos - 
L L 
or 
@ (T) w(t) — w (&) 
2Q7i a |= gor ONS) one: Qt ay fee. ane) 


Consider the difference: 


1 fe()—-o(), 1 fe—o(§), 


‘Ont ™—2 Oni t—E& 
L L 
= 1 w(t) —w(&) 2—§& 
= Ser eae — 4: (165) 
L 


On either side of the point £ mark small arcs 7. Denote the part of the contour 
thus formed by L, and the remaining part by L,. Denoting the difference (165) 
by a single letter 4 we can write: 


1 wm (t)—w(&) z—€ 
2ni r—é Fae + aa | r—é tT 


a a 


w(t) —w (6) z—€ 


Bes = dt. (166) 


Suppose that z tends to & along the normal to the contour L. In this case the 
distance from z to é is less than the distance from z to other points on the 
contour, ie. |z—é|<|r—z|. Also dz =|-2’(s) + y’(s)i|ds, where 
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| z’(s) + y’(s)7| = 1. By finding in the usual way an upper bound of the 
first integral in the formula (166) we obtain: 


Se+n 


J feeee@ tia, <= | ene. ee 
Qni J ot—é tT—2 2x J Le (8) = (4) 


where s = s, corresponds to the point t = ¢. Bearing in mind that the ratio 
of the length of the chord | z(s) — 7(#,) | to the length of the arc|s — s, | 
tends to unity we can assert that the latter integral converges and con- 
sequently, for any given positive « we can choose 7 so small that the modulus 
of the integral along Z, is smaller than ¢/2. Having thus fixed 7 we obtain 
the usual integral along L, in which | tr — €| and | z — z| remain greater 
than a given positive number and therefore the modulus of the integral along 
L, will be smaller than e/2 for all z’s which are sufficiently close to ¢..Owing to 
the lack of restriction on ¢ we can maintain that the cifference (166) tends to 
zero when z — & along the normal, i.e. 


as 27% 


psf SOO gr TOO as 


T—2 22 t—E 

or, from (156) 

: — 1 1 

lim a) sae OAS ae dz — = w (é), 


24 T—2Z “en Jr—é 


and formula (164) gives the required result: 


1 w (tT) 
zg 203 J T—2Z 
L 


dr = > w (£) + 2a f 28) air: (167) 
L 


In the case when the point tends towards the contour from the outside the 
proof is exactly the same but we must remember that: 


1 ae a when z lies inside L (168) 


sa 0, when z lies outside J. 


Until now we assumed that z— ¢ along the normal. It can be shown that 
formula (167) still applies when z tends to é in an arbitrary way. In order to 
do so it is sufficient to show that the limiting tendency of the point towards 
the contour is along the normal; the integral (161) tends uniformly to the limit 
(163) for all values of ¢ on the contour Z. We shall only consider the circle 
| z| = 1. To begin with we suppose that z + & along the normal. In this case 
t= e!?; & = ef and de = dg. It is easy to show that when 0 < x < 2/2 then 
sin z > 2a/x. Using this we can write: 


: _ 2 
jr —§)=2sin P= Ml > Pigg) — (Ip—go| <a), 
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and the modulus of the integral along L will be smaller: 
nina Po+n 
eee ee ek LSA 
Pe es | p— Po = gi-a he 2 (y habe i g1-4y%q 


On the coatour L,, provided z lies sufficiently close to § we have:: 


: \ ee 
|n—£|>4sinn; |r —z|>4s8inyn; |w(t)—w(é)|< 2M, 


2 

where M is the maximum value of | w(r) | on ZL. Assuming that 6 = |z — &} 
we obtain 

1 w(t) —w(f) z—€ 1 8M6 8M5 . 

22% { T~—E& T—2Z sb On ‘sin? aa ony “sin? 7 , 
and finally: 
8 
14] < et + 


2° 2a sin? 7 


To begin with 7 is so chosen that the first term is less than «/2; as a result 
of this fixed 7 the second term will be less than e¢/2 provided 6 > (€ sin? 7): 
(16M@M). These inequalities do not contain ¢ and therefore the difference (166) 
tends to zero uniformly with respect to ¢ as z tends towards the circum- 
ference along the radius. Consequently this tending to a limit in formula 
(167) also takes place uniformly with respect to £. One result of this is that the 
right-hand side of formula (167) and the integral (161) represent a continuous 
function of € [1, 145]. In [26] we mentioned the fact that this function satisfies 
a Lipschitz condition. 

Denote the right-hand side of formula (167) by w,(&) and assume that 
z—+éin any manner. Let é’ be a variable point on the circumference which lies 
on the same radius as z. Evidently ’— & and |z — é’| + 0. Using the fact 
proved above that the tending to a limit in (167) proceeds uniformly when 
z tends towards ¢ along the radius we can maintain that for any given positive 
e we have for all z’s sufficiently close to &: 


w(t) 


a} boro (8) |< 5 


On the other hand, as a result of the continuity of w,(¢), the modulus 
| w,(€) — w,(€’) |< e/2 holds for all 2’s sufficiently close to ¢ and therefore: 


Fea ots) dr — 04 (8)| <e 
L 


for all z’s sufficiently close to ¢. Owing to the lack of restriction on ¢ this shows 
that the tend to a limit in formula (167) takes place when z tends towards é 
from the inside uniformly and in any manner with respect to £.In other words 
we can maintain that the function F(z) which is defined in the circle by the 
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integral (161) is continuous up to the circumference and its limiting values on 
the circumference are given by the formula (167). The same condition applies 
when the limit is approached from outside. 

This property of integrals of Cauchy’s type can be proved for any closed 
contour LZ when the assumptions given in [27] with regard to 2(s) and y(a) 
are made. We can also assume that DZ has a finite number of angular 
points. Let M be an angular point on Z and suppose that when describing a 
circuit round Z in the counter-clockwise direction, the direction of the tangent 
at M revolves through an angle 20, where —1 < 6 < +1. From this it is 
easy to see that on the right-hand side of formula (156) we have (1 — 6) m 
instead of at, and that the expression (163) at the point M should be repla- 
ced by the following expression (I.I. Privaloff, Dokl. Akad. Nauk, SSSR., 
XXII, No. 9, 1939) 


$+ 5 (6) + a beers oO ae ; 


where the positive or negative signs should be taken simultaneously. 

If we denote by F;(é) and F,(&) the limiting values of the function (161) 
on the contour, defined within and outside L, then the theorem which we 
proved above can be rewritten in the form: 


F() = 0 (8) + oe =a oC) ar, 


F, (8) = —-5 a Eee oo am Jat 2a (169) 


This theorem can be proved similarly for an open contour. Let us consider 
a finite interval (a, b) of the real axis: 


6 
 (t) 
272i t—z 


F(z) = dt. (170) 


If w(t) is identically unity then, instead of formula (168), we can write: 


b 


] dé 1 b-—2z 

CRs (eee cree ae pactoeieiaites 171 

saz | To om ae le 
a 


where we must take those values of the logarithm which vanish when z = o9. 
If € lies in the interval (a, b), then instead of formula (156) we have: 


b 
1 ¢ de 1 ay 
sere arcade log 
mr |ToF- 2Qni €-—a 
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where real values of the logarithm are taken. Repeating the previous arguments 
word for word we obtain: 


b 
in [2 ar fog =? 


zot 274 J t—2 221i a—z 
a 


b 
b—€& @ (t) 
Ite pg 2) +57 | ore. 


a 


zak 


The function (171) has different limits when z tends to ¢ from above or below 
(a, 6), viz., 
= 
z—a 


= log tie £ +71, 


1 
°8 z>€ &— 


where the positive sign refers to the case when z tends to £ from above, i.e. to 
values with a positive imaginary part, and the negative sign to the case when 
z tends to € from below. When integrating from a to b the upper half-plane 
lies to the left and therefore, the tendency of z to & from above is analogous 
with the tendency of z to € from inside a closed curve. Similarly, the tendency 
from below is analogous with the tendency from outside a closed curve. 
Denoting by F;(&) and F,(£) the limiting values of the function (170) when 
the tendency of z to é is from above or below, we obtain formulae which are 
analogous with the formulae (169): 


FQ) =F 08) +50 Lae dt, 


(172) 


F,()=—z oll) + a5 fod “ea 
a 


If w(t) satisfies the conditions given at the end of [27] in the interval and if near 
the ends of the interval it has the form (160), then for points z near the ends 
of the interval, the following statements apply: 

1. If y = 0, then 


res pl! log 


Oni ot Foz), 


where the (+) sign refers to the case when c =a and the (—) sign to the 
case when c = 8, whilst F(z) is a bounded function which has a definite limit 
when z—»>c. For log (z — c) we can take any branch, which is single-valued in 
the neighbourhood of z = ¢ in a plane with the cut (a, b). 

2.If y= y, + vot # 0 then 


F (z)= 


where the signs are chosen in the way described above and (z — c)” denotes a 
single-valued branch in the neighbourhood of the point z = cin the plane with 
the cut (a, b); the value of (z — c)’ on the upper (left) edge of the cut is equal 
to that value of (¢ — c)”, which enters the formula (160). Furthermore F,(z) 
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has the following properties: if y, = 0 then F',(z) is bounded and has a definite 
limit when z—- c; if », > 0, then 


FS ar 


where c and y, are constants and y, < 1. Using the concept of Leber’s integral, 
the values of integrals of Cauchy’s type can be investigated for any integrable 
function w(?) and for a great variety of contours (see Privaloff, Integrals of 
Cauchy’s type, 1918). 

Let us notice one particular case. If w(r) are the limiting values on L of a 
function, which is regular within the closed contour LD and which is continuous 
up to L, while w(r) satisfies a Lipschitz condition, then F';,(§) = w(é), and 
the first of the formulae (169) shows that w(z) is the solution of a homo. 
geneous integral equation of the second kind: 


ee oi) 
L 


dr. (173) 


Let Z be a simple closed contour, as described above. The principal value of 
the integral 
1 @ (tT) 
2m J tr—é 
L 


dr (174) 


transforms any function w(r) which is given on Z and which satisfies a Lipschitz 
condition into another function w,(£), which is also defined on Z and which also 
satisfies a Lipschitz condition. In other words, the integral (174) is an operator 
for the function w(t). To the function thus obtained we can again apply an 
operator with Cauchy’s nucleus. In this case the following formule applies: 


1 1 1 f¢ a(n 1 


oa Qn 
L 


In other words, as a result of the two transformations by Cauchy’s nucleus, 
we obtain the initial function multiplied by 1/4. To prove (175) we rewrite the 
first of the formula (169) in the following form: 


1 w (T) 1 
sa | ord = FO - Zo. (176) 
L 


The right-hand side gives the result of the linear transformation of the function 
w(t) by Cauchy’s nucleus. This operation can again be applied to the right- 
hand side: 


dé, (177) 


271 


es 1 
i | Fi (@)— + (8) 
——F= 9 
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where 7 lies on LZ and the integral is in the principal value sense as before. 
Owing to the fact that F;(£) gives the limiting values on ZL of a function which 
is regular within L, from (173) we have the following: 


1 F; (€) _i1 

oni | E—n dé = > Fi (n)- 
L 

On the other hand, from (176): 


a | 
L 


and, finally, the integral (177) appears to be equal to w(7) : 4, i.e. we obtain 
the formula (175). 


CHAPTER II 


CONFORMAL TRANSFORMATION 
AND THE 
TWO-DIMENSIONAL FIELD 


29. Conformal transformation. In this chapter we shall consider 
some applications of the theory of functions of a complex variable 
to problems of two-dimensional hydrodynamics, electrostatics and the 
theory of elasticity. Conformal transformation plays an important part 
in these applications and we shall therefore begin this chapter with a 
detailed account of conformal transformation. We explained the basic 
characteristics of the transformation of a regular function in [3] and 
later in [22]. We considered in greater detail transformations at points 
where the derivative did not vanish and at other points, where it was 
zero. At points of the first kind all angles remain unchanged, while 
at points of the second kind all angles are magnified, as we described 
in [23]. Let 

w = f (2) (1) 
be a regular function which conformally transforms the domain B into 
the domain B,. If /’(z) does not vanish anywhere in the domain B, then 
the domain B, has no branch-points, but it can still have several sheets, 
i.e. it can overlap itself. Consider in the domain B a curve l, a function 
g(s) given on this curve and a line integral 


{ v(s) ds, 
t 


where ds is an element of the arc of the curve /. As a result of the 
transformation (1) the curve J is transformed into another curve J, 
in the domain B,, and an element of arc of the new curve is ex- 
pressed by the product ds, = [f’(z)| ds since |f’(z)| gives the change 
in linear dimensions [3]. 

Introducing the function 


z=F(w), (2) 


120 
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which is the inverse of (1), we evidently have F’(w) = 1/f’(z) and, 


consequently, we can write ds = | F’(w) | ds,. The integral obtained 
after the transformation can be written in the form: 
J p(s) ds = § y(s,)| F’ (w) | ds,. (3) 
i i, 


Similarly, bearing in mind that | f’(z) |? is multiplied by the change 
in surface area at the given point we obtain the following formula 
for the conformal transformation of the double integral: 
ff (2) do = ff p, (w) | F’ (w) |? doy, (4) 
B B, 
and the following formula applies to an element of area: 


do, = |/' (2) |? de. (5) 
When the real and imaginary parts are separated 
w= f(z) = u(z, y) + w(x, y), (6) 
it can easily be seen that | f’(z) |? is equal to the functional determinant 
of the functions u(x, y) and v(x, y) of the variables x and y. In fact, 
this functional determinant is expressed by the following formula: 
D(u,v) du a Ou dv 
D(z,y)  o@ dy dy Ox’ 


or, from the Cauchy—Riemann equations, by the formula: 


Dia) ~ (as) + (ae) 


and this is, in fact, the square of the modulus of the derivative 


= Gas) + (ae) 


Consider in the z = x + ty plane two families of lines: 


' Ou + Ov 
If (2) P =|ae + tae 


u(t, y)=C,; v(z, y) =C,, (7) 


where C, and C, are arbitrary constants. In the w = u + iv plane they 
correspond to the lines w = C, and v = C,, which are parallel to the 
axes of coordinates; therefore the lines (7) are obtained from the net 
of straight lines parallel to the axes, as a result of the transformation 
(2). One of the consequences of this is that the lines (7), which belong 
to different families, are orthogonal except at the points where /’(z) 
vanishes. Conversely, if we take the equations 


u=u(t,y); v= o(z,y) 
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and assume that z = C, or y =C, on the right-hand side of these 
equations, where C, and C, are arbitrary constants, we obtain a net 
of lines in the w=u-+ iv plane, consistsing of two orthogonal 
families of lines. This net is obtained as a result of the transformation 
effected by the function (1) from a net of straight lines, parallel to the 
axes of coordinates in the z-plane. These two nets of lines which are of 
great importance in what follows, are usually known as isothermic 


v(x,y)=v, 


-UfK: y)= Up 


Fie. 26 


nets. We shall explain the meaning of this-term. The real part 
u(z, y) (or the imaginary part) of a regular function should satisfy the 
Laplace equation [2]: 


Ou Ae ou - Pu (x,y) __ 


ew 


This equation is satisfied by the temperature of an established heat 
current [II, 117]and we suppose that this case is two-dimensional, i.e. 
the temperature wu is independent of one of the coordinates. When 
interpreting the function u(z, y) as the temperature of an established 
heat current, the lines of the first family (7) will be the isothermic lines 
and this is how the name “‘isothermic net”’ is derived. In the case under 
consideration, lines of the second family (7), orthogonal with the first 
family of lines, serve as vectorial lines for the vectors which we con- 
sidered in [II, 117] and which we called ‘the vectors of the heat current’”’. 

Two lines u(z, y) = uy and u(x, y) = u, are transformed by (1) 
into the lines u = wy and wu = u, which are parallel to the u = 0 axis 
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and part of the domain B bounded by the above lines, is transformed. 
into part of a strip, bounded by the lines parallel to the wu = 0 axis. 
The curved rectangle, bounded by four lines of the isothermic net, 
is transformed by (1) into a rectangle, bounded by straight lines, 
parallel to the axes (Fig. 26) 


“= Ug, b= U,; V=%; VV. 


y 


Bad 
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Let us make one further addition to the fundamental principles of 
conformal transformation before considering any examples. We saw 
that the transformation of a regular function f(z) conserved the angles 
both in magnitude and in sign at points where the derivative did not 
vanish. Sometimes the transformation of a plane is considered where 
the magnitude of the angles is conserved but their sign is reversed. 
This transformation is sometimes called a conformal transformation of 
the second class. For example, the symmetrical transformation of the 
real axis is, evidently, a conformal transformation of the second 
class (Fig. 27). This transformation is given by the formula w = 2. 
Generally speaking, if f(z) is a regular function in the domain B then 
the formula 


w = f (2) (8) 


gives a conformal transformation of the second class, defined in the 
domain B’, which with, the domain B is symmetrical about the 
real axis. In fact, the transition from z to Z transforms B’ into B while 
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conserving the magnitude of angles but not their sign. The subsequent 
transition from Z to f(Z), in accordance with formula (8), will neither 
alter the magnitude of angles nor their sign; thus in the final trans- 
formation from z to w we have a conformal transformation of the 
second class. 


30. Linear transformation. As the first example of conformal 
transformation we shall consider the simplest linear function 


w=az+b (a#0), (9) 
from where 
] b 
2=—y——. , 
a a 


This function transforms the whole plane, including the point at 
infinity, into itself, the point at infinity remaining in its former 
position. In particular, when a = 1, the function w = z+ 5 gives 
the parallel transition of the plane along a vector corresponding to 
the complex number b. In the case b = 0 and a = e” (where y is a 
real number), the number y must be added to the amplitude of z, 
and so the transformation w = e” z, will involve the rotation of the 
plane about the origin by an angle y. In general, the movement of a 
plane as a whole is obtained by a combined rotation and parallel 
transition: 


w=e¥z +. (10) 


If ae” l,i. the transition is not purely parallel, the 
coordinates of the stationary point of the transformation i.e. of the 
point which remains in its former position during the transformation, 
can easily be determined by the formula (10). The coordinates of this 
point are determined from the equation 
b 


1—e!¥° 


Z = e'¥z, +6, whence z = 


It can easily be shown that the transformation (10) can be written 

in the form 
W — 2% = el? (z — 29), 

i.e. in general the transformation (10) can be regarded as the rotation 
of the plane about the point z, through an angle y. Note that there 
will be a second stationary point at infinity for the transformation (10). 

We shall now consider the case when the modulus of the coefficient 
a in the linear transformation (9) is not unity. Introducing the modulus 
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and amplitude of a, we shall consider the transformation when b = 0: 
‘w = ee'¥z 


In this case the length of the vector from the origin to the point z 
must be multiplied by g@ and the plane rotated about the origin by 
an angle y. This transformation is known as an identity transfor- 
mation with the origin as the centre of similarity and with a coeffi- 
cient of similarity 0. 

We shall now consider the general case of the linear transformation 
(9) when a # 1. Introducing the stationary point of the transformation: 


b 


Zo = az, + b, Le. 6. Tae 


we can rewrite formula (9), in the form: 
W — % = a(z — 2,) 


and we evidently have here an identity transformation with the centre 
not at the origin but at a point 2). We leave the reader to show that 
the isothermic net will, in this case, consist of two families of parallel 
straight lines; this is obvious and purely geometrical. 


31. Bilinear transformation. A bilinear transformation is a trans- 
formation which can be expressed by a quotient of two linear functions 


az+b 
=S0 (11) 
Here ad — be # 0 since otherwise the fraction in the equation (11) 
could be simplified and would simply be a constant. Solving the 
equation (11) with respect to z we obtain a formula for the transfor- 
mation of the inverse of (11), which will also be a bilinear trans- 
formation 

ee (12) 


cw—a 


rr 


Every point in the z-plane has a corresponding point in the w-plane 
and vice versa, i.e. the transformation (11) transforms the whole 
plane, including the point at infinity, into itself. 

If in formula (11) c = 0, then the transformation is simply a linear 
transformation. Otherwise the point z = © is transformed into the 
point a/c and the point z == —d/c gives the point w= ©, ie. in 
general the point at infinity does not remain stationary during the 
bilinear transformation. 
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We shall now give one characteristic property of the bilinear 
transformation, viz. that it transforms a circle into a circle, where 
by a ‘‘circle’”’ we shall now and in future understand not only a circle 
in the usual sense but also a straight line. This property is quite 
obvious for a linear transformation where the plane moves as a whole, 
or in an identity transformation; a linear transformation transforms 
a straight line into a straight line and a circle into a circle, in the 
usual sense of the word. Before proving this property of the bilinear 
transformation we shall describe it in a slightly different way. Let us 
suppose that c # 0 and divide the numerator by the denominator; 
formula (11) can then be written in the form: 


w=e+ f- where e=— and f= *—% 
ae ar 


Our transformation thus involves a parallel] transition w, = z +d/c, 
a transformation of the form w, = f/w, and another parallel transition 
w= w,-+e. It is therefore sufficient to consider the simple trans- 
formation: 


w= . (13) 


and prove that it transforms a circle into a circle. An equation of a 
circle can be written as follows: 


A (x? + y?) + 2Bxr + 2Cy + D=0, 


where A = 0 for a straight line. The equation can then be written 
as follows: 


Azz + 6z + 62+ D=0, where 6= B— iC, (14) 


where the line above the letters shows that complex conjugate numbers 
were taken. We now suppose that we have a circle / in the z-plane. 
To obtain the equation of the transformed circle in the w-plane it is 
sufficient to determine z from the equation (13) and substitute the 
expression obtained in the equation (14). We then obtain a curve J, 
in the w-plane which is given by the equation: 


Ayy + byw + dyw + Dww = 0. 


This equation is of the same type as the equation (14) i.e. it corres- 
ponds to a circle (or to a straight line). Thus every transformation 
of the type (11) transforms a circle into a circle (a straight line is a 
circle which passes through the point at infinity ). 
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Suppose that the transformation (11) transforms a circle / into a 
circle 1, and that both circles are circles in the usual sense of the 
word. Bearing in mind what was said in [22] we can maintain that if 
the completion of a circuit in the positive direction round / corresponds 
to the completion of a circuit in the positive direction round J,, then 
the interior of / is transformed into the interior of 1,. However, if 
the circuits round / and J, are described in opposite directions, then 
the interior of | is transformed into the exterior of 1, and vice versa. 
If one of the above circles is a straight line or, if both are straight 
lines, then in order to determine the domains of the plane which are 
transformed into each other, we have to take the corresponding 
direction of circuits along both lines, when parts of the plane which 
lie to one side of the moving observer, for example, to the left, are 
transformed into each other. 

Let us consider two points A, and A, which are symmetrical with 
respect to the circle 1. Suppose that after the transformation they 
become the points B, and B,. We shall show that these points are 
also symmetrical with respect to the transformed circle 1,. In fact, 
a family of circles through the points A, and A, will, as we said 
in [24], consist of circles orthogonal to 1. After the transformation 
we evidently obtain a family of circles through the points B, and B, 
and, as a result of conformity of circles belonging to a family, these 
circles will be orthogonal with the circle 1,; this, as we know, is one 
of the characteristics of symmetry. Thus if the circle / is transformed 
by (11) into the circle J, then points, symmetrical with respect to the 
circle 7, are transformed into points, symmetrical with respect to 
the circle 1,. Notice that the point at infinity is symmetrical with the 
centre of the circle. In the case under consideration a family of circles 
which passes through these two points is transformed into a family of 
lines which passes through the centre of this circle and these lines 
are, obviously, orthogonal to the circle itself. 

If a and ¢ are both non-zero then the transformation (11) can be 
written in the following form: 

z2—a . a 
w= kine (k= 4). (15) 
The numbers a and £ have a simple geometric meaning, viz. the 
point 2 = a is transformed into the origin w = 0 and the point z = B 
into the point at infinity. 

Let us consider a family of concentric circles, centre the origin, 

in the w-plane. The equation of these circles is |w|—C and the 


128 CONFORMAL TRANSFORMATION AND THE TWO-DIMENSIONAL FIELD [31 


points mentioned above, viz. w= 0 and w= 9, are symmetrical 
with respect to these circles. It follows that these circles correspond 
to circles in the z-plane for which the points z =a and z= # are 
symmetrical; the equation of this family of circles has the form: 


z2—da 
z—B 
where C is an arbitrary constant. Thus the equation (16) corresponds 


to a family of circles with respect to which the points a and B are sym- 
metrical (Fig. 28). The straight line which is perpendicular to the 


—C, (16) 
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line from a to f at its midpoint also belongs to this family. Let us now 
consider a family of straight lines in the w-plane which passes through 
the origin or, in other words, a family of circles which passes through 
the points w= 0 and w=. This family of circles is evidently 
given by the equation argw—=C. It corresponds to a family of 
circles in the z-plane which passes through the points a and f and 
the equation of this family is (since the amplitude of k is a constant): 


arg —— Bo Cy. (17) 


Hence the equation (17) describes a family of circles in the z-plane 
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which passes through the points a and §. The circles of the family (17) 
evidently cut the circles of the family (16) at right angles (Fig. 28). 
Let us now define the isothermic net in the z-plane. It corresponds 
to two families of straight lines in the w-plane which are parallel to 
the axes. Each family can be regarded as a family of circles which 
touch at infinity. In the z-plane each family corresponds to a family 
of circles which touch at the point z= —d/c. Hence the required 
isothermic net consisis of two families of circles, the circles of each 
family touching at the point z = —d/c; circles belonging to the two 
different families intersect at this point at right angles (Fig. 29). 


The accurate definition of one family, and consequently, also of 
the other family, depends on the values of the complex coefficient 
of transformation (11). 

The transformation (11) contains three arbitrary complex parameters, 
viz. the relationship of three of the coefficients a, b, c, d, to the fourth. 
Hence the transformation (11) can be defined if a corresponding 
number of auxiliary conditions is given. We can, for example, 
assume that three given points 2,, 2,23 in the z-plane should be 
transformed into three given points w,, w,, 3, in the w-plane. It is 
easy to write down the bilinear transformation which takes these 
conditions into account. It has the form: 

WW, Wes— We, 2-2 | fy— Ze (18) 


W~-W, U,— UW, Z—2, %—% 
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For, by solving this equation with respect to w we obtain a bilinear 
transformation of the type (11). Also, when substituting z = z, and 
w = wW,, we obtain zero on both sides of formula (18). When substi- 
tuting the second pair of points z = z, and w = w, we obtain unity 
on both sides of the equation, and when substituting the third pair 
of points, we obtain infinity on both sides of the equation. It can 
be seen from this that the bilinear transformation, as given by 
formula (18), does in fact, satisfy the required conditions. It is 
also easy to show that these conditions define the bilinear trans- 
formation uniquely. Obviously the constructed transformation trans- 
forms a circle, defined by the three points 2,, 2,,2, into a circle, 
defined by the three points w,, w,, w;. If both sets of points are 
taken on the same circle, then the bilinear transformation transforms 
that circle into the same circle. If, in addition, the sequence of the 
points z, on this circle gives the same direction in which the circuit 
is to be described as the sequence of the points w,, then the interior 
of the constructed circle is transformed into itself. 

Consider, for example, the upper half-plane bounded by the real 
axis where interior points are defined by the condition that the 
coefficients of the imaginary parts of the coordinates are positive. 
In the case under consideration any transformation which transforms 
the upper half-plane into itself should also transform the real axis 
into itself, i.e. real z’s should have corresponding real w’s; consequ- 
ently we can take it that all four coefficients are real in formula (11). 
However, this is not sufficient; in addition it is also necessary that 
w should increase as z increases along the positive part of the real 
axis. Otherwise the upper half plane z will be transformed into the 
lower half-plane w. 

Substituting z = x + ty in formula (11) we obtain: 


_ (ax+b) + %ay 
~ (ea + d) + icy ’ 


or, separating the real and imaginary parts: 


_ -, (ax + 6) (cx + d) + acy? : (ad — be) y 
Wa UT etd pag + *eetart oy 


It follows that when y > 0 the coefficient of the imaginary part 
of w will also be positive, provided the following condition is satisfied: 


ad — be >0. (19) 
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Hence the general form of the bilinear transformation which trans- 
forms the upper half-plane into itself is (11), where the real coefficients 
can be arbitrary provided they satisfy the condition (19). 

The transformation of a unit circle into itself takes place similarly, 
ie. a unit circle is a circle with unit radius and centre the origin, 
the equation of which can be written as follows: | z| < 1. To begin 
with we shall explain certain properties of points symmetrical with 
respect to the circumference C of this circle. 

Let A,and A, be two such points 
and UV a point on the circumference 
C. We have 04,° OA, = OM’, 
which can be written as a propor- 
tion (Fig. 30): 

OF, _ 
OM OA,” 


© 
=| 


It follows that the triangles 
OA,M and OA,M, which have a Fre. 30 
common angle A,OM and propor- 
tional sides adjacent to this angle, 
are similar; from this similarity we obtain the following proportion: 


MA, _ OA, 
MA, OM 


(20) 


Denote by a the complex coordinate of A, and let a= pe”. 
For the symmetrical point A, we must have B =e"/p or, in 
other words, the complex coordinate of this symmetrical point can 
be expressed by the fraction 8 = 1fa. We shall construct a bilinear 
transformation so as to transform the unit circle into itself and the 
point a into the origin. This transformation should transform the 
symmetrical point # into the point at infinity, ie. it should have 
the form: 


w=k (21) 
z—B 
or substituting 8 = lja, 
w= k=) | (22) 


where k is a factor, the form of which is still to be determined 
from the condition that the right-hand side of the formula (21) for 
any z on the circumference C should have a modulus equal to 
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unity, i.e. 
jz—a| _ = 
[| =a 1 when |2|=1. 
But from (20): 
jz —a| = tal. 
jz — Bl 1° 
hence | ka | = 1. We can see that the product ka must have a unit 


modulus, i.e. it must have the form ka = e”, where y can take 
every real ‘value. Thus returning to the formula (22) we obtain the 
following formula for the required transformation: 


y Z—a 
w= ev——, ; (23) 


in which the point a and the real parameter y can have any value we 
please. In particular when a = 0, i.e. when the origin is transformed into 
itself, we have the simple transformation w = elvta) z, i.e. the 
unit circle revolves about the origin by an angle (y + 2). The general 
transformation (23) can be separated into two parts, viz. into the 
transformation 
z—a 

w=) (24) 
which transforms a unit circle into itself and which transforms the 
point a into the origin, and, subsequently, into the rotation about 
the origin by an angle y. 

We can also construct a countless number of transformations which 
transform a circle K, into another circle K,. For this purpose it is 
sufficient to construct one of these transformations to transform K, 
into K, and, subsequently, to apply any bilinear transformation to 
the result so obtained, in order to transform the circle K, into itself. 
It is important to note that two bilinear transformations applied in 
succession also produce a bilinear transformation. In fact, suppose 
that we have a bilinear transformation of the variable z to the 
variable w of the form (11) and, subsequently, the following bilinear 
transformation 

a,w+b 
vera 2) 
of the variable w to the variable w,. Substituting the expression 
(11) in the above formula we obtain, after elementary transpositions, 
the final bilinear transformation of the variable z to the variable w,: 
(a,¢+6,c)z+(a,b+5,d) 


1 = era 4d,c)e+(c,6 +4, d) 
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This is usually known as the product of the bilinear transformations 
(11) and (25) and, generally speaking, this product depends on the 
order of factors, i.e. on the order in which the bilinear transformations 
(11) and (25) are carried out. 

Let us now return to the unit circle and the upper half-plane; we 
shall construct a bilinear transformation to transform a half-plane 
into a unit circle. We take for this purpose the following transforma- 
tion: 


z—1 
v= sa" (26) 


It is easy to see that the point z = 7 in the upper half-plane will 
be transformed into the origin and that real values of z correspond 
to values of w with modulus equal to unity. In fact 

jo|= Sap 

|2+2| 
where the numerator and the denominator of the fraction are respect- 
ively equal to the distances from the point z to the points ¢ and (—2); 
when the point z lies on the real axis then these distances are equal 
and, consequently | w{ = 1. If an arbitrary bilinear transformation 
which transforms a unit circle into itself, is applied to the variable w, 
we obtain the general form of the transformation which transforms 
the upper half-plane into a unit circle. 

In conclusion we shall prove the principle of symmetry in the general 
form as formulated in [24]. Let the function f(z) be regular on one 
side of an arc AB of the circle C, let it be continuous as far as the 
arc AB and let it transform it into another arc A,B, of the circle C,. 
Subjecting z to a bilinear transformation which transforms C into 
the real axis we obtain: 


re az+b 

1 cz+d’ 
and performing a similar bilinear transformation on the function 
itself we transform the circle C, into the real axis. We thus obtain 
a new function /,(z,) of a new independent variable z,: 


a’ f(z) +0’ 
fila) = eS 
This new function /,(z,) is regular on one side of the real axis and 
continuous as far as the line which it transforms into part of the 
real axis. In accordance with our earlier definition of the principle 
of symmetry given in [24] this function can be analytically continued 
beyond the above line; at points symmetrical with respect to the 


134 CONFORMAL TRANSFORMATION AND THE TWO-DIMENSIONAL FIELD [31 


real axis its values are also symmetrical with respect to the real 
axis. Bearing in mind that the two bilinear transformations mentioned 
above transform symmetrical points into other symmetrical points, 
we can maintain that the initial function f(z) can be analytically 
continued beyond the arc AB of the circle C, and points symmetrical 
with respect to this circle are transformed into points, symmetrical 
with respect to the circle C,. 

Bilinear transformations, as we shall see later, are of great impor- 
tance in the theory of a complex variable. They are often used 
in the same way as the transformation of coordinates is used in 
analytical geometry viz. before starting to solve a problem, the 
plane of the complex variable in the problem, is subjeoted to the 
bilinear transformation so as to obtain the simplest possible conditions. 
Thus, for example, by using the bilinear transformation we reduced 
the general case of the principle of symmetry to the particular case 
considered above. 

Let us call the reflection in a circle or in a straight line the trans- 
formation of a plane where every point A is transformed into a point 
A,, symmetrical with it with respect to C. Let z be the complex 
coordinate of A and w the complex coordinate of A,. Let us assume 
that C is a circle, centre B(z = a) and radius R. The vectors BA 
and BA, should have the same amplitudes and the product of their 
lengths should be equal to &?. It is easy to see that this leads to the 
following formula which expresses w in terms of 2: 


Phe eee (27) 


z—a’ 
i.e. the reflection of the circle is expressed by a bilinear function of z: 

w= a2 + (Ht — aa) 

z2—a 

and, consequently, it is a conformal transformation of the second 
class. Let us now consider the reflection in a straight line. Assume 
that the straight line passes through the origin and makes an angle 
y with the positive direction of the real axis (Fig. 31). In this case 
the point 2 is transformed into the point w which has the same 


modulus |w| = |z| and amplitude arg w = 2p — arg z, ie. the 
transformation can, in this case, be written as: 
w= eZ, (28) 


where it is expressed as a simple linear function of Z. It is clear that the 
same result is obtained when reflection takes place in any straight line. 
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If we produce two successive reflections in two different circles 
or straight lines, we obtain a bilinear transformation. Let us consider 
in greater detail the case when two successive reflections are produced 
in two intersecting straight lines. It can always be assumed that 
the point of intersection lies at the origin. Let », and y, be the 
angles made by these straight lines with the positive direction of 
the real axis. When producing these successive reflections we move 
from the point z to the point w, and from the point w, to the point w, 
according to the formulae: 


WD, = ef2¥1 Zs w= ef2v2 W,. 
Substituting the expression for w, on the right-hand side of the second 
formula we obtain the final transformation for z to w in the form 


w = e!2%¥a-v 2, 


this involves the rotation about the origin by an angle 2(p, — y,), i.e. 
two successive reflections in intersecting straight lines involve the 
rotation of the plane about the point of intersection by an angle 
equal to twice the angle between these straight lines. It is also easy 
to show that two successive reflections in parallel straight lines give 
parallel transformation of the plane. 


32. The function w= 2z*, Using a different notation we have already 
investigated the function 


w= 22 (29) 
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and we saw that it transforms the z-plane into a two-sheeted Riemann 
surface in the w-plane with branch-points of the first order at w = 0 
and w = co, We shall now establish the form of the isothermic nets 
in the z- and w-planes. On separating the real and imaginary parts we 
obtain: 


w = u(x, y) + dol, y) = (w + iy)? = (x? — y2) + i2ay. 


The isothermic net in the z-plane consists of two families of rect- 
angular hyperbolae (Fig. 32): 


v—y=C,; Way =C,. ; 


Fig. 33 


Let us now consider the isothermic net in the w-plane. In the 
formulae: 
u=x—y; v=2y, «=C, 


let us assume that «=C, and eliminate y, then if we assume that 
y =C, and eliminate z, we obtain two families of parabolae (Fig. 33): 


v? = 402 (C?— u); v? = 403 (CZ + wu), 


which have been obtained as a result of the transformation of the 
straight lines = C, and y =C, from the z-plane. 

We can evidently regard the isothermic net formed by these 
parabolae as an isothermic net in the w-plane of the function w=//z 
which is the inverse of the function (29). 

Let use consider in Fig. 32 any rectangular hyperbola represented 
by the dotted line for which OX is the major axis. Its equation is x? — 
— y? =C,, where C, is a positive constant. Let us consider its right 
branch. If in the equation z? — y? =C we alter C from C, to (+-°%°), we 
obtain one of the hyperbolae which are shown by the dotted lines; its 
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right branch will lie further to the right than the right branch of the 
hyperbola 2? — y? = C\; it follows that the function (29) conformally 
transforms that part of the z-plane within the right branch of the 
hyperbola into the half-plane u > C, of the w-plane. Similarly the 
function (29) conformally transforms part of the z-plane within the left 
pranch of the hyperbola 2? — y? = C, into the half-plane u > C,. 

Let us now consider in Fig. 33 any parabola shown by a dotted 
line. Its equation has the form v? = 403 (C3 -++u) and there will be 
a corresponding straight line y = C, in the z-plane, where the con- 
stant C, can be regarded as positive since only C2 enters the equation 
of the parabola. If in the equation v? = 407 (0* + u), C is altered 
from CO; to (+00) then parabola represented by dotted lines will 
be obtained which lies further to the left than the parabolae 
vo = OF (Cz + u); it follows directly from what was said above that 
the function z= w conformally transforms that part of the w-plane 
outside the parabola »? = 030, + u) into the half-plane y > C, of 
the z-plane. 


33. The function w =k (z + 1/z)/2. Let us consider the trans- 
formation of a plane by the function 


w= (2+), (30) 


where k is a given positive number. Let us consider the form into 
which the net of polar coordinates in the z-plane will be transformed, 
ie. consider the form into which the circles | z | = 0, centre the origin, 
and the family of straight lines arg z = y, which passes through the 
origin will be transformed. Substituting in formula (30) z= ge” 
and separating the real and imaginary parts we obtain the equations: 


u = (0 + =) 008 9; v= (e——)sing. (31) 


Consider the circle @ = gy. On eliminating y from the equation 
(31) the following equation is obtained: 


uz oz 
“he (, Ly 7 “ef. ly 1. (32) 
ar gg (e.+—) T(e-—] 
i.e. in the w-plane the circle is transformed into an ellipse, the semi- 


axes of which are 


a= (a+); b= = 


29 — 
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where we take the positive value for 6, since the difference can be 
either positive or negative. When o = @,, equation (31) gives 
the parametric equation for this ellipse. In the case of a unit 
circle, when og = 1, the equation (31) gives u = k cosp and v = 0, 
i.e. the ellipse degenerates into a line (—k, +)on the real axis described 
twice, or, as we shall say in future, it degenerates into a double line. 
When 0 decreases from unity to zero the ellipses grow indefinitely 
until they cover the whole plane, i.e. the whole w-plane with a cut 
(—k, -++k) corresponds to the interior of the unit circle. Similarly, 
when ¢ increases from unity to infinity we also obtain indefinitely 
growing ellipses, i.e. the whole w-plane with the cut (—k, +k) 
corresponds to that part of the z-plane outside the unit circle. The whole 
z-plane is transformed into a two-sheeted Riemann surface in the 
w-plane with branch-points at w = —k and w = +k. It follows that 
the function, which is the inverse of (30): 


2 Bee 
2— 2th | (30,) 
is two-valued and has the same branch-points. Let us investigate 
the ellipses (31) more closely. The foci of these ellipses lie on the 
real axis and their abscissae c are determined, as usual, by means of 
the semi-axes a and 8, according to the formula: ¢ = +a? — B. 
In. this case we have: 


Ke? 1 \? ke 1\? __ 
c= + | (e+) = = («-=) =+k, 
ie. for every value gy the foci lie on the ends of the line (—k, +4) 
or, in other words, the ellipses (32) have coinciding foci. 
Let us now consider the straight lines 9 = m, under the transformation. 
Eliminating the variable 9 from the equations (31) we have: 


uw v 
“k2cos?o. k?sip?o, 
k? cos? y, k? sin? gy, 


=1, (33) 


i.e. we obtain a family of hyperbolae with semi-axes a = k | cos qy | 
and b =k |sing,|. We shall show that the foci of these hyper- 
bolae coincide with the foci of the above ellipses. We know 
that the foci of the hyperbolae (33) lie on the real axis and that the 
abscissae of the foci are found from the formula c = +)a? + 0. 
In this case c= +k, i.e. the ellipses and the hyperbolae do, in 
fact, have coinciding foci. The hyperbolae, which correspond to 
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the axes of coordinates in the z-plane 


degenerate into the w= 0 axis and into the lines (—°c°o, —k) and 
(k, +°°) on the real axis. Hence we can finally say that the net of 
olar coordinates of the z-plane is transformed by (30) into a net of 
ellipses and hyperbolae with foci at the points +k (Fig. 34). 


Fic. 34 


It is easy to construct a function for which the net of ellipses and 
hyperbolae with coinciding foci serves as an isothermic net. In 
order to do this we recall what we know already about an exponential 
function [19]: 

w= e’, 


with a period of 277. From the formula 
w= e*e! 


it follows that the lines x = x, are transformed into circles, centre 
the origin and radii e“*, whilst the lines y = y, are transformed into 
the straight lines g = y,, which pass through the origin, i.e. the 
function e* transforms the net of Cartesian coordinates in the z-plane 
into a net of polar coordinates in the w-plane. 

Consider the function: 


w, =e” =e! e-), (34) 


140 CONFORMAL TRANSFORMATION AND THE TWO-DIMENSIONAL FIELD [34 


with period 2z. It follows from the above formula that the net of 

Cartesian coordinates of this function will be transformed into a net 

of polar coordinates for the lines y = y, will be transformed into 

circles, whilst the lines x = x, will be transformed into straight lines, 
Let us now consider the function 


§Z iz 
w= > (w, + =) = b(—-) = keosz. (35) 

Asa result of the transformation (34) the net of Cartesian coordinates 
will be transformed into a net of polar coordinates and subsequently, 
as a result of the transformation (35), the net of polar coordinates 
will be transformed into a net of ellipses and hyperbolae with coincid- 
ing foci as mentioned above. The application of these two trans- 
formations viz. from z to w, and from w, to w gives, as the final 
result, the transformation w= kcosz; thus the function k cosz 
transforms the net of Cartesian coordinates into a net of ellipses 
and hyperbolae with coinciding foci, ie. this latter net is the 
isothermic net for the function w = kcosz in the w-plane. If we 
were considering the inverse function w = arc cos (z/k), then the 
net of ellipses and hyperbolae with coinciding foci would be the 
_ isothermic net of this function in the z-plane. 

Proceeding as in the previous paragraph, we find that one value 
of the function (30,) transforms the w-plane with the cut (—k, +h) 
into the interior of a unit circle in the z-plane. The same function, for 
any fixed 0), transforms the part of the plane outside the ellipse 
(32) into the interior part of a circle, centre the origin and radius 
Qo, where gy < 1. If we take the other value of the function (30,) 
we obtain part of the plane outside the above circle, provided 0) > 1. 
Similarly, one value of the function (30,) conformally transforms part 
of the w-plane between the two branches of the hyperbola (33), into 
a corner of the z-plane, defined by the inequalities: ¢9 < arg z< 7— y, 
where 0 < gy) < a2. 

A detailed investigation of conformal transformations of curves of 
the second order can be found in Privalloff’s book The Introduction 
Of The Complex Variable Into The Theory Of Functions. 


34. The bi-angular figure and the strip. Let us consider the bi-angular 
figure formed by two arcs of the circles C, and C, (Fig. 35). Let » 
be the angle of this bi-angular figure and a, and a, the coordinates 
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of its vertices. On effecting the bilinear transformation 


uh Seer 
is ee 
we transform the points a, and a, into w, = 0 and w, = ©, so that 
the arcs of this bi-angular figure are transformed into straight lines 
which pass from the origin to infinity, the angle between these 


straight lines being y. If we subsequently effect the transformation 


ied 
Lap %2 | 
, 


é 
o 


- 
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w, = w7’, then this angle will be equal to 2 and the bi-angular figure 
will be transformed into a half-plane. By multiplying w, by the 
factor e'?*, we can make this half-plane into the upper half-plane, 
bounded by the real axis. Grouping together all these transfor- 
mations we finally obtain a formula for the transformation of our 
bi-angular figure into the upper half-plane: 


w = el (=) . (36) 

Here g, is a real number which depends on the position of our 
bi-angular figure. Performing the bilinear transformation of w as 
shown in [31] we can transform our bi-angular figure into a unit 
circle. 

Notice that we are considering a bi-angular figure confined inside 
the contour formed by the arcs of two circles. Figure 35 shows part 
of the plane outside the closed contour which can be regarded as a 
bi-angular figure defined by the arcs of two circles. However, the 
angle of this bi-angular figure will no longer be y but (22 — y). 

We assumed above that the angle of this bi-angular figure is not 
zero. Let us now consider the case when this angle is zero. Assume 
that the two circles C, and C, touch from inside (Fig. 36). In this case 
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that part of the plane confined within the closed contour, is a bi-angular 
figure with zero angle. Similarly, when two circles touch from outside 
(Fig.37), that part of the plane outside those circles also is a bi-angular 
figure with a zero angle. If a is the coordinate of the point of contact, 
then by performing the bilinear transformation 


ot 
i eae? 
we transform the circles into parallel straight lines, while the bi-angular 
figure itself is transformed into a strip, bounded by the two paralle] 
lines. If subsequently we perform an identity transformation and 


also a parallel transition and rotation, i. 


Y, a linear transformation, we can always cause 

Yy the given strip to be bounded between two 

given parallel lines, for example, between 
>< the lines 


y=0 and y= 2x. 


Let us now try to find a regular function 
which would transform this strip into the 
Yy upper half-plane. We know that the function 
“i z ae 
Fie. 37 w =e transforms our strip into the w- 
plane with the cut (0, +0°°) along the po- 
sitive part of the real axis. Performing sub- 
sequently the transformation /w, we obtain the upper half-plane, i.e. 


the final function which transforms our strip into the upper half- 
plane will be 


w = e7/2 . 


It follows from above that the function e” transforms a strip, 
bounded by the straight lines y = 0 and y = =z into the upper half- 
plane. Performing the bilinear transformation of the variable e’, 
which transforms the upper half-plane into a unit circle [31], we 
obtain the function 

oe —% 


w= —— 
e+’ 


(37) 
which transforms the strip, bounded by the straight lines y = 0 and 
y = x into a unit circle. 

We shall consider in greater detail one case of the bi-angular figure, 
viz. the upper half-circle, constructed on the line (—1, +1) of the 
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real axis as its diameter. The function 


1 \2 
w= ( zt } (38) 
transforms the vertices of this bi-angular figure, viz. z= —1 and 


z= +1, into the points w= 0 and w= +o, while the diameter 
and the semi-circle are transformed into two straight lines; the angle 
between these lines is equal to twice the corresponding angle of the 
semi-circle, i.e. it is equal to z. 

In other words our two halves of straight lines form a single straight 
line, viz. the real axis, as can easily be seen; when describing a circuit 
round the contour in the counter-clockwise direction we move along 
the real axis from —co to + 0°, ie. the function (38) transforms 
the semi-circle into the upper half-plane. On performing, in addition, 
the bilinear transformation (26) we obtain the function 

(z + 1)? — a — 1)? 
(2 +1)? +22 — 1)? ’ 


which transforms our semi-circle into a unit circle. 


35. The fundamental theorem. We dealt above with the cases of 
connected domains being conformally transformed into half-planes or 
into unit circles, and we considered both bounded connected domains 
(semicircle) and connected domains containing the point at infinity 
(the outside of an ellipse, the outside of the bi-angular figure). Let 
us now try to solve the problem of the transformation of any given 
connected domain in the z-plane into a unit circle or into a half- 
plane in the w-plane. In doing so we exclude two cases, viz. when the 
given domain is the whole z-plane, including the point at infinity, 
and when the given domain is the whole plane except for one point, 
for example, the point at infinity. In all other cases a regular func- 
tion w = f(z) exists in the given connected domain 8, which trans- 
forms this domain into the unit circle |w]|< 1. However, we can 
subsequently transform this unit circle into itself by a bilinear trans- 
formation and we then obtain a new conformal transformation of the 
region B into a unit circle. Let us mark within the region a definite 
point A and assume that during the transformation by our function 


w= f(z), (39) 


this point is transformed into the point a, which lies in the unit circle. 
Similarly, performing a suitably chosen bilinear transformation of 


144 CONFORMAL TRANSFORMATION AND THE TWO-DIMENSIONAL FIELD [36 


this circle, we can always translate the point a to the origin without 
changing the unit circle [31]. This new transformation transforms 
the point A into the origin. Also, by rotating the unit circle about 
the origin we can cause the linear elements to remain stationary 
during the transition of the point A to the origin i.e. f’(z) should 
be positive at the point A. We can thus see that from one conforma] 
transformation of the region B into a unit circle we can construct 
a countless number of similar transformations among which there 
is one transformation which transforms any given point A in B, 
into the centre of the unit circle, without altering the direction at that 
point. It can be shown that with this additional condition the function 
effecting the conformal transformation is defined uniquely, viz. the 
following fundamental theorem in the theory of conformal trans- 
formation applies: 

RiEMANN’s THEOREM. If B is a given connected domain in the z-plane 
and 2,%8 a point in B, then a function f(z) exists, (except for the two 
cases mentioned above) which is regular in B; this function transforms 
the domain B into a unit circle so that z, is transformed into the origin 
and the value of the derivative f’(z) ts positive. 

We shall accept this theorem without proof. Note, that the function 
mentioned in this theorem can only in exceptional cases and for the 
simplest domains be expressed as an elementary function. The usual 
proof of Riemann’s theorem establishes the existence of this function 
but it is of little use for even the approximate construction of the 
function. We shall deal later with the practical problem of the approxi- 
mate construction of the function which performs the conformal trans- 
formation. 

Let us now make one important addition to Riemann’s theorem. 
If the contour of the domain is a simple closed curve and has the 
properties mentioned in [4], then the function /(z) is continuous up 
to the contour of the domain B and transforms this contour into 
the circumference of a unit circle. 

The inverse function is, in this case, not only regular in the unit 
circle but it is also continuous in the closed circle. 

As we said above, the function which performs the conformal 
transformation of the given domain B into a unit circle can only 
be fully defined when the additional condition mentioned in the 
above formulation of Riemann’s theorem is given. We can replace 
this additional condition by another condition, but we must still 
assume that the function effecting the conformal transformation is 
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continuous up to the contour. In doing so we can use the bilinear 
transformation ofa unit circle into itself, so that three given points on 
the contour of the domain B are transformed into three given points on 
the circumference of the unit circle. In this case the function effecting 
the conformal transformation is fully defined. The former condition 
can also be formulated differently, viz. in the first place it is necessary 
that the given point z, in B should be transformed into the origin. 
We can then rotate the unit circle about the origin so that a given 
point on the contour of the domain B is transformed into a given 
point on the circumference of the unit circle, whence it can be shown 
that the function is fully defined. 

Thus when fulfilling the conditions which guarantee the continuity 
of the function performing the conformal transformation as far as 
the contour of the domain B we can fully define this function by freely 
choosing three points on the contour of the domain B which must correspond 
to three points on the circumference of the unit circle, or by freely choosing 
one interior point and one point on the contour of the domain B, which 
must correspond to two similar points of the unit circle. If we have 
two connected domain B, and 8B, in the z-plane, then according 
to Riemann’s theorem, we have two regular functions: 


w,=f,(%) and w, = fy (2), (40) 


which transform these regions into a unit circle | w, |< 1. Elimina- 
ting, in theory, the variable w, in the above equations, we obtain 
the regular function z, = 9(z,), which is transforms B, into By. 

In this case every point z, corresponds to a point 2,, so that one 
and the same w, can be defined by both z, and 2,, according to (40). 
We can thus achieve the conformal transformation of any two connec- 
ted domains (except for the two cases mentioned above) into each other. 
Simultaneously we can, of course, make the same additional condi- 
tions which are mentioned above in connection with the transforma- 
tion of a region into a circle. 

Notice one important property of the function f(z) which transforms 
a connected domain into a circle or into another connected domain. 

We take it that our domains are one-sheeted domains or, more 
strictly, that they can overlap but do not contain any branch-points. 
Also the derivative f’(z) cannot vanish in the domain, since the vanish- 
ing of a derivative indicates the formation of a branch-point in the 
transformed domain [23]. We also notice that the functions log f’(z) 
and |//’(z), can have no singularities in the course of the analytic 
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continuation within our connected domain B, and they will, there. 
fore, be single-valued [18] and regular functions in this domain, 

If we have not a connected domain but a domain with two boup. 
daries in the z-plane, e.g. an annulus confined between two closed 
curves then it is obviously impossible to transform it conformally 
into a connected domain, so that every point of the annulus should 
correspond to a definite point of the connected domain and vice versa, 

In the case of a multiply-connected domain there is one circum. 
stance which makes this case different from the case of the simply- 
connected domain, viz. not every two domain with the same number 
of boundaries can be conformally transformed into each other. Thus, 
for example, two annulae confined between concentric circles can be con- 
formally transformed into each other only when the proportion of the 
radii of the circles which confine these annulae, is the same in both cases, 

In the case of a multiply-connected domain, one domain can still be 
transformed into another domain of a definite type, viz. any n-bounded 
domain can be transformed into a plane with n cuts which have the 
appearance of parallel sections of straight lines, and some of these 
cuts can degenerate into points. 

Before considering the approximate methods for constructing the 
functions effecting a conformal transformation we shall develop 
an analytic expression for a function effecting the conformal trans- 
formation of a unit circle or of the upper half-plane into a domain 
confined by a broken line, i.e. a polygon. This formula frequently 
occurs in various applications. 


36. Christoffel’s formula. Let us suppose that we have a polygon 
A,, Ay, ..-, An (Fig. 38) in the z-plane and let the angles of this 
polygon be a,7, a,2, ...,a,2. Consider the function 


z= f(), (41) 


which conformally transforms the upper half-plane ¢ into a polygon. 
We have to construct an analytic expression for this function. 
Assume that the following points A, which lie on the real axis. 
correspond to the vertices of this polygon 


t=a, (k=1,2,...,n), 
and take it that all these points lie at a finite distance; this can 
always be achieved by a bilinear transformation of the ¢-plane. 


Let a, be the extreme point on the left and a, the extreme 
point on the right. We shall now consider the problem of 
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analytic continuation of the function f(t) across the real axis. Take 
a certain part a, a,4, of the real axis which corresponds to the 
side A, Ay+, of the polygon. In accordance with the principle of 
symmetry we can analytically continue the function f(t) across the 
line @, 4, and we obtain as a result a new polygon in the lower 
half-plane which is produced by the reflection of the initial side in 
the side A, A,4,,. We can then analytically continue the new function 
so obtained from the lower half-plane into the 
upper half-plane, across the line a; a;,, on the 
real axis. As a result of the principle of symmetry 
the new values of /(f) again give a polygon in 
the upper half-plane; this polygon is obtained 
from the second polygon by its reflection in that 
side of the second polygon which corresponds to 
the line a; a;4, of the real axis, etc. We can thus 
see that it is possible to continue our function 
f(t) without difficulty across the real axis and 
in doing so the function transforms any plane 
into a polygon, which is obtained from the ini- 
tial polygon, after several reflections in sides 
which correspond to those parts of the real axis across which the 
analytic continuation was performed. Note that the side A, A, 
corresponds to a line on the real axis from a, to co and from © to ay, 
so that the point at infinity of the 
t-plane corresponds to a point on 
the side A, A, of the polygon. 
The points a, will, in general, 
be singularities of the function f(t). 
Let us investigate the character of 
these singularities. Take a point a, 
and describe a circuit around this 
point by starting from and return- 
ing to the upper half-plane. In 
doing this we have to cross from 
the upper half-plane to the lower 
Fic. 39 half-plane by cutting across the 

line a,a, and, subsequently, we 

return from the lower half-plane to the upper half-plane across 
the line a, a. It follows from what was said above that the values 
of f(t) in the lower half-plane form a polygon A,A,A, ... Aj, which 


A, 


Fia. 38 
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is obtained from the initial polygon as a result of the reflection in 
the side A,A,; the return to the upper half-plane involves a reflec- 
tion in the side A,A, of this new polygon (Fig. 39). 

Thus the above circuit round the point a,, corresponds to the 
reflection in the straight lines A,A, and A,A3, i.e. it follows from 
[31] that a linear transformation of the form 2’ — b, = e” (z — b,) 
is involved, where 6, is the coordinate of the point A,. 

It follows from this that ° 


f(t) =e f(t) + 
where y is a constant (y = b, — e’” b,) and f*(t) is a new branch of 


/(t) in the upper half-plane. 
It also follows that 

ri) re) 

ry 4 3 
i.e. the function 

aU) 

is regular and single-valued in the neighbourhood of the point a, 
this point can either be a pole or an essential singularity of the func- 
tion (42). We shall show that this point is a simple pole with a residue 
(a, — 1). In fact we can replace z by a new complex variable 2’: 


z’ = (z— bs , 

where }, is the coordinate of the vertex A,.The value z’ = 0 corresponds 
to this vertex and the sides A,A, and A,A,, which cut at an angle 
a, a are transformed into two straight lines, which cut at an angle 
a i.e. the above two straight lines are transformed into two parts of one 
and the same line / in the z’-plane, which go from the origin in opposite 
directions. If we now return to the ¢-plane, we can see that the neigh- 
bourhood of the point a,, situated above the real axis is transformed 
into the neighbourhood of the point z’ = 0 in the 2’-plane which 
lies to one side of the straight line 7. It follows from the principle 
of symmetry that the same condition applies in the neighbourhood 
of the points ¢ = a, and 2’ = 0 which lie on the other side of the 
above lines. Hence the neighbourhood of the point ¢ = a, is trans- 
formed into a one-sheeted neighbourhood of the point 2’ = 0 and 
we have an expansion of the form: 


Zz! = (z — ba = ¢,(t — a,) + ¢,(¢ — a)? +... (c, # 0). 
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It follows that: 
z= by + cf (¢— a) {1 + (t—a,) + <2 *(t—ay)*+.. i 
or, by applying the binomial expansion (cf. a 
f(t) = 6, + (t — a,)"*f, (2), 


where /,(t) is regular and does not vanish at the point ¢ = a,. Hence: 
f(t) = a, (t — a.) f(t) + (t — ag)” fy (ft), 
f” (t) = a3 (a, — 1)(t — ay) f(t) + 2a, (¢ — a,)—? ff () + 
+ (é — aq)" fy (¢) 


and consequently: 


rt) _ 1 Gy (a, — 1) fr (¢) + 2, (t — @,) fi () + (¢ — 2)? (2) 


TQ ta, | asf () + — 4) A © 

The second factor on the right hand side is a regular function at the 
point ¢ = a, where it is equal to (a, — 1), ie. in the neighbourhood 
of the point ¢ = a, the following oe applies: 


”(t) 
FE = + Pt a), 
where P(t — a,) is a regular function at the point ¢ = a). 

It can similarly be shown that the function (42) has at every point 
a, on the real axis a pole of the first order with a residue (a, — 1). 
Also, as we know, our function has no other singularities at a finite 
distance and therefore the difference 


(43) 


is a regular single- valued function in the whole plane. We shall now 
explain the behaviour of the function (43) at infinity. As we saw 
above, the function f(t) tends to a definite value at infinity, viz. to 
the coordinate b. of that point in the side A,A,, which corresponds 
to t = °°; consequently, in the neighbourhood of the point at infinity 
we have an expansion of the type 


ft) =b, + E44. 


It follows that the function es /f(t) can be expanded as follows at 
infinity: 


f(t) _ d d. 
TO) Sage aaa oe 
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i.e. the function tends to zero when t—> ©. We thus see that the 
function (43), which is regular in the whole plane, tends to zero 
when ¢—> c© and, consequently, it is bounded in the whole plane. 
Liouville’s theorem [9], therefore states that the expression (43) must 
be constant, but from what we have just seen, it tends to zero ag 
¢—» co; it therefore follows that the constant must be equal to zero. 
We thus have the equation: 
P(t) a, —~ 1 


t — ay 


(44) 
Integrating once we obtain: 


log f’ (t) = (a, — 1) log (t — a,) + (a, — 1) log (¢ —a,)+...+ 
+ (a, — 1) log (t—a,) + C 


or 
f (t) = A(é — a.) (tf — ay)... (6 — a)", 


and, finally, by integrating once again, we get the result: 


t 
z= f(t) = A f(t — a,)2—! (t — a)... (t — a) dt + B, (45) 
0 


where A and 8 are constants. Our problem has thus been solved 
and the conformal transformation of the upper half-plane t into a polygon 
with angles a, ts given by the formula (45), where a, are points on 
the real axis, and A and B are complex constants. 

We will, first of all, explain the importance of these constants. 
Above we only used the magnitude of the angles of our polygon. 
Thus when the polygon is subjected to movement or even to an 
identity transformation we conserve the angles and therefore formula 
(45) should also apply to the new polygon. The importance of the 
constants A and Bis due to the fact that when altering their magnitude 
we pass from one polygon to another similar polygon. The part 
played by the numbers a; in formula (45) is of much greater importance. 
The position of these points on the real axis together with the value 
of the constant A give the lengths of the sides of the polygon. We shall 
return to this problem later. 

In deducing formula (45) we assumed that all the vertices of the poly- 
gon have corresponding points on the real axis which lie within a finite 
distance. We now suppose that one of the vertices, say A,, corresponds 
to the point at infinity. This transformation can easily be obtained from 
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the one above by replacing ¢ by a new variable 7 according to the 
formula 
1 
t= — ee +- Any 


since when t = a, we have t = ©. 
Completing the change of variables we obtain: 


; (2, — Gy — | aia (- =) aes “ + B. 


Tt Tt 


Notice also that as a result of the well-known property of the 
sum of angles of a polygon we have: 


a, ta,+...-a,=—n-— 2. (46) 


Using this relationship and changing the symbols of the constants, 
the above formula can be rewritten in the following form: 


f(t) = A’ i) (t — a3)™-1(z— a3)%2—} ©. (tT — ay_,)" 1 dt + B’. (47) 
0 

This formula applies when one vertex of the polygon corresponds to 
the point at infinity t = ©. 

From formula (45) it is not difficult to obtain a formula which 
gives the conformal transformation of a unit circle | w|< 1 into our 
polygon. It is sufficient to apply the bilinear transformation which 
transforms the upper half-plane ¢ into the unit circle |w|< 1. This 
transformation takes the form: 
wtl 


w—l- 


t—7 
t+i’ 


w= or nes 
7 


Substituting the expression for ¢ in formula (45) and using (46) we 
arrive at the following formula: 


w 
z= A" ( (w — aj) (w — a)2-1.. .(w — an)? dw + B", (48) 
0 


where the points aj lie on the circumference of a unit circle and are 
defined with respect to the points a, by the formula 


an—t 
i se 
k an,+ 
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In the formulae (47) and (48) we altered the lower limit of integra- 
tion; this is of no great significance as it only affects the values 
of the constants B’ and B’. 

Let us recall the assumptions made in deducing the formula 
(45). We assumed that there is a function f(t) which transforms 
the upper half-plane into our polygon and we then obtained the 
expression (45) for this function. Let us now investigate the formula 
(45); assume that a, are given points on the real axis and a, are 
positive numbers which satisfy the condition (46). We shall show 
that under these circumstances formula (45) transforms the upper 
half-plane into a domain without branch-points (one-sheeted or many- 
sheeted), the contour of which is a broken line with angles a,x 
(k = 1, 2, ..., ). To begin with note that every factor (¢ — a,)"~! of 
the integrand is a regular and single-valued function in the upper 
half-plane, and the derivative 


f(t) = A(t — a,)"—-1 (t — a,)2-? .. .(t — a)" 


does not vanish anywhere in the upper half-plane. Formula (45) thus 
gives the conformal transformation of the upper half-plane into a 
domain Bin the z-plane which contains no branch-points. Let us now 
consider the form which the contour of the half-plane, viz. the real 
axis, acquires as a result of the transformation. Let us suppose that 
t varies in the interval a, < ¢ < a, on the real axis. The corresponding 
part of the contour of the domain B can be represented by the equation 


t 
z= A ( (tf —a,)2—1(t—a,)*-1.. .(E—a,)* dt +C, (49) 
5) 
where C is a constant, which is given in terms of the former constants 
by the formula: 


C=B+AStt—ayrt¢— ay ...(¢—a,)"td. 
0 


When t varies in the above interval each of the differences t — a, has 
a constant amplitude which we denote by g,. We can, obviously 
take it that 9, = 0 and 9, = 2 when k>1 (a,<a,< ... < a,). 
The amplitude of the integrand in the expression (49) always remains 
constant, viz. it is equal to 


(a, — 1) 9, + (a, — 1) 9. +-..+ (a, —1)9, = @. 
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Formula (49) can therefore be written in the form: 
t 
z= Ae’? (|t —a,|7-*|t—a,|"*-7...|6—a,|™-*dé+C, — (50) 
a, 


where we integrate along the interval of the real axis and in fact the 
above integral is real. It can be seen directly from formula (50) that the 
line a, < ¢ < a, on the real axis corresponds to the line A,A, in the 
half-plane z, which starts at the origin and makes an angle arg (Ae™) 
with the real axis. In the transition from a, < i < a, toa, <i < a, 
we have to translate the point a, from the upper half-plane. The 
amplitude of the difference (t — a.) then receives an increment (—z) 
and the amplitude of the factor (¢ — a,)"~' receives an increment 
—z (a, — 1). Thus in the next interval a, < ¢ < a, we have a formula 
analogous with (50) and only the amplitude g has a new value which 
differs from the one above by the term —z (a, — 1), ie. this interval 
a, < ¢t < a, corresponds to the line A,A, in the z-plane so that the 
angle between the lines A,A, and A,A, is equal to (x — a, z). 

We finally consider the point at infinity of the ¢-plane. For this 
purpose we can rewrite the integrand in the formula (45) in the form 


aeons ede a a,-—1 (2 _ Sa er, - (1 — an eae 
t t t : 


Applying Newton’s binomial theorem and using the relationship 
(46) we obtain the following expansion for the integrand in the 
neighbourhood of the point at infinity: 


1 6] Cc 
ae a 7 or | 


and after integration the right-hand side of the formula (45) is as 


follows: 
d 


2 
Z eens 


dy + St 4+ 


i.e. the point ¢ = c given by formula (45) is a regular point for the 
function f(t). Hence when the real axis of the ‘-plane passes through 
co we obtain, as for ether segments of the real axis, part of a straight 
line in the z-plane. Note that as a result of the condition a, > 0 the 
integral (45) has a fully defined finite value at the point ¢ = ay. 
Hence the abeve hypothesis with regard to the transformation by 
the function (45) has been proved. As we have already mentioned 
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above the polygon obtained can cross itself (Fig. 40). The same applies 
also to the formulae (47) and (48). 

Thus, for example, formula (48) gives the conformal transformation 
of the unit circle into the domain B bounded by a broken line which 
contains no branch-points, provided the points a, on the unit circum- 

ference and the constants ag are chosen ar- 
bitrarily to satisfy the condition (46). 


37. Individual cases. Let us begin with the 
simplest case, viz. the triangle. Applying the 
bilinear transformation to the é-plane we can 
always simplify our problem by making the 

Fia. 40 vertices of the triangle correspond to the 

points ¢ = 0, 1 and o. To do this we use the 

formula (47) and assume that aj =0 and az;=1, whence we 
obtain the following formula 


z= A’ (runt (t — 1)" dr + B’. (51) 
0 


In this case our formula only includes the arbitrary constants A’ 
and B’; these constants are of no significance since they are connected 
with an identity transformation of 
a triangle. The comparative simpli- 
city of formula (51) is due to the fact Wy 
that any two triangles with equal angles -& 

ect Z 
are necessarily similar. In the case of 
a quadrangle this circumstance no Fia. 41 
longer applies and the integrand in the 
general formula for a quadrangle with given angles, contains an 
undefined parameter, which depends on the lengths of the sides of 
the polygon. 

Formula (51) also applies to an infinite triangle with angles 2/2, 
n/2 and 0. This triangle represent a strip, bounded by two parallel 
halves of straight lines and a perpendicular line (Fig. 41). Assuming 
that a, = a, = 1/2 we have in formula (51): 


- dr 
= A’ SS - 
a i Vuz— 1) cee 
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Let us consider this rectangle in greater detail. Assume that the 
vertices of the rectangle B have the following coordinates (Fig. 42): 
Ww, , @, ‘ w, ‘ 
gee gris yee eas gee 
where w, and w, are given real positive numbers. Take the right 
half of this rectangle with the vertices 


@ @ . . 
0, - % : os + to, tWo, 


Fic. 42 


and assume that it is conformally reflected in the right half of the 
upper half-plane ¢, ie. in that half of the upper half-plane ¢ where 
the real parts of all points are positive. We can take it that the vertices 
0, w,/2 and tw, correspond to the points 0, 1 and oo on the contour 
of the above right part of the upper half-plane. The vertex @,/2 + ia, 
corresponds to a point on the real axis, which lies between the points 
1 and co. Denote this point by 1/k, where 0O<k <1. As a result 
of the principles of symmetry the left side of our rectangle corresponds 
to the left half of the upper half-plane ¢ and the vertices —w,/2, 
—w’/2 + 7 w, correspond to the points t = —1 and ¢ = —1/k. It follows 
from above that we can always conformally transform the upper 
half-plane into a rectangle B, so that the points ¢ = —1, 0,1, 
should correspond to the points z=a,/2, 0, @,/2,%@,, while the 
points ¢ = 1/k and ¢ = —1/k should correspond to z= @,/2 +7, 
and z= —w,/2 + %@,. We can now apply formula (45), assuming 
that a, = —1/k; a, = —1; a,=1; a,=1/k and aj; =a,=a,= 
=a, = 1/2. 
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We thus obtain the following formula, bearing in mind that ¢ = 9 
when z = 0: 


t 
z= A’ [ de 
0 


Jo--be-4) 


t 
z= Af ae 
YQ — #) (1 — Be) 
0 


i.e. the following formula: 


(52) 


The values of ¢ in the interval —1 < ¢< 1 on the real axis, give 
the line (—a@,/2, +-@,/2) on the real axis in the z-plane. It follows 
that we can assume in formula (52) that A is a positive constant 
and that the radical is unity when ¢ = 0. Other values of the radical 
in the upper half-plane are unique, since this radical is a regular 
function without branch-points in this half-plane. Bearing in mind 
that the vertices ,/2 and w,/2 + i, correspond to the values ¢ = 1 
and t = 1/k, we obtain the following formulae: 


| : dé 
2 ees 


(53) 


be aed 


dt 
oa, “J V@—-N)a—#A) 


The lengths of the sides of our rectangle are equal to w, and o,; 
we can therefore construct an equation to determine the parameter 
k, which enters the integrand, from our knowledge of the relationship 
of the lengths of the sides of the rectangle: 


1 
1 ke 
dt dt 
: — ———_ SS | OC _ .. 54 
O12 ai eee Poser ie4) 


Having thus determined & (theoretically speaking) we can proceed 
to determine A from one of the equations (53). 

The integral in formula (52) cannot be expressed by elementary func- 
tions and is known as an elliptic integral of the first class in the 
Legendre form. We shall deal with these integrals later and therefore 
we shall not investigate the problem of finding & in the equations 
(54) in greater detail here. The above argument was introduced so 
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as to explain more clearly the problem of the determination of k in 
Christoffel’s formula. 

Let us consider one more case. Suppose that we have a regular 
n-polygon A,A,...A, in the z-plane and let z= 0 be its centre 
(Fig. 43 for n = 6). Take the conformal transformation of the triangle 
OA,A, into the sector O’Aj Az of a unit circle with the angle at the 
centre equal to 2x/n, so that the vertices of the triangle O, A, and A, 
should correspond to the centre of the circle O’ and to the ends Aj and 
Ag of the arc. According to the principle of symmetry the reflection of 


a) A; Ao 
Ay A; 
Fia. 43 


the triangle in its sides gives the reflection of the sector in the corres- 
ponding radii. Thus in the course of analytic continuation the function 
reflects the whole regular polygon into a unit circle. It follows directly 
from these considerations that by reflecting a regular polygon into 
a unit circle, the vertices of the polygon correspond to points, which 
divide the circumference of a unit circle into equal parts. In this case 


we must also assume in formula (48) that 
n—2 2 


=]——. 


n n 


a@,>—-a@,=—...=a,>= 


Rotating the unit circle about the origin, we can, of course, take 
it that the vertix A, corresponds to any arbitrary point on the circum- 
ference, for example to the point w = 1. At the same time the points 
ef@akin (1,2 0... n — 1), on the circumference also correspond to 
vertices of the polygon so that the integrand in formula (48) has 
the following form: 


le —1) & _— 4 ba — eon) Mess e —_ fez) |-5. 


If we suppose that the origin is the centre of the polygon we obtain 
the following formula for the transformation of a unit circle into a 
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regular n-polygon 
w 


z= Ar fe (55) 


Vor YF 


The modulus of the constant A” is determined from the dimensions 
of the polygon and the amplitude of this constant simply gives the 
rotation of the polygon about the origin. 


38. The exterior of the polygon. Let us now consider that part of the 
plane outside the broken line (Fig. 44). In this case our domain, which 
we can also call a polygon, contains the point at infinity. We const- 
ruct the function z=/(w) which conformally transforms a unit circle 
into our infinite polygon. In this case the sum of the angles of the 
polygon is equal to x(n + 2); denoting the angles by a, x, as before, 

; we obtain instead of (46) the following re- 
Cc oe lationship: 


a,t+a,4+...tfa,=n+2. (56) 


We suppose that the origin w=0 is 
transformed into the point at infinity. The 
function f(w) will then have asimple pole at 
the origin and the function /’(w) can be ex- 
panded as follows in the neighbourhood of 
the origin: 


i’ (w) = —=2+etewt... (57) 


We now suppose that a; are the points on 
the circumference of the unit circle which cor- 
respond to the vertices of our polygon. We 
construct the function f”"(w)//’(w) as before. By proceeding in the same 
way as in [36] we can see that this function has a simple pole at every 
point a; with a residue a,— 1. Also, as a result of (57), we see that it has 
a simple pole at the origin with a residue (—2) and at all other points 
it is regular, as before. Let us investigate its behaviour at infinity. The 
function /(w) is equal to infinity at the origin, and in the course of ana- 
lytic continuation across any arbitrary arc a; a;,4,0f the unit circle it 
acquires the value infinity, symmetrical with the value of this function 
at the origin with respect to that side of the polygon which corresponds 
to the arc a; az4, of the unit circle, i.e. the value of the function /(w) 
at infinity is equal to infinity and our function transforms the neigh- 


Fic. 44 
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pourhood of infinity into a one-sheet neighbourhood of infinity. (This 
js that part of the polygon obtained from the given polygon as the 
image in the side A, A;,,,). Hence the values of f(w) obtained after 
the above analytic continuation in the neighbourhood of infinity can 
be expanded as follows: 


f(w) =d_ywtdo tA... 4 #0). (58) 


The function f"(w)/f’(w) is single-valued and regular in the whole 
plane except at the above poles. Differentiating formula (58) we obtain 
the following expansion for the function /’(w)/f’(w) in the neighbour- 
hood of infinity: 


i h h 
ro Se Ped (59) 


where the direction of analytic continuation is irrelevant owing to 
the single-valuedness of the function. Thus in the case under considera- 
tion, the function /”(w)/f’(w) has the above poles and vanishes at infinity, 
but otherwise it is regular. Carrying our argument further, as in [36] 
instead of formula (44) we obtain the following: 


’w) 2 a,—1 ae | Pe | 
I’ (w) Fa cae ee eae gout eo apart (60) 
this gives the following formula instead of (45): 
= ¢ "\a,—1 “\ag—1 "\a.—1 dw 
z= Af (w— az)? (w — ay)... (w — ap) =r t B. (61) 
1 


If we apply the transformation w = 1/t to the variable w then 
the interior of the unit circle is transformed into the exterior of the 
unit circle and, after performing corresponding transpositions in the 
integral (61), we obtain a formula which transforms the exterior of 
a unit circle into that part of the plane outside the broken line, where 
the points at infinity correspond with each other: 


t 


.= ae (cv — a,)™—1 (t — a,)2-1 «0. (7 — a) +B. (62) 


The form of this formula is the same as that of formula (61). 

Let us consider, for example, the transformation of that part of the 
plane outside a square. Owing to symmetry we obtain points a,, which 
divide the circumference of the unit circle into equal parts and, by 
rotating this circumference, we can take it that these points will be 


@,=1; a@,=%t; aQg=—1; Q=—t?t. 
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In this case we have the following relationship for the angles: 


3 
Bp Sy Og a 8 


and therefore the final formula has the form: 
wun dr 


The values of the constants A’ and B depend on the dimensions 
of the square and its position in the plane. 

Note that at the beginning of [36] we considered the transformation 
of the half-plane into a polygon and in this paragraph we applied 
the result obtained to the transformation of a circle into a polygon. 
It can easily be seen that all arguments used in [36] also apply here. 

Let us make one remark in connection with formula (62). We ex- 
pand the integrand in the neighbourhood of the point at infinity. 
From (56) we can rewrite this function in the form: 


Q-Sy". By. <a) 
tT t _ t J 


or applying Newton’s binomial theorem, we obtain the following 
expansion: 
(a, —la,+(a,—l)a,+...+(a,—la c Cy 
| — SH, 
When integrating the term containing 1/t we obtain the function 
log t and, consequently, in order that the neighbourhood of the point 
t = 0¢ should correspond to a one-sheeted domain it is necessary (and 
sufficient) that the constants a, should satisfy the relationship: 


(a,— l)a,+(a,—l)a,+...+(a4,—1)a,=0. (64) 


If this relationship is not satisfied then formula (62) transforms the 
outside of a unit circle | 7| >> 1 into the domain B bounded by a 
broken line with a branch-point of the logarithmic type at infinity. 

Formula (62), as we noticed above, can also be used for the trans- 
formation of the interior of the unit circle |t| < 1 into an infinite poly- 
gon, when the point rt = 0 is transformed into the point at infinity. 
If we expand the integrand in the neighbourhood of the point + = 0 
and cancel the terms containing 1/t, we obtain the condition: 

(ae) ee eae 1 
a, as, a 


na 
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It is identical with (64) since it is given that |a,|—=1; hence it is 
given that a, 1 = d, and that the numbers a,, are real (and positive). 


39. The minimum property of the transformation into a circle. Consider the 
function 
z= f(t) —=t+c,7?.... (65) 


which is regular in the circle | t | < R. This function transforms the circle into 
a domain Bwhich can have several sheets and which can contain branch-points. 
The circle | t| < R,, where R, < R, is transformed by (65) into a part of the 
domain B, which we denote by B,. Let us determine the surface area of this 
domain. As we know it can be expressed by the integral [29]: 


S=J Sir @ ds, 
Iz|<R, 


where we integrate round the circle | t| < R,. We can rewrite this integral 
as follows: 


R, 2 ; ; 
S,=J § (4+ 2c,re'? + 3c, re? 4...) (1+ 2¢,re—!? + 3¢,r2%e— 2° 4, ..)rdrdg. 
00 


Owing to the absolute and uniform convergence of the series in the circle 
|z| < R, we can multiply our two series term by term and we can also integrate 
them term by term. Notice that by integrating the function oe? through the 
interval (0, 2), where k is an integer other than zero, we obtain zero. Thus when 
multiplying the above series it is sufficient to retain only those terms which 
do not contain factors of the type o!*?, and integration with respect to » will 
then simply involve multiplication by 27. We thus obtain: 


R, 
S, = 2x (1 +22 [c,|?r2? +... + 2c, [Pre 7+...) rdr 
0 
or 


S,=aRi+n 3 n| cy RM. (66) 
n=2 


As R, tends to R, the latter increases and tends either to a finite limit or to 
infinity. In any case this limit, which gives the surface area of the domain 
B, will be greater than xR’, i.e. greater than the surface area of the initial circle 
| t| < R, provided that in the expansion (65) at least one of the coefficients 
¢;, is other than zero. We thus obtain the following result. In the transformation 
of the circle |t| < R by the function (65), which is regular in this circle, the 
surface area of the domain increases, provided at least one of the coefficients cy, 
ts other than zero. 

Having established this preliminary theorem we can now explain one very 
important property of a function performing conformal transformation. Let 
B be a connected bounded domain in the z-plane and assume that the origin 
z= 0 lies in this domain. Suppose also that F(z) is a function which 
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conformally transforms B into a unit circle and that the origin z = 0 is trans. 
formed into the centre of this circle. In the neighbourhood of the point z=0 
this function can be expanded as follows: 


F, (2) sd,z2+d,2+..., 


where d, > 0. Let us now consider a new function 
F (2) me F, (2) 
( a, (z). 


This function transforms B into the unit circle | | < R, where R = 1/d,, 
and its expansion in the neighbourhood of z = 0 is: 


t= F (2) =2z2+0,22 4+4,234... (67) 


Its inverse function is regular in the circle | t | < R where it can be expanded as 


follows: 
z=f(t)=tt+et +o, +... (68) 


Tho double integral 
SS | F’ @ Pads, (69) 
B 


which gives the surface area of the circle must be cqual to 2R*. If instead of 
the function F(z) we take any other function g(z), which is regular in B and 
has an expansion of the form (67) in the neighbourhood of the point z = 0, 
then by substituting for zin the expansion (68) we obtain a function + which is 
regular in the circle | | < R where it can be expanded as follows: 


P (2) =e [f (t)] = t+ et + Cyt? +... =f, (7). (70) 


Let us evaluate the double integral (69) for this new function g(z). Changing 
to the r-plane and recalling the expression for an element of surface area in 
the t-plane in terms of an element in the z-plane [29]: 


ds, = | f (t) |? ds,, 
we find: 


SSiv@Ptd=S f ler’ @r@eerd,=S f (i@[ds, 
B R 


[tJ < [t1<R 


and in accordance with the above hypothesis this integral will be greater than 
aR?, provided that at least one of the coefficients e, in the expansion (70) is 
other than zero. If all coefficients are equal to zero, i.e. g(z) = +r then evidently 
p(z) = F(z). We thus arrive at the following theorem. 

THEOREM. Among all the functions which are regular in B and have in the 
neighbourhood of z = 0 an expansion of the form (67) there is one function which 
conformally transforms B into a circle, centre the origin, and which gives the integral 
(69) tts mintemum value. 

This theorem can be used for the construction of an approximate expression 
for the function F(z) which transforms 8 into a circle, in the form of a poly- 
nomial. Hence F(z) can be approximately represented by a polynomial of 
the nth degree: 

F(z) =z+a,27+... +a,2", (71) 
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and we shall determine the coefficients a, of this polynomial from the condition 
that the polynomial (71) alone among all other polynomials of a similar kind, 
gives the integral (69) its minimum value. Let us construct an arbitrary poly- 
nomial 
@ (2) = b, 22+ 6,23-+...+6,2" 
and subsequently construct a new polynomial which has the same form (71) 
as the polynomial F(z): 
@ (z) = F (2) + ew (2), 


where ¢e is a real parameter. Construct the integral (69) for this new polynomial 


JS Li? @) + ew’ (2)] LF’ (2) + ew’ (2)] ds, 
B 


This function of « should reach its minimum value when e = 0. Equating 
to zero its derivative with respect to « when e = 0 we obtain the following 
condition: 

§§ LF’ (2) @)] + [F’ © @’ (2)] ds = 0, (72,) 
B 


which should apply for every arbitrary choice of the polynomial w(z). 
Similarly, substituting ze fore, where « is real, we obtain instead of (72,) 
the condition 
§ § LF’ (@) a" @) — F*@) @’ (2)] de =0. (72) 
B 


On adding, we obtain the condition 
Sf F’ (2) @ (z) da = 0. 
B 


Assuming that w(z) is, in turn, equal to 


a (2) == 2%, 29, ..., 2" 


and introducing the symbol: 
Pix =J J zi 2k de, (73) 
B 


we obtain the following system of equations of the first order for the required 
coefficients a, of the polynomial (71): 


Pro + 2P4, Op + 3D Ag + ++. $M 1 Gn = 9, 
Doo + 22, 22 + Spyg Gg t --. + MP2, a1 %q = 9, (74) 


Pn-1,0 + 2Pp-1,1 Fz + 8Ppa1, 243 + +++ + Ppa, n-1 9n =0. 


Hence this problem must involve the evaluation of integrals of the type (73). 

If a simple closed curve, which does not cross itself, serves as the contour 
of the domain, then it can be shown that the above polynomials tend uniformly 
as n-— oo, to a function in B, which reflects B into a circle. 
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In conclusion we shall make a remark about the first theorem proved in 
this section. The function (65) transforms the circle |z| < R into a domain 
B which can have extremely complicated geometric properties, viz. it can 
have several sheets and the form of the contour can be very complex. It can 
be shown that such a domain may not even have a surface area in the usual sense 
of the word and what we have called the surface area of the domain must be 
understood as the limit of the surface areas of the domains B,, which lie in B 
and which expand in such a way that every point of B which falls within these 
domains makes them tend to B as their limit. If B has a surface area in the 
usual sense then the latter evidently coincides with the above limit. 


40. The method of conjugate trigonometric series. We shall now give 
another method for the approximate construction of a function which con- 
formally transforms the connected domain B into a circle. In this case we obtain 
this approximate representation in the form of a polynomial which does not 
lie in the z-plane of the domain B, as was the case above, but in the t-plane of 
the unit circle. For the sake of simplicity we assume that the centre of the circle 
is transformed into the origin which lies in B. Let 


ze=a,tT+a,t? +... (75) 


be a function which transforms the unit circle C(| z | < 1) into B. If the contour 
of B is a simple closed curve, then it can be shown that the series (75) will 
converge uniformly within and on the circumference of the closed circle C. On 
the circumference we assume that 7 = e!”, where 0 < @ < 22; we then obtain 
the equation for the contour I of our domain B: 


=2+iy=a,e'? +a, 07? 4 a,c? + .., (76) 


or, separating the real and imaginary parts in the coefficients a, = a, — if,, 
we can write the equation of the contour in the form: 


z= >> (a, coskp +B, sinkp); y= Dy (— 8, cos kp + aysin ky). (77) 
k=1 k=1 


In a particular case a, can be real, i.e. 2, = 0. The equations (77) give the 
parametric representation of the contour J’of the domain Bin a special form, 
viz. they give the parametric representation in the form of conjugate trig- 
onometric series [25]. This is known as the normal parametric representation 
of a curve. In its complex form this can be written in the form (76). Conversely, 
if we have the normal parametric representation of the contour I" of the domain 
in the form (76) or (77) we can construct the function itself by substituting 
elk? by r* in the series (76). In this case the series (76) must be uniformly con- 
vergent. The problem thus involves the finding of the normal parametric repre- 
sentation for the contour I’ of the given domain B. 

We assume that we have an equation for the contour I’ in an indefinite 
form and that this equation is as follows: 


at+y?—1L+AP (22, y?) =0, (78) 
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where A is a constant and P(z’, y*) a polynomial containing only even powers 
of x and y. The equation (78) can be rewritten in complex form. Note that 
P(x?, y?) can be considered to be a polynomial of two arguments: 


wt-y2aezz and 2 (x? — y*?) = 2? + 2, 
go that the equation (78) can be rewritten in the form: 
5 Bos k t 
2B—1+A 3 3 Ay (22)* (2? +24)! =0, (79) 
{-0k=0 


where A,, are given real coefficients. It is given that our curve Fis symmetrical 
with respect to the axes of coordinates and by repeating the arguments analo- 
gous with those in [37], when we considered a regular polygon it can be shown 
that in the formulae (77) 8, = 0 and a,, = 0 so that the complex form of the 
equation of the contour is as follows: 


zeara,e'? +a, eit? ae tes (a, > 0), (80) 
where a4, are real coefficients; consequently: 
z=a,0 + a,e 8? 4 |, (81) 


By direct multiplication we obtain the expressions: 


+o 
z= > | > Fajtt oy ete, 
J 


p=—e Lj—j’=p 
+a 

i ot i PE cap of @Ptae + (82) 
p=0l j+j'=P 


+@ i 
oF =| > Gofti cul ei ere. 
p=0Lj+j’=p 


In each of the above expressions summation with respect to j and j’ is done 
from 0 to + oo but only those values are taken which satisfy the equations writ- 
ten below the symbol of summation. Substituting the expression (82) in the 
left-hand side of (79) we should, by multiplying the series once again and col- 
lecting terms with identical powers of o!?, equate to zero all terms with dif- 
ferent powers of e'?, Note that in the formulae (82) the coefficients of positive 
and negative powers will be the same but only positive powers of e'? enter 
the formulae. The same evidently applies to the expansion of the left-hand side 
of the equation (79), so that we have only the constant term and the coeffici- 
ents of e'2?? where p > 0 to equate to zero. 

Without actually performing all of the evaluations in the general case we find 
that from the first equation in (82) we obtain a system of equations in the form: 


aj ta3+az+... +47 (G4) = 1 
@,ay+ Ggag+... AT, (2j41) = 0 : (83) 
@,4,+4,0,+... AT, (A741) = 9 
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where T',(@,,,,) are definite expressions containing the given coefficients A,, 
and the unknown coefficients d2;4,. We shall not write them out for the genera] 
case. Let us rewrite the above system of equations leaving on the left-hand 
side of each equation only the first term, extracting the square root in the first 
equation and dividing all remaining equations by a: 


a,=V1— [a3 +a%+... +4 To (42j41)); 


a,a a.a@ 1] 
3°5 5 “7 
a Se Se AP (Go; ) 
3 1 ey ti/> 
a aq Gq 
aga a, @ 
37 59 
C—O ee —-—-AT Ay; 
5 a, a, a, 2 ( aj+i)s 


Expanding the radical by using Newton’s binomial theorem we obtain: 


a, =1—S [of tag +... +47 (ayss)] + 


HG-) 


+s [a8 + + FAD (Gaps)? + --- 
(84) 
a,a a, a. 1 
a, = acer rs ae —... eg ei aa 
age — 0 8 Lar faye 


Ce 


We shall solve this system by the method of successive approximations and 
by taking the following for the initial values: 


aQ=1; oo =... =0. (85) 


Substituting the expressions (85) in the right-hand sides of the equations 
(84) and rejecting all terms which contain powers of A higher than the first 
degree we obtain the first approximation for the coefficients: 


oP + Alf, 8) 


whence, by using the expressions T',(a);4,), it can be shown that all expressions 
(86), are equal to zero for sufficiently large values of j. 

By substituting again the expressions (86) in the right-hand sides of the 
equations (84) and rejecting all terms containing powers of A higher than the 
second degree we obtain the second approximation for the coefficients in the 
form: 

a. a AaS), 1: +2 ae ’ 


where again all expressions will be zero for large j’s etc. It can be shown that 
the infinite series thus obtained for a,;,, converge for all values of 4 which 
are sufficiently close to zero and that they give the solution of the problem. 
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Example 1. To clarify the above method we shall consider an example, 
viz. we shall find a function which reflects a unit circle into the interior of the 
following ellipse (87) 


a? + y?—1—A(x2? — y?) =0. (87) 
In its complex form this equation can be written as follows: 


2? + 22 


zz—A 5} 


=], 


and by using the formulae (82) we obtain an infinite system of equations 
in the form: 


af + a3 + a + a} + a9 + an +... =1 
G, Bg + Og a, + Gg Gy + G7 dy + Fy, + .-- =1(5a3) 
a, 4g + 4,0, +4,d9+4,4,, +... = A (a, a,) 
@, @, + dga,+a,a,, +... =1(508 + a, 4) (88) 
G10, +4, +... = A(a, a, + a, a,) 
A, y+ Fy Og + .-- =A (a, a5 + 034, +5 a8] 


Oe 


Let us introduce the new unknown @g,, assuming that 


a a 
Qo = a1; a er (89) 
In this case the system (88) can be rewritten as follows: 
_i 
Go=(ltet+ee+...) 
] 
Oy =z4 — @1 C2 — G2 Cg — Os Oa — C405 — «>> 
Os = Ae, — 01 03 — C2 Os — Cn 05 — «+> 
(90) 


1 
0s =4(5-et + es] — ere — e206 — ees 
Og = 4 (01 Cc + Os) — C1 Cs — wee 
1 
es= (04+ e103 +38} —e1ee—--: 


Ce i ee 


Without paying any attention to the first equation for the present, we can 
solve the remaining equations by using the above method of successive approx- 
imations. 
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Thus, on going as far as terms containing 4° we obtain: 


1 1 3 1 9° 
Pastas — As +. - as 
a= > 4 ‘ 32 By es 2 4 16 aM; 
5 9 7 21 
.—— ad a3 ]5 = — jade =l § 

Ca 5 4 8 , Qazi 0, 16 * 


where all remaining 9; are equal to zero. We took aa the initial values 
of = of) = ... = 0, Substituting the expressions obtained for og, in the right- 
hand side of the first equation of the system (90) and using Newton’s binomial 
formula, we obtain an expression for g, which is accurate up to terms in 45, 


—= 1 2 3 4 
@=1— Ee + 55M. 


By knowing the values of g;, and from (89) we can construct a;,: 
@2.=@00; Gg=0Q00Q1; % = 008s; 


Thus the unknown function which reflects the interior of the unit circle 
into the exterior of the ellipse (87) can be approximately represented by a 
polynomial of the eleventh degree: 


e=(1- G+ ay) efit (Ga-fetaajes 


+ (5 2 = 5) v4 + (F A3 — ze + Eu +55 Ae] 7 (91) 


2. Consider the conformal transformation of a unit circle into the interior 
of a square bounded by straight lines « = +1 and y = +1 parallel to the 
axes. The equation of this square can be written in the form: 


(l—2*)(y2—1)=0 or a2+y?—l—aty?=0. 
Introducing the parameter 4 we obtain a family of lines: 
z+y?—l—Aay=0. 


In the complex form this can be written as follows: 


2? — 3 ) 


a —1+2/ 7 


In this case the square is symmetrical with respect to the axes of coordinates 
and the bisectors of the angles between these axes. Bearing this in mind and 
using the same arguments as in [37] we find that the normal representation of 
the contour of our square must have the form: 


z=a,e'? +a,e% 4 a,c? 4... (a, >0), 
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where a44, are the required real coefficients. The above method gives the 
following infinite system of equations for these coefficients: 


at alu... = 
7 2\2 2 
=14+5|($) + (ar a+ (a1 49 + 5 08] + (a1 aus + 05.05)*+--. | 
GQ; Gs + A549 + Ag Ag+ -.. = 


-{-F(Geeoalba)tfnedaliowe] | 


a, Ig +O, Ag+... = (92) 
24-(ensGeetaliaen) | 
Q,dyjgt-.. = 
A a? 


In this case we act somewhat differently, viz. we suppose immediately that 
4 = 1 and we then solve the system (92) so obtained by the method of successive 
approximations; the initial values are as follows: 


q=1; a,=—a=—...=0. 


Substituting this in the system (91) we have: 


1/1\2 1 1/1)2 
a=1+5(5) 3 «= 5-|-3(5) |: a¢=—a,=—...=—0 


a,= 1.0607; a,= —0.0625; a,—a,=—... =0. 


or 


Substituting these approximations in the system (92) we have: 


a? +- (— 0.0625)? = 1+ 3" + 1.0607)? - (— 0.0625)? -+ 4 (— 0.0625)| ; 


4 
1.06074, = + [- J 1.0607)" 1 1.0607)2 - (— 0.0625) + + (—0.0625) - 1.0607]; 
2|- 274 2 2 
1.06070, = + |- = (1.0607)2 (— 0.0625) + = (— 0.0625). (1.0607)"| : 
If 3 
1.06074,4= > [- = (1.0607) (~ 0.0625)"| 
1.0607c,.— 0. 


This gives the following approximations: 
a, = 1.0672; a, = —0.0922; a,=—0.0181; a,,=-—0.0016; a,=0. 
These successive approximations can obviously be continued further but to 


evaluate successive approximations the system (92) must be written in a more 
specific form, by adding new equations and writing out a greater number of terms 
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in each equation. To evaluate successive approximations the preceding approx. 
imation is substituted in all terms of the system (92) except in the first term 
on the left, although beginning with the second equation, the values of a, 
are substituted in the first term. 

In the case under consideration the values accurate to the first four decimal] 
places, will be as follows: 


a, = 1.0807; a,=—0.1081; a,=—0.0450; a,,= —0.0242; a,, = 0.0174; 
a,, = — 0.0125. 


Notice that when applying the method of successive approximations with 
initial values a, = 1, a, =a, =... = 0, all the coefficients a,,,, in every 
approximation from a certain coefficient onwards will be equal to zero. 

Instead of the above method an expansion in powers of A can be used, not 
for the coefficients a,;,, but for the right-hand sides of the equations (77) or 
(78). This will lead to somewhat different results when the method of succes- 
sive approximations is used. We are trying to find the normal parametric repre- 
sentation for the curve (78) in the form of series in whole powers of the para- 
meter A. 


X= 2 (Y) +a, (P)A+2, (PAP +...35 y=yo() tyr (P)A+ Ye (yp) A7+...-, (93) 


where x,(p) and y,(~) are functions giving the normal parametric representation 
of the curve (78) when A = 0, i.e. they give the circles x? + y? -—1=0. In 
other words, in formula (93) we have: 


Xo(~)=cosp; Yyo(v)=sing. 


Further coefficients x,(g) and y,(y) must be conjugate functions, i.e, 
they should be represented by conjugate trigonometric series. Substituting the 
expression (93) in the left-hand side of the equation (78) and equating to zero 
terms with like powers of 4 we obtain equations for the determination of 
the coefficients of the expansion. 

3. Let us apply the above method to the ellipse: 


a—Ft4a)= 1, (94) 


which we have also considered in connection with the first method. We shall 
try to find the normal parametric equation for this curve in the form: 


z=a+iy=e+z,(p)Ate(p)R+..., (95) 
where every value z;(g) is an expression of the form: 
24 (9) = af) of + aff) of? +... (96) 


Substituting (95) in the left-hand side of (94) we have: 
A 
(ef? +2A+2,A27 +...) (CP 42,042,082 + Joye +art we 
+(e +2,A+...)2]=1. (97) 
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Equating the coefficients of 4 to zero we obtain: 


- = 1 = 
el? zZ, +e ip z= =z (cl? +e (29) 


or 
Rie '?z,] = + cos 29, 


where @ is the symbol of the real part. In agreement with (96) this gives 


1 
R [a a a(1) el?” Hea | =>5 cos 29, 


whence 
1 
Masi al!) = afl) = afl) =... = 0. 
Finally this gives: 
z= + ef9, (98) 


Let us return to formula (97) and equate the coefficients of 4* to zero: 


ez, + el? Zz, 42,2, =e? z, +o Pz, 
or 


R [e"!? Zz] =R [e’? z]— rh Ria 
From (98) we have: 


Re? z,] = — = + * cos 49, 
i.e. remembering (96): 
‘ ee | 
R [a + ae" 4+ ...] = — 3 t5 cos 49, 
whence a” = — 1/8, a?) = 1/2 and the remaining aj}),, are equal to zero, i.e. 
1 l ; 
Ze = se + =e. 


Continuing in the same way we obtain 


5 
a= — eel to oll, Peace oe 


5 oisp , 7 Qto@ 
16 128 a Tae 


and, finally, substituting in (95) and replacing e!“? by r* we obtain the approxi- 
mate expression for the unknown conformal transformation: 


cart ouit(—grtgelet(-petgelet 
7 
+ (357 jut pr) a, (99) 


The method described above was developed by Prof. L. V. Kantorovich. 
The detailed description of this method with the proof of convergence can be 
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found in the work of the author (Mathematical Manual, vol. 40 : 3). Notice that 
if in formula (91) we consider no terms containing powers of A higher than 
the fourth power then formula (99) will be obtained. 


41, The two-dimensional established flow of liquids. Having explained 
the theoretical basis of the theory of conformal transformation we 
shall now consider the application of the theory of a complex 
variable to hydrodynamics. Let there be a two-dimensional estab- 
lished flow of liquid, where the potential of velocity is equal to 
g(x, y) and the function of the current is equal to y(z, y) [II, 74]. Let 
us recall that the components of current at every point are ex- 
pressed by the formulae: 


vy, = 


Op (x,y) . Op (z, y) 
gg Wg (100) 


and the difference 
Y (%5 Y1) — P (Zo Yo) = ¥ (AL) — ¥ (Mo) (101) 


gives the quantity of liquid which flows in unit time across an arbi- 
trary contour connecting the points Jf, and M,. The flow is indepen- 
dent of time and is the same in all planes parallel to the XY-plane; 
the liquid is of unit density. More strictly, the expression (101) 
gives the quantity of liquid which flows in unit time across a cylindri- 
cal surface, parallel to the Z-axis, of unit height, the surface having 
the shape of a contour / in the XY-plane which connects the points 
M (XZ, Yo) and M,(z,, y,). Hence from above the functions g(z, y) and 
y(z, y) are connected by the relationships: 


which are exactly the same as the Cauchy—Riemann equations. We 
can therefore say that the function of the complex variable 


f(z) = 9 (x,y) + (a, y) (102) 


has a derivative in the domain occupied by the flowing liquid. This 
function (102) is usually known as the complex potential of flow. 

As we said above, the functions ¢(z, y) and y(z, y) can be many- 
valued viz. they can acquire constant terms by encircling a certain 
point, or more generally, by encircling certain holes in the region 
under consideration. For the function y(z, y) this many-valuedness 
indicates the presence of a source at the corresponding point and for 
the function 9(z, y), the presence of an elementary turbulence at 
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that point. In such cases the function f(z) will also be many-valued, 
j.e. it will acquire constant terms by encircling certain points (or holes). 

From (100) we can see that the velocity vector corresponds to the 

complex number 
) . O ) 
eee ie oe 

The latter expression is the function conjugate with the derivative 
f(z) [2]. Hence a@ function g(z), conjugate with the derivative f(z), 
gives the velocity vector of the flow. 

Consider the isothermic net which corresponds to the function (102): 

g(%y)=C,; vl(e,y) =C,. (103) 
The first family of lines represents a family of lines of equal velocity 
potential or, in other words, a family of equipotential lines. The 
second family (lines of current) represents, as can easily be seen, a 
family of trajectories of liquid particles. In fact, as we know, the two 
families will be orthogonal but the velocity vector, which is equal to 
grad 9(z,y),is directed, as it happens, along the normal to 9(z,y) = c¢,, 
which corresponds to a line of the second family (103). Thus in the given 
established flow the velocity vector at every point is directed along 
the tangent to the line from the second family (103), which passes 
through that point, i.e. in fact this family is a family of lines of current, 
and the latter, in an established flow, gives the trajectories of liquid 
particles. 

Until now we have considered the kinematic picture and thought that 
any kinematically possible picture of movement can be given by a com- 
plex potential which is a regular function; conversely, any complex 
potential gives a kinematically possible picture of movement. We 
will now show that we can in this way also satisfy other hydrodynamic 
equations which give us the value of the pressure. Let us write down the 
hydrodynamic equations for the two-dimensional established flow, 
assuming that exterior capacity forces have a potential U(z, y). 
Bearing (100) in mind we obtain two hydrodynamic equations and a 
continuity equation [II, 115]: 

bp By Shs ee oe ee te 
Oz 0a? Oy Ordy ° = Or @ Or’ 
op 8p L op yp _ 0 1 ap 
Ox Ox Oy Oy Oy? dy o Oy’ 
3? e? 
mat si 7 


=0, 
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where ¢ is the density of the liquid and p(z, y) is the pressure. The 
continuity equation is evidently satisfied, for the real part of the 
regular function is a harmonic function. The first two equations can 
be rewritten in the form: 


ulcdhacaltaa ee 


S {+ (BY]-o+te-0 


It follows that the expression inside the shaped brackets, must be 
a constant and we thus obtain the following integral: 


(G+ GY -vstr-0 as 


which determines the value of the pressure p(x, y). If the capacity 
forces are absent and if we assume that 9 = 1, we obtain the formula: 


p=C-—Z|V 


‘=0—s|h@/, (105) 


where | V | denotes the velocity. 

Note that if instead of f(z) = p + tp we take the complex potential 
if(z) = —yp + ip, then the equipotential lines will be transformed into 
lines of current and vice versa. Hence every isothermic net of a regular 
function essentially gives two different pictures of the flow of a liquid. 


42. Examples. 1. All examples of isothermic nets which we considered earlier 
can now be interpreted from the point of view of hydrodynamics when, as we 
have shown above, every example gives two hydrodynamic pictures. 

Let us now consider some other examples. To begin with we consider the ele- 
mentary function 


f(z) = A log (z — a) = A log|z—a|+7A arg (z — a), 


where a is a point of the plane and 4 is a real constant. In this case the equi- 
potential lines are circles, centre at a, and the lines of current are straight lines 
which originate at that point. The function f(z) acquires the constant i27A by 
describing this point and therefore the imaginary part of the complex poten- 
tial p(x, y) (the function of current) acquires the term 272A. The velocity vector 
is determined by the complex number 


a= 


z—@ 

If we denote by ¢ and ¢ the modulus and amplitude of the complex number 
z —a, then the velocity vector corresponds to the complex number Ae’? /g. 
One result of this is that on approaching the source, the velocity tends to 
infinity and, when A is positive, this velocity is directed from the source to 
infinity, i.e. we have a source but no flow. 
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Let us now consider the more general function: 

z—@ z—@ z—a 

z—b z—b z—b’ 

where a and 6 are distinct points in the plane and A is a real constant. In this 

case the isothermic net is defined by the equations: 

z2—-@a4 z2—a@a@ 

z—b z—b Ce 
As we know the first of these equations corresponds to a family of circles 

with respect to which a and 6 are symmetrical and the second equation to 


(106) 


f(z) = A log = Alog 


+iA arg 


=C.i; arg 


Fic. 45 


a family of circles which pass through the points a and 6 [31]. In the case 
under consideration we have a source of intensity 27A at the point a and a 
flow of the same intensity at the point 6. 

2. Let us suppose that the points a and 6 lie at the points —h and 0 on 
the rea] axis and take A = 1/h. In this case the function (106) has the form: 


Hae 10g (5 fF) — 8s 


Taking the limit as h + 0 we obtain the complex potential which charac- 
terizes a so-called dipole at the origin: 


Oe 


It can easily be shown that in this case the isothermic net consists of circles 
passing through the origin and touching the Y axis (equipotential lines) and 
of circles passing through the origin and touching the X axis (lines of current) 
(Fig. 45) [31]. 
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3. Consider the function: 
f(z) =7A log (z — a) = — Aarg (2 —a) + 7Aloglz—al, 


where A, as before, is a real constant. In this case circles, centre at a, serve ag 
lines of current and the straight lines which radiate from the point a are equi- 
potential lines. By encircling the point a in the positive sense the real part of 
f(z) (velocity potential) receives an increment —22A and we have at the point 
A an elementary turbulence of intensity —27A. 

4, Take the function 


feo=Z(e+s), (107) 


which we investigated in [33]. Separating the real and imaginary parts we obtain 
an equation for the lines of current in the form: 


k y = 
a ange) =e 


ky (22 + y? — 1) — 20 (a? + y?) =0. 


In the general case these lines are certain curves of the third order. In the 
particular case when C = 0 we have a circle x? + y? = 1 and the axis y = 0. 
We are only considering that part of the plane outside the above circle. We can 
say that the lines of current consist of the lines (— ©, —1) and (1, 0) on the 
y = 0 axis and of the above circle. In this case we have considered the flow 
of liquid outside the circle with the liquid circulating round the circle. Evalua- 
ting the derivative 


or 


ra=5(1-s), 


we see that the velocity of flow at infinity is equal to k/2 (where k is real) and 
this velocity is equal to zero at the points z = +1, i.e. at points where the lines 
of current enter the circle. 

We now add a logarithmic term to our function and thus construct a new 
function 


h@= £ (- va “| — iA log z. (108) 


The real part of the second term also remains constant on the above circle, 
i.e. this circle, even for the complex potential (108) is one of the lines of current, 
but in the case under consideration the velocity potential receives an increment 
2nxA on encircling this circle, i.e. the potential (108) gives the flow round 
our circle with an elementary turbulence. Figures 46,, 46, and 46, give the 
appearance of the lines of flow for various values of the constant A/k. The 
flow represented in Fig. 46, shows that the points of entrance and exit of the 
lines of flow coincide on the circle round which the liquid circulates. 

5. As we saw earlier in [33] the isothermic net for the function 
f(z) =are cos z/k consists of confocal ellipses and hyperbolae with foci at +k 
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on the real axis. This net is shown in Fig. 47. If we take the hyperbolae as the 
the lines of current we obtain the picture of flow through the aperture 
(—k, +) on the real axis. If we take the ellipses as the lines of current we 
obtain the picture of flow round the ellipse or round the line (—k, +4). 

6. Frequently when studying the hydrodynamic picture it is more con- 
venient to give not the complex potential w = f(z) but its inverse function 


3 


Fic. 46, 


z = ~(w). Consider an example of this kind. Suppose that the complex poten- 
tial is given by its inverse function 


z=w+tew, 
Separating the real and imaginary parts 
z=a+ty; w=9+t+iy, 


we have: 
z=pt+e? cosy; y=ypte?siny. 
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Assuming that y = C we obtain an equation for the lines of current in the 
parametric form 
zrz=go+e"cosC; y=C+e% sind, 


where is the variable parameter. Consider two lines of current, viz. the lines 
corresponding to C = x and C = —z. In the first case we have 
c=gp—e?s; yen. 


It can easily be seen that in this case the lines of current consist of a double 
line — co <2 < —1 on the line y = 2. In the second case when 0 = — 2 the 
lines of current consist of a double line —o<2#< —1 on the line y= — g, 


Fic. 47 Fia. 48 


Also, when C = 0, the axis y = 0 itself serves as a line of current. Figure 48 
represents the appearance of the lines of current in this case. 


43. The problem of flow round a contour. Suppose that we are given 
a simple closed contour J in a plane and that we are investigating 
the flow of liquid outside this contour, which must satisfy the follow- 
ing two conditions: (1) the contour / must be one of the lines of current 
and (2) the velocity at infinity must be finite and have a definite 
direction. It is also necessary that the complex potential f(z) be a 
single-valued function. We assume that the velocity at infinity is given 
by a positive real number c (i.e. we choose the positive direction of 
the real axis as the direction of the velocity at infinity). 

Suppose that we know the function which conformally transforms 
that part of the z-plane outside J, into the outside of the unit circle 
|z|> 1. We know that there is an infinite number of such functions 
and we choose the function which translates the point at infinity into 
itself and has no direction at that point. w’(°°) is a real positive number 
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for this function and we have the following expansion for it in the 
neighbourhood of the point z = ©: 


t=o(2)=bze+ht2+... (b>0). (109) 


As we already know, the complex potential in the problem of flow 
round a circle, can be expressed as follows: 


f(t) = 3 (e+), (110) 


where k is a real constant which we shall determine later. If we sub- 
stitute t by its equivalent expression from (109) in the equation (110) 
we obtain a single-valued function which is regular outside the contour 1; 
its imaginary part remains constant on the contour J, in the same way 


as the imaginary part of (110) remained constant on the circle | t | = 1: 
k 1 
f@) =f @l=5[o@) +s5- (111) 


The constant & only remains to be chosen so that the velocity at 
infinity is equal to c, i.e. so that /’(°°) = c. From the formulae (109) 
and (110) we must have at infinity 

fa=F[-agle@ and f(o)=F-, 
from which it follows directly that we should take k = 2c/b. We thus 
see that the problem of flow round a contour involves the conformal 
transformation of that part of the plane outside that contour into the 
exterior of a unit circle. 

It can be shown that if the function /(z) is single-valued the solution 
of the problem is unique provided that f(z) has no singularities outside / 
other than the simple pole z = 9, 


44, N. E. Zhukovskij’s formula. Let f(z) be the complex potential 
which gives the flow round the contour / and let the velocity at in- 
finity be equal to the positive number c. We assume that f(z) is not a 
single-valued function but that in describing a circuit round the 
contour / its real part 9(z, y) gains a constant term y. The component 
of pressure on the body about which the liquid circulates can be 
expressed by line integrals: 


F,=J§p(z,y) cos(n,x)ds; Fy={p(z,y)cos(n,y)ds, (112) 
i i 


where p(x, y) is the pressure and 7 is the direction of the normal 
inside the contour. 
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The element of the contour ds, like the vector, corresponds to a 
a complex number dz =e ds, where @ is the angle between the 
tangent to the contour and the OX axis. The multiplication of 9 
complex number by 7is equivalent to the BadtHon of z/2 to the ampli- 
tude and therefore the complex number ie” ds corresponds to a 
vector ds, directed along the inside norme! to J, and we evidently 
have: 


F,.+ iF, = § pidz. (113) 
i 
According to formula (105) 
ey 1 | df [2 
p=C—sIP@P=o-—5[4/, 


and therefore 


F,+4F, =i [Ode — 34 [| t/ 
i 
It is obvious that 
fdz=0; 
t 


it is convenient to change to complex conjugate values in the above 
equation, after which we obtain: 


: 13 d d es A. [df as 
F,— iF, = 51 {| Se =53 Sue Sag = i| f f. (114) 
i 1 
The contour / is a line of current, and therefore y(z, y) is a constant 
on this line; y(z, y) = C, and therefore, on 0: 
f2)=e(ey) +i, Fe=9(ty)— iC, 


from which it follows that df = df. Multiplying both sides of (114) 
by ¢ we obtain a complex value which fully characterizes the vector 
of the total pressure upon the body: 


or finally: 
(<£)"ae. (115) 


The function /’(z) is regular and single-valued outside /. In the neigh- 
bourhood of infinity it can be ae as follows: 


f(z) =e+ aoa ae (116) 
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where c is the given value of the velocity at infinity. For the function 
f(z) we have the following expression in the neighbourhood of infinity: 


f (2) =C 4+ cz +b, loge — 2 + rr 


and by describing a circuit in the positive sense around J, the function 
f(z) acquires the term 722b,, which we earlier denoted by y. Thus 
b, = (1/27t) y and instead of (116) we can write: 
, 6 
((2)=c+ate +t... 


27 1z 


whence, by squaring, we obtain an expansion in the form: 


7 d 
[i @Pae+ +44... (117) 
When evaluating the integral (114) we can, as a result of Cauchy’s 
theorem, integrate not round the contour J but round a closed curve 
which surrounds / and which lies in the neighbourhood of the point 
at infinity. We can then use the expansion (117) when we obtain the 
following expression for RP: 


R=F,+iF,=— oon 2ri = — cy, 
i.e. 
Fy=—cy; F,=0. (118) 


45. The two-dimensional problem of electrostatics, We shall now 
apply the theory of functions of a complex variable to the problems of 
electrostatics. We frequently meet here problems analogous with 
those considered above. First of all we shall explain what is meant by 
the two-dimensional problem of electrostatics. As we know the point 
charge e creates lines of force in space which act in accordance with 
Coulomb’s law and the intensity of the field is expressed by the well 
known formula 

(22, 
where o@ is the distance from the charge e to the point Jf, at which the 
vector of force is determined. This vector of force takes the direction 
of the line connecting the charge and the point Jf. Imagine now that 
we have a charged straight line parallel to the Z-axis which crosses 
the XY-plane «t the point O, and that the density of the charge is the 
same at every point. Denote this charge, which is proportional to 
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unit length of the line, by e. The picture of the electrostatic field jg 
obviously the same in all planes parallel to the XY-plane; therefore jt 
is sufficient to consider the XY-plane alone; here again, as a result of 
the principle of symmetry, the vector of force must lie in this plane 
and take the direction of the line joining the point O with the point 
M in the plane at which the force is calculated. The elementary charge 
on the section dz of the straight line is expressed by the product e - dz, 
and the value of the force at the point M with coordinates (2, y, 0) by 
the sum of the projections of component forces multiplied by the 
direction OM of the above line. 
We have the following expression for the force: 


edz 
w? + y? + 22 ! 
when O is the origin. The above expression must be multiplied by 
the cosine of the angle p, made by the direction VM, from the variable 
point N on the Z-axis, and the direction OM; from the right-angled 
triangle ONM we have: 


cos p = ———-————_ and z=rtan@, 
where 7 = /x? + y?. Replacing the variable o in the integral 


to 
f e cos g dz 
wt + y? 4 2? 


by z we obtain the following expression for the force: 


or 
2e 32 
ja (ra yarea. (119) 
The corresponding potential of force is: 
V (a, y) = 2e log ; (120) 


where 7, is an arbitrary constant which we assume to be positive. 
Hence the logarithmic potential (120) is the elementary potential 
and it originates, as it were, from this point charge, if we disregard 
the whole space and consider the XY-plane alone. Note that this 
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elementary potential (120) does not vanish at infinity like the usual 
Newton’s three-dimensional potential 1/7, but becomes infinity; this 
is the essential difference of two-dimensional electrostatic problems. 
If, instead of a charged line, we have a charged cylinder, the base B 
of which lies in the X Y-plane, then instead of the elementary potential 
(120) we obtain a potential expressed by a double integral 


V (a, y) =2{ for, n) log = dé dy, (121) 
B 


where e(&, 7) is the density and 7 the distance from a variable point 
(é, n) in the domain B to the point M(z, y): 

) r= VE—2)?+(n—y). 

Similarly, if the surface of a cylinder is charged, then the potential 
is expressed by a line. We also know that the functions log 7 and 
(120) satisfy the Laplace equation [II, 119]: 

PY ge ic 
Ox? oy? 

The potential (121) outside the charge, i.e. outside the domain B, 
also satisfies this equation. 

We can assume that any harmonic function is the real or imaginary 
part of a regular function of a complex variable. In this case we shall 
consider the potential V(z, y) to be the imaginary part of a regular 
function 

f(z) =U (zy) + iV (2, y). (122) 

Hence every electrostatic picture outside the charge gives a regular 
function f(z) (complex potential) and, conversely, any such regular 
function gives the electrostatic picture of the two-dimensional field. 

In this case both families of the isothermic net of functions 


U(z,y)=C,; Vi(x,y)=C, (123) 


have a simple physical meaning. The second family in (123) gives 
a family of equipotential lines and the first, which as we know is 
orthogonal to the second, gives a family of lines of force, i.e. it 
gives lines the tangents to which define at every point the direction 
of the acting force. The components of the vectors of force can be 
expressed as follows 


OV (x,y) , 


eee OV (2, y) 
Or 


£ = yo Oy ’ 
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or, from the Cauchy—Riemann equations: 


ov ou 
P= — =: L = 3 


Thus the vector of force corresponds to the complex number 
; aV . oU reer 
FP, + ify = —3z- ta, =a (2). (124) 


If we have a closed finite conductor then inside this conductor, ag 
we know, the potential remains constant and the density of charge 


on its surface, as proved in electrostatics, is calculated according to 
the formula: 


l yoo Ww 
e={  VF+ 8 
or, with the aid of the complex potential, by the formula 
loop 
e=z IF I. (125) 


The analogy between the above concepts and the corresponding 


concepts in problems of two-dimensional hydrodynamics can readily 
be seen. 


46. Examples 1. All examples of isothermic nets which we considered above 
can now be interpreted from the point of view of electrostatics. Consider, for 
example, the function 


{ (2) = 12 2e log -—4 


—F° (126) 

Its imaginary part remains constant on the circles with respect to which 
the points a and b are symmetrical [31]. Take two such circles C, and C, and sup- 
pose that the imaginary part of the function (126) has constant values V,and V, 
on these circles. If we imagine two cylinders formed by lines parallel to the 
z axis for which the above circles serve as bases, then the complex potential 
(126) gives the picture of the electrostatic field between two such cylinders, 
where V, and V, are the values of the potentials on the respective cylinders. 

Notice that in the general determination of the electrostatic field in an annulus 
between two conducting curves J, and J, we have a complex potential, the 
imaginary part of which remains constant on the curves J, and J,. Thus the 
complex potential f(z) transforms the above annulus into a strip, bounded 
by two straight lines, parallel to the real axis. Such a transformation cannot 
be single-valued, for anannulus is a multiply connected region and a strip is 4 
connected region. The function (126) in the above example is evidently many- 
valued in the annulus confined between the circles C, and C,. 

Note one other property of the field defined by the function (126). This 
function can be written as follows: 


} (2) = 7 2e log (z — a) — 7 2e log (z — b). 
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By using this expression it can be shown that both conductors have equal charges 
of opposite sign. In agreement with this the function (126): 


eens 
{ (2) = i2elog i 
Zz 


will be regular at z = co. 

2. If we want to determine the electrostatic field between two conductors, 
each of which goes off to infinity (Fig. 49) then the domain between these conduc- 
tors will be connected and the problem 
essentially involves the transformation D 
of the region into a strip bounded by 
two straight lines, parallel to the real 

-axis. Thus, for instance, when these 
lines are the lines (—co <2 < —1) on 


the straight lines y= 2 andy=-—2, 4 = 
then the formula z = w-+e™” gives p (u+7) 
the inverse function for the un- g 
: (ut 
0, 
Fie. 49 Fig. 50 


known function and Fig. 48 gives the picture of equipotential lines in this case. 
Notice that at the end of our lines we have w = +2i and e” = —1. But 
formula (124) gives the magnitude of the force as: 


_ | dz 


~ | dw 


—1 


VFEF FF =I" =| 
in this case 
VFR + FZ =|1+0"|~, 
i.e. at the ends of the above lines the force becomes infinity. 

This is a special case of a more general example which we shall now consider. 
Assume that our two conductors have the appearance shown in Fig. 50: AB 
and AC are two parallel halves of straight lines, so that the points B and C lie 
on their common perpendicular. The directions BD and CD make the same 
angle a with AB and AC, where a = ux. Draw a straight line PQ, parallel 
to the above straight lines at an equal distance from either line. Part of the plane 
bounded by PQ, AB and BD can be regarded as a triangle and the angles at 
the vertices B and P are respectively equal to (+1) 2 and zero. Let us trans- 
form this triangle into the upper half-plane and let the vertices B, P and Q 
correspond to the points t = —1, 0 and oo. Using formula (47) we have 


 z=af(r41)*r1 dz, (127) 
0 
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where the constant a can be regarded as positive; this can be achieved by rota. 
ting the z-plane. The z-plane is that shown in Fig. 50 and rt corresponds to the 
plane in which our triangle is represented by the upper half-plane. If we reflect, 
the above triangle in the line PQ, then the half-plane will be reflected in the ling 
0 < t <-+0o on the real axis, and part of the 2-plane between our two con. 
ductors will be reflected in the z-plane as a plane with the cut (—o9, 0). If 
we now assume that 
t™=e", 


and recall the image produced by an exponential function [19], we obtain 
a strip in the w-plane, bounded by straight lines parallel to the real axis and 
at a distance z from it, i.e. we obtain the strip 


—a<I[w] <2, 


where I is the symbol of the imaginary part. Thus w, as a function of z, has 
a constant imaginary part +2 on our conductors and represents the complex 
electrostatic potential of the two-dimensional field between our two conductors, 
Owing to the fact that t = e” we can rewrite (127) in the form: 


w 
z=af (e”+1)* dw. (128) 


The value of the constant a evidently depends on the distance between the 
straight lines AB and AC. Suppose that this distance is equal to 2b. For points 
in the z-plane near the point at — oo, the isothermic net giving the 
families of equipotential lines and the lines of force will evidently be close 
to the net of Cartesian coordinates and this net corresponds to the net of Carte- 
sian coordinates in a strip of width 2z in the w-plane. The point z = —oo 
corresponds to r=0 and therefore to w = — oo. Bearing in mind that the width 
of the strip in the z-plane is 26 and that when w tends to —co the function 
e” tends to zero and, consequently, from (128), dz/dw tends to a, we can see 
that the value of the constant @ is equal to b/x. Consider the particular case 
when 4 = 1/2, i.e. when the straight lines BD and CD are perpendicular to 
AB and AC. 


In this case we have: 
w 


2a 2 f Yor + 1 dw, (129) 


whence the integral can easily be evaluated by substituting e” + 1 = ?*. 

The absence of the lower limit of integration means that any constant 
number can be added to z, i.e. it involves a parallel transition of the z-plane, 
which is of no significance. 

3. Let I be a simple closed contour which is the trace of the cylindrical 
conductor in the XY-plane. Let e be a given charge on that conductor, per 
unit length along the z-axis. We have to evaluate the two-dimensional electro- 
static field outside 1. Reflect that part of the z-plane outside / onto the outside 
of a unit circle in the t-plane, i.e. into the domain |t|> 1; we take it that the 
point at infinity is translated into itself, so that in the neighbourhood of z = «9 
the expansion of the function which performs the conformal transformation 
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is as follows: 
c c 
T=o(z)=c2+%+— +44... (130) 


We shall show that it is possible to construct the complex potential for our 
electrostatic field from a knowledge of the above conformal transformation. 
In fact, let us construct the function: 


f (2) = 2e log 2 [ct = (2)], 


where 7, is a constant which plays no essential part. The imaginary part of the 
above function will obviously be: 


I [f (z)] = 2e [log | t | — log |r]. 
* Since | z | = 1 lies on the curve J we can say that the imaginary part remains 
constant on lt, Let us now determine the value of our potential in the neighbour- 


hood of the point at infinity. From the expansion (130) we have the following 
expression for f(z) near z = co: 


f(2) = —i2elogz +d +24... 


The first term of the above expansion gives the potential —2e log | z | which, 
according to (120), corresponds to the given quantity of electricity on the con- 
ductor. Formula (125) gives the following expression for the density of distribu- 
tion of the charge along I: 


ae e 1 dt 
eae OT, t dz 
or, since |7| = 1: 
: e | dt e | dz j-1 
Waals |e ae (13) 


If f is a square then the relationship between 7 and z can be written in 
the form [38]: 


Tt 
z=0 Laney de, (132) 


when we take on the circle | t| = 1 the points 


Ohne: 
ces [| (¢ = 0, 1, 2, 3), 


which correspond to the vertices of the square. 
Formula (132) gives: 


dz ¥ra+1 
Phas Ge |e Ae Se 
dt v 


and, in this case, we can rewrite (131) as follows: 


tT? 


yer. 


ma 
@= Qna 
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where a is a constant which depends on the length of side of the square, 
On the contour of the square we have t = e'?, where ¢ is a polar angle of the 
unit circle. A side of the square corresponds to the change of this angle 
through the interval (z/4, 32/4) and we therefore have the following expression 
for the length of side of the square: 
3” 
¥ 
ef? +] .; 
s=a f aig ie’? dg, 


= 
4 


from which, after performing a simple change of variables we arrive without 
difficulty at the following formula which connects the lengths of the sides of 
the square # with the constant a: 


2 
8s =aV2 { Yoos ddé. (133) 
0 


The integral on the right-hand side cannot be expressed in a finite form and 
belongs to a class of so called elliptic integrals. 


47. The two-dimensional magnetic field. Above we explained the connection 
between the analytic functions of a complex variable and a two-dimensional 
electrostatic field. In exactly the same way we can consider a two-dimensional 
magnetic field originating from infinite straight currents, which are perpendicular 
to the XY-plane. We shall give the fundamental results which apply here 
without proof. For the vector of magnetic force we have the formulae: 

_ _ Oo 
yar ee ae (134) 
where the function » satisfies the Laplace equation outside the field’s source 
and is therefore the real part of a certain analytic function: 


f(z) =o + ty. (135) 
Using the Cauchy—Riemann equations we can rewrite (134) in the form: 
Spe Wee pps do 21 OP 


* Qe’  Y “Oy 
or 
H = — grad y, 


so that yp is the potential of the field. 

The lines g(x, y) = C, which are orthogonal to y(z, y) = C, are thus lines 
of force of the field. When we have one straight current of force ¢ directed 
along the Z axis, we have for the function (135): 


f(z) = — 2qlogz, 
hence g = —2q logr and yp = —2gq arg z. The lines of force are circles, centre 
the origin, and by encircling the origin the potential receives an increment 
(—4zq). In this case one of the lines g(x, y) = C, must lie on the surface of the 
magnetic conductor (magnetic permeability equal to infinity). 
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48, Schwarz’s formula. The above applications of analytic functions 
of a complex variable to problems of hydrodynamics and electrostat- 
ics were essentially based on the close connection existing between 
harmonic and analytic functions of a complex variable. We men- 
tioned this earlier in [2]. 

Let us formulate once again the main points: the real and imaginary 
parts of an analytic function are harmonic functions and, conversely, 
every harmonic function can be regarded as the real part of an analytic 
function; its imaginary part can be determined accurately as far as the 
constant term, i.e. the function can be determined as far as the purely 
imaginary constant term. From what was said earlier in [II, 194] a 
harmonic function is defined uniquely in a connected domain by its 
limiting values on the contour of that domain (Dirichlet’s problem). 
We can therefore say that the function f(z), which is regular in a domain 
B with contour 1, is defined accurately as far as its purely imaginary 
constant term by the given values of its real part on the contour |. There is 
no simple formula which would give the solution of this problem for 
every domain, i.e. whichswould define the regular function from the 
given contour values of its real part. It is not difficult however to 
construct such a function for a circle and we shall do this now. 

Consider a circle, centre the origin and radius &. Let u(x, y) be the 
part of the unknown analytic function. This harmonic function is 
defined from its contour values u(y) by Poisson’s integral, which as 
we know, has the following form [II, 196]: 


z ere ih Ve Tag tr SR) (186) 
u(x, g)=Ulr, =5,| ul “R? — 2r Roos (py — 8) 4 7? P ( ° 


—n 
It can easily be seen that the core of Poisson’s integral i.e. the frac- 
tion integrand, is the real part of an analytical function viz.: 


R?—-r? 


FR? — 2r Roos (gy — 8) 4 7? Rel? — z 


= real [Fae] (z= rel? — x + ty). 


If, instead of Poisson’s core we substitute an analytic function of 
the complex variable z in the integral, we obtain a function of the 
complex variable z, the real part of which coincides with u(z, y). This 
function is given below: 


f (2) =u (x,y) + io (2,9) = [ u(y) Fees ae. (137) 
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By assuming that z= 0 in this formula we obtain a purely reg] 
value for f(z), i.e. formula (137) gives one solution of our problem 
where the real value is at the origin. If we denote by Ci the i imaginary 
part of the unknown function at the origin, then the general solution 
of the problem takes the form: 


Rel? +z 
= feo Bales ~ dp + Ci. (138) 


This formula is usually known as Schwarz’s formula. 
If we separate the imaginary part of the fraction in the integrand 


Rett |= 2rF sin (6 — ¢) 
Rei?—z]” R*— 2rRcos(p — 8) 4-7? ’ 


im. part [ 
we obtain an expression for the imaginary part of the regular function 
in the circle in terms values of its real part on the contour: 

a - 2r R sin (6 — 9) 
(2.9) = > Jue (°) RIG Roos (pa ape AP TE. (139) 
All we said above is closely connected with the concept of conjugate 
trigonometric series. 


Let 
ee > (a, cos np + 6, sin ng) 
n=l 


be a Fourier series of the function u(p) representing the limiting values 
of the real part of f(z). As we know from [II, 195] the same real part 
can be represented in the circle not by Poisson’s integral but by a 
series of the type: 


u(x, y) = u(r, N= 2+ D(a, cosn?+ b,sinn#)r". (140) 
n=1 


We have for the imaginary part of a conjugate trigonometric series 
[25]: 


» (2, y) =v(r, 8) =O + S(—b,cosnd +a,sinnd) 1". (141) 
n=1 


If the function u(y) has satisfactory properties, for example its first 
derivative satisfies Dirichlet’s conditions, then the series (141), like 
the series (140), is uniformly convergent in the whole closed circle and 
the function v(7, 8) is harmonic in the circle and continuous in the 
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closed circle. v(7, 8) is usually known as a function conjugate with u(r, 0) 
[2], and the same name also applies to all its limiting values (1, ¢) 
with respect to u(q). 

Assuine that two Schwarz’s integrals give one and the same function 
which is regular in the circle 


1 c Rel? +z 1 ° Rel? +2 
se | 4 (0) pee p= 37 | 2) are de, (142) 


where u,(py) and u,(¢) aré continuous real functions. It can be seen 
that these functions coincide for they are the limiting values of the 
same harmonic function, viz. of the real part of our regular function. 
Therefore the identity (142) of z is equivalent to the identity u,(p) = up(¢) 
of p. This is essentially Harnak's theorem which we mentioned in [8]. 


49. The core cot (s—z)/2. We shall now apply the fundamental theorem of 
limiting values of Cauchy’s integrals [28] to the circle | z | = 1, centre the origin 
and unit radius. Assume that we are given a real function u(t) on this circle 
where t = eS, which satisfies a Lipschitz condition. By using Schwarz’s for- 
mula [48] we can construct a function which is regular in this circle and the 
real part of which has the limiting value w(t) on the circle: 


u (re!) + (re'?) i = = | u(t) - a = de (z= re'?), (143) 


or, since dt = irds, 


u (re!) + v (rel?) i = = f ema 
|r] = 


Putting t + 2 = (t — z) + 22 and breaking the right-hand side up into two 
integrals we obtain: 


u (re'?) ae v (re!?) ¢ = — | u(t) ds + sa i 


—2z |r[=1 


u(t) | 1 
Tt T—2 


dr. 


Let us suppose that the point z = re’? tends to a point £ = e on the circle 
|z| = 1. Using the theorem of limiting values of Cauchy’s integrals [28] we 
obtain the limiting value for our function: 


u (ol) + o(ol)ia ae f uae pet + 26 i eee Seas oe 


2nt T t—€& 
pe 
or 
. : ie 
ue teC)iege lumdtu@t+y; fu —opa, ay 


4 —st 
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but 
2é Zell ; t—8 
Tab eee oe 


and by separating the imaginary part in (144) we obtain a formula where the 
limiting values of the imaginary parts are expressed in terms of the real part: 
% 
1 t—8s 
tt 
v(e)= s | u (e") cot 5 ds, 


—K 


and where the integral must be taken in its principal value sense. We shall 
write u(s) and v(t) instead of u(e!’) and v(e"): 


bed 

v(t) = = | u (8) cot S S ds. (145) 
—2 

We recall that (143) gives a regular function in the circle | z | < 1, the imaginary 

part of which is zero at the centre of the circle. Bearing in mind that the value 

of a harmonic function at the centre of a circle is equal to the average arithmetic 

mean on the circle [II, 194], we can write: 


f v()dt=0. (146) 


The function u(s) is a periodic function of period 2x and the function v(t) 
is also obtained in periodic form; in formula (145) we can therefore take any 
period, 2x in length, for the interval of integration. The function cot z, has 
a simple pole with unit residue when z = 0, [21] and we can express the core 
of the linear transformation by Cauchy’s core: 

1 L—8 


“a cot 5 


=-—1 +P»), (147) 


where P(z) is an analytic function, regular at all points on the line 
2% < z < 22.Itcan be shown in the same way as in [27] that if the periodic 
function u(s) satisfies a Lipschitz condition of order a, then v(t) also satisfies 
a Lipschitz condition of the same order, when a < 1, or of any order smaller 
than unity, when a = 1. It appears from (147) that this statement can also 
be derived from an analogous case for Cauchy’s core. 

On applying the linear transformation (145) to the function v(t) we obtain 
a new function w(t,), which satisfies a Lipschitz condition: 

i 
w (ty) == J »(t) cot 1 at. 


—1 


The function w(t,) gives the limiting values of the imaginary part if we take 
v(t) for the limiting values of the real part when: 


f w(t,) dt, =0. (148) 


—n 


49] THE CORE COT (s — j2 193 


On the other hand, if the regular function (143) is multiplied by (—7z) we obtain 
the regular function v(re!?) — u(re'?) 4. Having thus taken the real part, the 
jmaginary part can be determined accurately as far as the constant term and 


we can therefore write: 
w (f) = —u(t4)+C. 


To determine the constant C we integrate both sides of this equation over the 
interval (—2z, +2) and, remembering (148) we have: 


O= — J u(y) dt, + 2x0, 


—e 


and finally: 
Ps n 
1 : t — t 1 
w(t) = zr | 2) cot -F* ar = — u(t) +5— [uleds, (149) 
—t — 


i.e. the two applications of the transformation (145) give us minus the original 
function accurately as far as the constant term. The result can be written in 
the form: 


47? 
—T 


1 r(¢ t—s ti—t 1 P 
FJ verse 5} cot 5 di = —u (4) += [ ule) as. (150) 


—7 Tt 


This formula is known as Hilbert’s formula and the core of the transformation 
(145) is usually known as Hilbert’s core. Notice that on the left-hand side of 
formula (149), as in Fourier’s integral, we cannot change the order of integra- 
tion. Denoting the transformation (145) by a single letter h we can write 
formula (145) in the form: 


» (8) =h [u (s)], 


where s denotes the amplitude of both functions. In this case Hilbert’s formula 
(150) can be written: 
% 


h? [u (8)] = u(s) — o | u (9) de. 
—2 
Formula (145) can be regarded as an integral equation of u(s), where v(é) is 
the given function. It follows from above that this equation is soluble only when 
the condition (146) is satisfied. One solution of this equation, according to 
(149), will be given by the function: 


u(s)=— gr f v@ cot Fat. (151) 


This is also the solution of the equation (149) which satisfies the condition 


f u(s)ds =0. 


-_—z% 
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In other words, this is the imaginary part of the real function v(re'?) — tu(re!?), 
which vanishes at the origin. If the value of the function u(re!?) at the origin 
is equal to C then 


s—t 
2 


u(s)=C — = | v (t) cot dt, (152) 


where u(s) = const. is the solution of the homogeneous equation 


7a 
1 i—s 
a fe cot 5) ds =0, 
—n 


for when u(s) = const., the imaginary part v, which vanishes at the origin, 
must be equal to zero. Formula (152) gives all the solutions of the equation 
(145), for the imaginary part is determined accurately as far as the constant 
term in terms of its real part. We have assumed throughout that both the 
given and the unknown functions satisfy a Lipschitz condition. 

The transformation (145) can be written in the form of an indefinite integra) 
similar to the one used in the core of Cauchy’s integral. In fact, taking into 


consideration that 
Pia 
1 f¢ t{—<s 
re | cot 5} ds = 0, 


—7t 


since the homogeneous equation (145) has a solution equal to a constant 
u(s) = c we can rewrite the formula (145) in the form: 


v(t) = = | [wu (s) — wu (t)] cot = Pde. (153) 


Let us suppose that the function u(s) has a continuous derivative. Taking 
into consideration that 


t—s ai, (sin +S") 
7 amr tas. 2)" 

and applying the formula for integration by parts inthe intervals (—2, t — e), 
and (¢ + «, 2) to the integral (145) and also taking into account the formula: 


cot 


Bic Me (¢+ «) — u(t — e)] log (sin: 5) =u’ (£) 2e log sin? = 


(¢-e<e<t+e), 
we obtain the following expression for v(t): 
+n 
1 oer je Te 
o(t) = rs J w’ (8) log (sin 5 ) ds, 


—n 


where the integral on the right-hand side is undefined. 
If u(t) satisfies a Lipschitz condition, then the function of the complex vari- 
able z = re”, given by formula (143), is continuous as far as the circumference 
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jz|= 1, as we saw above. Let 
+ > (a, cos ks + b, sin ks) (164,) 
k=1 


be a Fourier series of the function u(s). For the function v(s) we then have the 
following Fourier series [48]: 


@o 


= (— 6b, cos ks +- a, sin ks). (154,) 
k=1 


As a result of the equation [II, 147]: 


bi 4 
oo 


7 
2 or a 
i | u? (s)de = 29 4 >" (ai + bf) and z | v?(s)de= > (bt +4%), 
4 a 2 k=1 sh A k=1 


and consequently: 
x 


bt 4 

f v2 (8) ds < § u2(s) ds, 
—zt —t 

where the sign of equality applies only when a, = 0. Thus, as a result of the 
transformation (145), the integral of the square of the function in the interval 
(—2, +2) can only decrease. Notice that we have supposed that the 
function u(s) is real. We can thus see that the transformation (145) is equivalent 
to the transition from the Fourier series (154,) to the series (154,). 


50. Limiting problems. Dirichlet’s problem is the simplest case of limit 
problems in which harmonic functions are involved. Let us formulate the general 
limiting problem for harmonic functions where Dirichlet’s problem is a particular 
case: it is necessary to find a harmonic function in a connected domain B with 
contour J, which satisfies on this contour a limiting condition of the form: 


Ou Ou 


where a, b, c and d are real functions given on the contour I, which we assume 
to be functions of the length of the arc sof that contour. We also assume that 
u is the real part of a regular function 


f(z) = u (2, y) + w (a, y). 
As we know: 


: Ou =, *Ou 
f Vi ae og? 


and, consequently, we have 


ra) re] F 
ba tea = RU +iO/ I, 


where @ is the symbol of the real part. 
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Condition (155) can be rewritten in the form: 


R [af (z) + (6 + te) f’ (2)] = 4, (156) 
and therefore the problem involves the finding of a function, regular in B 
which would satisfy the condition (144) on the contour. 
Let z = w(t) be the known function which conformally transforms our domain 
B into the unit circle | 7] <1. We can assume that the unknown function 
is a function F(t) which is regular in the unit circle 
a, , 1 
F(j=f/[o@)]; *@=F ay : 
We have instead of (144) 


[aR (x) + she Prl=d (it|=1), 


where, as @ result of the transformation z = w(r), we can take it that a, 8, ¢ 
and d are defined on the circle | t| = 1. Hence our problem simply involveg 
a circle. 

Consider in greater detail the case when the limiting condition (155), which 
applies to the circle |z| = 1, does not contain the unknown function wu. In 
this case the problem can be formulated as follows: it is necessary to find a 
harmonic function u(x, y) in @ unit circle, which satisfies on this circle a limit- 
ing condition of the form: 


Ou Ou 
Pas Ta 


We suppose that u is the real part of a regular function f(z). In this case du/dr 
and — 0u/dy are the real and imaginary parts respectively of a regular function 
J’(2) and the above problem is thus equivalent to the following problem, usually 
known as Hilbert’s problem: find a function f(z) which is regular in a unit circle, 
the real and imaginary parts of which satisfy on the circle a limiting condition of 
the form: 

Lig)u(p) +m(p)v(y)=ad(y) (O<e<2z), (157) 


where l(p), m(p) and d(g) are the given functions of the polar angle g on the 
unit circle. We assume that the coefficients are continuous functions and that 
lg) and m(g) do not vanish simultaneously. When both sides of the equation 
(157) are divided the coefficients satisfy the condition: 


2 (p) +m? (g) = 1. (158) 
We can assume: 


L(p) =cosm(y); m(y) = —sinw (9), (159) 


where o(¢) is a function of 9g, viz. 


@ (py) = — are tan we ‘ (160) 


Let us consider in detail the case when formula (159) gives w(g) as a single-valued 
function of gy. This will be so, for example, when I(p) and m(¢) do not vanish in the 
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interval (—2z, +). Using the function w(¢~) we can write the limiting condition. 
(157) in the form: 


Rll f(z] =d(p) (z= e!?). (161) 


Let us construct a function 2(z) from its real part w(y) by using Schwarz’s 
formula: 


n()= pe | 09) Ste ap, (162) 


Denote by w,(y) the limiting values of its imaginary part. The function 
elt (z) f (z) 
has @ real part on the unit circumference z = e? which is equal to 


e "1(%) [ei@ (9) f (z)],- ste 


and, consequently, the limiting condition (161) is equivalent to the following 
limiting condition: 


By knowing the real part on the contour we can define the function inside 
the contour by again using Schwarz’s formula 


a 
i 1 = el? +2 : 
el (2) (2) = — | d(p)e @,(¢) tt dy + iC, 


—* 


where @,(¢) are the limiting values of the imaginary part of the function (162): 


a i i 
o, (p) = im | Je (y) orca (163) 


rel? 
—s 


where J is the symbol of the imaginary part. 
Finally we obtain the following expression for f(z): 


m 
; 1 Ip : 
[zZ@= eat) oe J d (9) oe 29) ott dg + |. (164) 


—" 


Consider now the case when the function w(g) acquires the increment 
(—2n2) on describing a circuit round the unit circle, where 7 is a positive integer 


w(x) —w(—2) = —2nz. (165) 
Let us construct a single-valued function on the unit circle: 
x (Pp) = & (9) + 29, 


and construct a similar corresponding function for the complex variable é(z), 
for which X(p) is the limiting value of the real part. The limiting values of 
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the real part of the function 
o, (2) =a (z) + inlogz 


are equal to w(y) and the limiting values of its imaginary part are evidently the 
same as those of the function 6(z). We denote them again by w,(p). It can be 
shown similarly that the limiting values of the real part of the function 


ef @) f (z) a 274 el? ) f (z) . 
must be equal to ; 
R [2 fa (2) j (2)] =d (¢) e 7 (?) (166) 


Owing to the presence of the factor z~" this function can have a pole of an 
order not higher than n at the origin. To begin with, Jet us construct with the 
aid of Schwarz’s formula a function, regular in a unit circle, the limiting values 
of the real part of which are 


td 
1 as el? 4 z ; 
peau (9) ~ * 
on Jew e% = dp + 72C. (167) 


—7 


We must add to the above function a term, the real part of which is equal 
to zero on the unit circle but which can have a pole of order n at the origin. 
It can readily be seen that this term will have the form 


< 1 1 
k ; 
Al lae-4) +t]. 
where A, and B, are arbitrary real constants. 

Adding the latter expression to the expression (167) we obtain the general 
solution of the problem 


f (2) = ate fate {c + = [ 40 (ae —#*) + (Ge +2] + 


4 ; ip 
+ a J d (py) 0 oH) pe av]. (168) 
—-2% 

When 7 is a negative integer in formula (165) the solution of the problem 
will be different. The function under the symbol of the real part in the expres- 
sion (166) will then not only be regular in the unit circle but it will also have 
zero of order n at the origin. When constructing a regular function on the right- 
hand side of formula (166) with the aid of Schwarz’s integral, we must also 
write down the condition that the function obtained must have a zero of order 
n at the origin. We therefore have several conditions which must be satisfied 
by the function d(p) if the problem is to be solved. 

Consider another particular case, viz.: suppose that the limiting values of a 
harmonic function on the unit circle have the form: 


Ou 0 
ot 41 tH 4 mn = 49), (169) 
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where J and m are constants, d(g) is the given function, » is the direction of 
the outside normal to the circle and s is the direction of the tangent to the 
circle. Instead of teking derivatives along the axes of coordinates we take 
them, in this case, in the directions connected with the boundary curve which 
are indicated above. As we know from [II, 108] these derivatives are expressed 
in terms of each other. The limiting conditions, as expressed by formula (169), 
are frequently used in mathematical physics. Differentiation along the normal 
n coincides with differentiation along the radius-vector r, and differentiation 
along s coincides with differentiation with respect to the polar angle g, when 
r = 1. In general by assuming that z = re'?, and u = ®| f(z) |, we have 
the following, when J | f(0) | = 0: 


& Lawreys Saawire (=e), 


and the limiting condition (169) can be rewritten in the form: 
Ri(l+ ie’ f(z’) +mf(z)J=d(p) = (2’ =e”). 
We multiply both sides of the equation by 


1 ae g 
On 2’ —2 


and integrate with respect to g. We then obtain a new equation which is equi- 
valent to the one above [48]. Using Schwarz’s formula it can readily be seen 
that this new equation will have the form: 


(1 + al) 2f? (2) +- mf (z) = F (2), (170) 
where 
FP@)= sz fae ) ete = dp = f @(@) pig &- (171) 
— |2z7|=1 


Equation (170) is a linear differential equation of the first order. Solving 
with the usual formula [II, 4] we obtain the following expression for the 
unknown function: 


f(z) = “le a oa ae F (2) (172) 
where ‘ 


m 

k = lta . 

In equation (172) the arbitrary constant C can be determined from the condition 
that the point z = 0 is a regular point for f(z). If 


fn 
d (p) = Ay + => (A; cos sp + B, sin sq), 
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then we have for F(z) 
n 
F (2) = Ay + > (As — iB,) 2°. 
s=1 


Substituting in (172) and integrating we finally obtain the following expan. 
sion for f(z): 
= Ay . A, — 1B; $ 
PNY pa a m+a(l+ih ** 


51. The biharmonic equation. We shall now consider the connection between 
the theory of analytic functions of the complex variable and the theory of 
the so called biharmonic functions, i.e. functions which satisfy the condition 


AAu (x, y) = 0, (173) 


where A is the Laplace operator, which expresses the sum of the second deri 
vatives of the variables x and y (we are considering the two-dimensiona 
case). Equation (173) can be written as follows: 


0? 3? Ou 0 u 
(ser + or) (Ger + ar) = 


Ot u Ofu Of u 
or4 + Ox? Oy? Bf “Oyt 


or 
—0. (174) 


Let u be a function, which together with its derivatives, is continuous in 
a connected domain B where it satisfies the equation (174). According to (173) 
the function 


Au =p(z,y) (175) 
is a harmonic function. Suppose that q(z, y) is a conjugate function so that 


p (2, y) + 7g (2, y) =f (2) (176) 


is an analytic function of the complex variable z = xz +- zy. 
Construct the analytic function 


pe =z[fe@de=ree, y) + 78 (x, y)- (177) 


We obviously have: 


1 1 
ila ZReU@I= GP. (178) 


We now evaluate the Laplace operator for the expression u — (ra -+ sy). We 
have from (178): 


Ne Se ty Brae ae ay 
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j.e. the above expression is a harmonic function which we shall denote by 7. 
Introducing the conjugate function q, and the corresponding function of the 
complex variable »(z) = p, ++ tq, we can write: 


u—(re+sy) =p, u=(re+ sy) +p, = RB [(e— iy) (r+ 73)] +p, 


or 
u = Rlzy (z) + vp (z)). (179) 


Hence according to formula (179) every biharmonic function can be expressed 
by two functions of a complex variable. The converse can also be readily proved 
by choosing arbitrarily the analytic functions 9(z) and y(z), where formula 
(179) gives the biharmonic function, i.e. formula (179), which contains two arbit- 
rary analytic functions, gives the general expression for a biharmonic function. 
This formula is usually known as Hurse’s formula. 

For any given biharmonic function u the functions p(z) and y(z) in formula 
(179) are not fully defined, for they do not contain arbitrary constants. The 
real function q(x, y) is defined accurately except for the constant term, i.e. 
the function f(z) is defined except for the purely imaginary constant term. 
Also, when defining the function y(z) in formula (177) the arbitrary censtant 
complex term must be taken into consideration. In its final form the function 
p(z) will contain arbitrary elements of the following form: 


C + iaz, 


where C is an arbitrary complex constant and a an arbitrary real constant. 
These arbitrary constants can be determined when certain additional conditions 
are made, for example conditions of the form 


¢(0)=0; 7g [p’(0)] =90 (7 being the imaginary part) (180) 


Similarly, when determining y(z), we obtain the arbitrary constant as a 
purely imaginary constant, which can be determined if the function (z) is, 
for example, subjected to the condition 


I [y(0)] =90. (181) 


The conditions (180) and (181) fully define the functions ¢(z) and y(z); we 
do, of course, assume that the point z = 0 belongs to our region. 

Let us now consider the fundamental limiting problem for biharmonic 
functions. It can be formulated as follows: find a biharmonic function inside 
a closed contour / from the given values of the function and its normal derivative 
on this contour: 

Ou 


“=o, (8); on (8) (on l). (182) 


We will show that the limiting conditions (182) also give directly the limiting 
values of the coordinates of the derivatives of the function u. In fact, we have 


Ou Ou Ou Ou Ou du 
Qa os °° (s, 2) + @n °° (n, x); Oy = Bg C08 (s y)+ On 28 (n, y), 
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where s is the direction tangential to the contour /. Hence from the limiting 
conditions (182) follow the following limiting conditions: 


o = w} Cos (8, 2) + w, cos (n, 2) = w, (8), 
is (183) 
a 1 cos (8, y) + w, cos (n, y) = 4 (8). 


The functions w,(s) and w,(s) cannot be taken arbitrarily in the above 
expressions, viz. the line integral 


Ou Ou 

which gives the increments of the function round the closed contour, must 
be equal to zero, since the function uw must be single-valued. We thus arrive 
at the following condition for the functions w,(s) and w,(s) in the limiting 
conditions (183): 


f [w, (8) cos (8, x) + w, (8) cos (8, y)] ds = 0. (185) 
l 


Apart froin this the choice of these functions can be arbitrary. 
We shall try to find the biharmonic function by using Hurse’s formula 
(179). Differentiating with respect to x and y and using z and Z we have: 


a = Rp (2) +29’ (2) + y" (2)), 


i = R[— ip (z) + 22 y (2) + ty’ (2)] = 9 [pe (2) — 29’ @) — v’@)I. 


(186) 


We thus obtain two equations which must be satisfied by the unknown 
functions g(z) and y(z) on the contour I: 


= i= = 9 (2) + 2H’ (2) + y’ (2) = wg (8) — iar, (8), | 
du , . ou oe 


Be tay POT EAV @) = 050) +t (0)- | 


The second of these equations is obviously obtained from the first as a 
result of the transition to conjugate values. We thus obtain a limiting problem 
for two analytic functions. 

Here, as in the case of harmonic functions, we are only considering the interior 
problem, i.e. the bounded part of the plane. 

In the two-dimensional problem of the theory of elasticity the tensions 
X,, Yy and X, are expressed in terms of a biharmonic function according to 
the formulae: 


Pu. _ Fu. - ey 
Ax aye} Y= ar Y= — Gray 


(188) 
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and by using Hurse’s formula, the tension can be expressed by two analytic 
functions. Without going into details of the proof we shall just give the final 
result. Using the symbols from formula (179) we have: 


X, + ¥y=42 Ig’ @))- | 
2X y+ 4(X, — ¥y) = — 2i ly” (2) + ep” (2). 


With the aid of these formulae the two-dimensional statics problems in 
the theory of elasticity when tensions are given on the contour, can be solved 
as a limiting problem in the theory of functions of a complex variable. 

An explanation of the connection between the theory of functions of a 
complex variable and the two-dimensional statics problems in the theory of 
elasticity was given by Prof. G. V. Kolosoff in his work: “One application of 
the theory of functions of a complex variable to the two-dimensional mathema- 
tical problem in the theory of elasticity‘‘. A systematic account of the applica- 
tions of the theory of functions of a complex variable to problems of the theory 
of elasticity can be found in the book by Prof. N. I. Muskhelishvili Some Funda- 
mental Problems in The Mathematical Theory of Elasticity. 


(189) 


52. The wave-equation and analytic functions. We saw in Volume II 
that for spreading waves, for example, acoustic or electromagnetic 
waves, the following equation is of the greatest importance 


Cu »f Pu eu OF u 
oe © ( Gat tb aye Th Gat }: (190) 
it is usually known as the wave-equation. We shall now only con- 
sider the two-dimensional case, i.e. when the unknown function wu 
does not depend on one of the coordinates, e.g. the z coordinate. In 
this case the wave-equation has the form: 
0 u 0? u 0? u 1 
ag ae tar (=a): a 
where wu is a function of the variables ?, z and y. By using the analytic 
functions of the complex variable we can separate a certain class of 
solutions of the equation (191), which have important applications in 
physics; the use of analytic functions considerably simplifies all 
operations with this class of solutions. 
Let us construct an auxiliary equation which plays an important 
part in all that follows: 


U(rnjt+m(t)xz+n(t)y+ p(t) =0, (192) 


where I(t), n(r) and p(t) are analytic functions of the complex 
variable zt. The equation (192) defines 7 as a function of the variables 
t,xand y. Let us suppose that we have an analytic function f(t) which, in 
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the final analysis, is a function of the variables ¢, x and y. We shal] 
derive the formulae for the derivatives of this function. Denoting by 
6’ the derivative of the left-hand side of the equation (192) with 
respect to the variable 7 and applying the usual rules for the differen. 
tiation of complicated and undefined functions we obtain without 
difficulty the following expressions for the derivatives of the function 1: 
or L(t) | O@  _— m(t) | Ont) 


a  o& ° @ oY’ oy o’ 


(198) 


When evaluating derivatives of the second order it must be remem- 
bered that 
6’ =I (t)t +m’ (t)e 4 n’(t)y + p(t) (194) 


depends, for example, on ¢ both directly and through 7: 


Pr 9 Pie) Ue) | WOU) _ Wee) _ FO) 5, 
aL? =| a 6’ + ae 7 Sg a (195) 


which can be written as follows: 


er 1 df F(z) 
“Oz ol o |- (196) 


We obtain similarly: 


er =1 afm . rl ¥ [= }; 
a Fe o |; dy? 8 orl oo” |’ 


zr 1 Of m(t)n(t) 
cede aa lee ae fa 


ws 

— 
a 

~~" 


The given analytic function f(z) depends on t, z and y through 1, 
and its derivatives are obtained by using the rules for differentiating 
complicated formulae. Bearing in mind earlier formulae we obtain: 


APO) =p (0) (Ze) + £ SE = 


72 1 oS? 
= f” (t) EO) 4 PF (2) sl ], (198) 
which can be written as follows: 
0 f (t) 1 @a , BP (t) 
a 8 Or lf ear | ashe 


and in exactly the same way 
0? f (t) 1 a wf 1 0 [;, *(t) ]. 
=e Ore] Aenea loa): 


02? 
f(r) 1 @ ots 
ax Oy =| = | 


(200) 
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If we suppose that w= /(rt) and substitute in (191) we obtain 
an equation of the form: 


1 Of. 2 2 (r) — g2i? 
SN a eee taal 
from which it follows that f(z) is the solution of the equation (191) 
if the coefficients of the equation (192) satisfy the relationship 


m? (t) + n? (t) = a7? (rt). (201) 


If we want to obtain a real solution, we must only take the real 
part of f(t), which should separately satisfy the equation (191) in the 
same way as the imaginary part satisfies it. 

Consider now the three-dimensional space (8) with coordinates 
(t,x, y).Ifin a domain B of this space the equation (192) gives real 
values for 1, then we wrongly supposed that the function /(z) was an 
analytic function, since its argument takes real values only. It is 
sufficient to assume that f(r) is an arbitrary function of a real 
variable with continuous derivatives of the second order. 

This brings us to the following theorem which states the class of 
the solutions of the equation (191) which we mentioned above. 


53. The fundamental theorem. [f in a domain B in the space (8) 
the equation (192) and the condition (201) define t as a complex function 
of the variables t, x and y, then the real and imaginary parts of any analy- 
lic function f(t) give a solution of the equation (191). If, however. t ts 
a real function of (t, x, y) in a given domain, then any arbitrary real 
function of t with continuous derivatives up to the second order gives 
a solution of the equation (191). 

If U(r) 4 0, then dividing both sides of (192) by l(t), we can assume 
that I(t) = 1. We can also put m(r) as a new complex variable (—6). 
In this case the condition (201) gives n?(t) = a? — 6°, since the equation 
(192) can be rewritten, for example, in the form: 


t — Ox + Va? — By + p(0)=0 (202) 


where p(8) is any analytic function of 6. Instead of f(r) we should, 
of course, write /(0). 

Let us consider in greater detail the particular case when p(@) = 0. 
In this case the equation (202) has the form: 


t— 0x + Va?—6¥y=0 or 1—0—+ Ja?— 6 4=0, (203) 
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which defines 6 as a function of two arguments 


eae soi 
f= —; q= 7: (204) 
In this case the constructed solutions {(6) of the equation (191) are 
also functions of the arguments (204), i.e. they are homogeneous func- 
tions of zero order of t, x and y. Such functions [I, 154] are defined 
from the relationship 


u (kt, ke, ky) = u(t, 2, y), 


which should be an identity. The converse can also be shown, viz. 
that any such homogeneous solution of the equation (191) can be 
obtained in the way described above. In future we shall simply call 
such solutions homogeneous solutions. 

Let us consider the equation (203) in greater detail. The radical 
Ya? — 62, will be a single-valued function in the 6-plane with a cut 
(—a, +a) along the real axis [19]. We can fix the value of the above 
radical by the condition that it should be positive above the imaginary 
axis, 1.e. when 6 = ib, where 6 > 0. This condition is equivalent to 
the fact that the above radical must be negative imaginary when 
6 >a or positive imaginary when 6 < —a on the real axis. This 
can easily be proved by considering the continuous change of the argu- 
ment of the above radical. The equation (203) can be rewritten in the 
form: 

1 — 6€ + Va? — 64 =0. (205) 


Eliminating the radical and solving the quadratic equation so ob- 
tained we derive the following expression for 6: 


ga frimVi-at(E+) _ t—iyVA—a*(et*+y") 


8 4? a+ y? 706) 
We suppose that one of the following inequalities applies: 
1 
oP Se (207) 
or 
e+ yx — ae (208) 


In formula (206) the sign of the radical must be taken as positive. 
This can easily be proved by considering the equation (205) in which 
the radical must have a definite value. In fact, if we suppose in the 
equation (205) that € = 0, we obtain purely imaginary values for @ 
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and, from (205), the sign of the radical a? — 6? must be opposite 
to the sign of 7, i.e. if, for example, 7 < 0, then according to the above 
condition, 6 should lie above the imaginary axis, which coincides with 
the choice of the sign in formula (206), where we assumed that the 
radical is positive. 

When the values of £ and 7 are fixed we have, from (204), astraight line 
in the space (S), which passes through the origin. We shall only con- 
sider that part of the straight line where ¢ > 0 and we shall call this 
line a ray. It appears from the conditions (207) and (208) that these 
rays form a conical beam with its apex at the origin and an angle 
equal to arc tan 1/a at the apex, and the t-axis as the axis of the beam. 
-The equations (205) or (206) give complex values corresponding to the 
rays of this beam in the 6-plane with the cut (—a, +a). By using 
formula (206) this relationship can be followed more accurately. Let us 
emphasize some essential facts which follow directly from formula 
(206). Notice, first of all, that the rays which form the surface of the 
conical beam, i.e. the rays which satisfy the equations 

] 9 T35 

B+n=—- or P+ y= le, 
correspond to points of the cut in the 6-plane. The axes of our conical 
beam, which are defined by the values x = y = 0 or & = 9 = 0, cor- 
respond to the point at infinity of the 6-plane. Noticefinally, that rays 
situated in the y = 0 plane for which 7 = 0, correspond to real values 
of 6, the modulus of which is greater than a, i.e. they correspond to 
points on the real axis of the 6-plane which lie outside the cut 
(—a, +a). If we divide our beam of rays into two parts by the plane, 
= 0, then one part corresponds to the upper half-plane 6, and the 
other to the lower half-plane, viz. the half where y > 0 corresponds 
to the lower half-plane and the half where y < 0 to the upper half- 

plane. 

If we take the solution of the equation (191) constructed by the 
above method, i.e. the solution which is the real part of a certain 
analytic function /(@), then this solution will have a constant value 
on each one of the above rays. 

Let us now investigate the values of @ for points of the space (S) 
which lie outside the above conical beam, i.e. for all points which 
satisfy the inequalities 
1 
a’ 


4 n> or v+y2>——Pk. 
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The equation (205) gives us two real zeros, which lie on the line 
(—a, +a): 


ga ftnlae(@+y)—i _ sti ytYare+y)—e 


& + 7? xd + y? (209) 


This line (—a, +a) is the cut of the plane, and on opposite edges 
of this cut the radical |/a? — 6? has opposite signs, so that in the equation 
(205) we should take into consideration the double sign of the radical; 
we must also take both signs of the radical in formula (209). Let 
Mo(ty, Zp, Yo) be a point outside our conical beam and @, and 0, the 
corresponding values of 6, obtained from formula (209). If we substitute 
these values 0 = @, and @, in the left-hand side of the equation (205) 
we obtain two real equations of the first order with respect to t, z and y 
and, consequently, we have two planes through the point /,. This can 
be expressed in a different way, viz.any value @=86,on the cut (—a, +a) 
corresponds to a plane P in the space (S). Let 4 be the generating line 
which corresponds to the point 6 = @, on the cut. This generating line 
A must lie in the plane P. It is not difficult to show that the plane 
P will be tangential to the surface of our conical beam along the gener- 
ating line A. In fact, if the plane P is not tangential to the surface 
of the cone along A then it would cut this surface, and part of the 
plane would then lie within the conical beam. In that case points 
within the conical beam would correspond to real values of 0 = @, 
in the interval (—a, +a) which, as we saw above, is not possible. 
Hence [from (205)] any real @ on the cut (—a, +a) corresponds to a 
plane tangential to the surface of the conical beam along the generating 
line which corresponds to the given value of 0. 

Instead of talking about a conical beam and tangential planes to its 
surface we can use a two-dimensional diagram, ie. we can cut our 
conical beam with a plane perpendicular to the ¢ axis. In this case 
the conical beam is represented by a circle to which the tangential 
planes are tangents. In particular, we can use the variables and 7 
in the transition to the two-dimensional diagram. Instead of the coni- 
cal beam we have in the (&, 7) plane the circle K: 


és 1 

&? i "? < a?’ (210) 
where every point of this circle corresponds to a definite ray of our 
beam and vice versa. The tangent to the above circle corresponds to 
the tangential plane to the surface of the beam. The half-plane 7 > 0 
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corresponds to that part of the space where y> 0. The axis 7 = 0 
corresponds to the plane y = 0. 

Let {(0) be an analytic single-valued function in the 6-plane with the 
cut (—a, +a). Take the corresponding solution of the equation (194): 


u=®[f(6)] (@being the real part). (211) 


This solution will be defined within our conical beam or, in the case 
of a plane (é, 7), within the circle (210). We shall give one method for 
continuing this solution outside the conical beam which has very 
important applications. In order to do this we draw a family of tangen- 
tial half-planes to the surface 
of our conical beam, all in the 
same direction, i.e. their cor- 
responding tangents to the circle 


or "= = (212) 


should have the appearance I L 
shown in Fig. 51. These tangen- 
tial half-planes do not cross 
one another and fill part of the 
space (S) outside the conical beam. /(@) remains constant on every 
one of these half-planes and we can thus define the solution of u out- 
side the conical beam uniquely by using the same formula (211) which 
gave the solution within the conical beam. In this case the values of the 
solution remain constant not on the rays but on half-planes outside the 
conical beam. Notice that the directions of the tangents to the circle 
(212) can evidently be selected and we therefore obtain two different 
methods for continuing the solution, when the above method is used. 

The corresponding surfaces of the conical beam 6 belong to the cut 
—a<6@< +a. We can, in this case, separate the values of u as given 
by formula (211) into two real terms u = wu,(0)-+ u,(0) and continue one 
of the terms along the half-tangents I (Fig. 51) and the other along 
half-tangents II. This also gives a solution of the equation outside 
the circle. We therefore have an infinite number of different ways 
of continuation and in all cases the continuity of the solution wu is 
preserved in transit through the circle. In actual problems the method 
of continuation is determined from the movement of the frontal wave. 

All that was said above referred to the solution in a space (S). 
Let us now suppose that we are only interested in the half of the space 


Fig. 51 
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where y > 0, or in the plane (&, 7), where 7 > 0. Assume that formula 
(211) gives the solution in a semicircle and that it is equal to zero on 
an arc AB of this semicircle, as shown in Fig. 52. This case has many 
applications in problems of propagation of vibrations and we arrive 
at a single-valued continuation of the solution (211) by using half- 
tangents to the circle shown in Fig. 52, i.e. by using the corresponding 
half-planes which are tangential to the surface of the conical beam. 
In this case the solution will be equal to zero outside the contour 
A, ABB,A,. 

Analogous considerations can also be applied to the general] case 
of the equation (202) but, instead of the conical beam, we shall, of 


Fia. 52 


course, have a much more complicated geometrical picture (a family 
of straight lines with two parameters), which depends on the choice 
of (8). 

In the equations (202) and (203) we can substitute another variable z 
instead of 6, which is connected with @ by a functional dependence. 
We shall give here one particularly convenient choice of this complex 
variable. Let the connection between z and @ be in accordance with 
the formula 


6=$(2+ =). (213) 


In this case, as we know from [33], instead of the 6-plane with the 
cut (—a, +a) we have a unit circle |z| <1 for the variable z. By 
using formula (213) it is not difficult to see that for our choice of the 
value of the radical we have the formula 


@—@=i5 (2). (214) 
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Let us consider in greater detail equation (203) in this case. It will 
have the following form: 


1 . 1 
t—F(etl}et+ig(z—s)y=0 (215) 
or 
a 1 .a 1 
1—$ (2+ s)&+ig¢(e-S)1=0, 
which can also be rewritten as follows: 
1 ‘ 
1—F2(§—in) — FZ (E+ in) =0. (216) 


: We introduce polar coordinates for the circle (210) according to the 
formulae 


: 1 
E=ocosg7; n=esing (0<e <<). 
In this case the equation (216) can be rewritten as follows: 
age? 22 — 22 + age’? = 0, 


and we have a solution for z in the form z = re'?, where r is deter- 
mined from the quadratic equation 


aor? — 2r+ag=0 (0<r<}), 


i.e. in this case every point on the circle (210) (i.e. every ray) corresponds 
to the value of the complex variable z = re’? with the same amplitude, 
and points on the circle (212) correspond to points on the unit circle 
with the same amplitude. In other words, every radius of the circle 
(210) corresponds to the radius of the unit circle | z| << 1 with the 
same polar angle. 

The fundamental ideas about applications of the theory of functions 
of a complex variable to the solution of the wave-equation (191) 
with which we have dealt in this section, have wide applications in 
problems of propagation of vibrations (acoustic, electromagnetic), 
as well as in more complicated problems of propagation of elastic 
vibrations. The above method only gives one class of solutions of 
the equation (191) but it so happens that this class includes the 
solutions which are of great importance in physics; by using the 
latter it is possible to bring problems connected with the reflection 
and diffraction of waves, to a final form suitable for evaluation. 

The equation (191) is an equation of a two-dimensional wave 
(cylindrical wave), but by using the principle of superposition it is 
possible to construct new solutions from solutions of the above type, 
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and thus to investigate the wave equation in three dimensions. The 
theoretical basis of the above method can be found in works by 
S. L. Sobolev and in papers by this author printed in The Works of 
The Seismological Institute at the Academy of Science. Its applications 
to definite problems can be found in works by E. A. Naryshkina 
and S. L. Sobolev. Without going into details which would take us 
outside the scope of this book, we shall describe briefly the application 
of this method to two problems: the diffraction of a two-dimensional 
wave and the reflection of elastic vibrations from a flat object. 


54. The diffraction of a two-dimensional wave. Consider the (2, y)-plane, 
out in the direction of the straight line y = x, where z > 0. Assume further 
that in the remaining part of the plane where t < 0 we have a two-dimensional 
wave, which is propagated parallel to the X axis with a velocity 1/a, so that 
at the instant when t=0, it reaches the end of the cut (the origin). Assume that 
this two-dimensional wave has the following olementary form: 


u = when 2 <— 3 u=Owhen z >—t, (217) 


Behind the frontal of propagation wu is constant and equal to 1 and in front of 
the frontal, which has not yet been disturbed, u = 0. 

In the case under consideration the function wu satisfies the equation (191) 
when ¢ <0 and it is the homogeneous solution of this equation; it depends only 
on € and 7 and is defined by the conditions 


u = 1 when £<-, u =O when € >. (218) 


The frontal of this wave moves with the velocity 1/a, which agrees with the 
wave equation (191). 

We shall now investigate the problem of diffraction of the wave (217) at the 
above cut and we shall suppose that after diffraction, i.e. when ¢ > 0, the 
wave will still be represented by a homogeneous solution of the equation (191), 
i.e. by the real part of an analytic function f(z) of the complex variable z, 
as defined by the equation (216). This assumption is quite natural, for the line 
which causes diffraction is a cut which ends at the origin. We take it that on 
both sides of the cut the following condition is satisfied: 


uw = 0 (on the cut). (219) 


At the instant when ¢ = 0 our two-dimensional wave reaches the out 
after which diffraction takes place. Take any positive time ¢ > 0. Bearing in 
mind that according to the wave-equation (191) the velocity of propagation 
of the disturbance is equal to 1/a, we have at the given instant the following 
picture of the disturbances. To begin with, the straight frontal ABCD is torn 
in two by the obstacle through which the frontal has passed. The line of this 
frontal is perpendicular to the X-axis and OB = (1/a) t. We next have a straight 
frontal formed by the wave reflected from OG, according to the usual law, 
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(Fig. 53). This will be the straight line EC, parallel to the X axis. Also tho 

resence of O creates an additional disturbance in the circle, centre the origin 
and radius (1/a)¢. It is the main object of this problem to determine the function 
y in this circle. Let us list those values of wu, which apply outside the circle. 
In front of the line A BF below the cut OG we evidently have u=0. Also u= 0 
above this cut and in front of the line CD. Now in the part of the plane bounded 
py the contour ECFE, the falling wave is 
joined by the reflected wave and from the y 
limiting condition (219) we have again A 
uw = 0. In the part of the plane outside \ 
the above circle and behind the frontal 
of the wave, u= 1 everywhere except ! 
in the above domain ECFE. The circle, 
centre the origin and radius(l/a)thappens 1 
to be the circle (210). In this case, how- 
ever, it is cut along the radius 
are tan (7/&) = x/4. 

According to the equation (216) we 
have on transit to the z-plane, a unit 
circle z <1 cut along the radius 
arg z = 2/4. We know from above that the 
radii of the circle (210) correspond to the 
radii of the unit circle |z| < 1 with the A 
same central angle. Fic. 53 

Bearing in mind the above values of 
u and the limiting conditions and making 
the transition to the z-plane we obtain the following problem: find a function 
f(z), regular in the cut circle |z| < land — 72/4 < argz < 2/4, so that its 
real part should vanish on both edges of the cut, i.e. on the radii: 


E. 


argz=— and arg z= i 
8 4 & ra 
and also on the arcs 


~tncanmge<—2 , and O<argz<—, 
and be equal to unity on the remaining part of the circle | z | = 1. It is not dif- 
ficult to write the solution of this problem in a definite form. 

Rotating the z-plane about the origin by an angle 72/4: 


we obtain tho circle | w,| <1 and 0 < arg w, < 22, which is cut along the 
radius arg w, = 0. By extracting the square root this cut is transformed into 
the interval (—1, +1) of the real axis and the circle is transformed into the 
upper part of the unit circle. Therefore the transformation: 


ange 
w= Yu,=e § z? 
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transforms our cut circle in the z-plane into an upper semicircle in the w-plane, 
The boundary conditions for the unknown function f(w) will then be that the 
real part of f(w), should be zero in the interval (—1, +1) of the real axis ang 


7 
Rt (e'*)] =0 when 0<9< = and ~x<p<n, 


Rif (e'?)] =1 when — 5 < e<z 


jf(w) thus transforms the interval (—1, +1) of the real axis into an interval of 
the imaginary axis and, according to Schwarz’s principle of symmetry, f(w) 
can be analytically continued into the lower part of the unit circle when at 
points w, symmetrical with respect to the real axis, it acquires values sym- 
metrical with respect to the imaginary axis [24]. 

We thus obtain the following equation: 


Rf (e~?)] = — Blt (e")]. 


Bearing this in mind we arrive at the following boundary conditions for 
f(z) on the unit circle: 


7 9 
Rf (e'?)] =0 —3<ep<qandga< p<—n 


8 8 8 
R[F e'?)] =1 <9 < xis (220) 
Rit (c'?)] = —1 —~Beget. 


To construct the solution of this limiting problem consider the function 


a—Ww a—w 
j= OTE ap (221) 


where a and # are points on the unit circle, situated at opposite ends of the same 
diameter AB (Fig. 54). Let M be the variable point w. The real part of (221) 


arg ar: = arg (a — w) — arg (8 — w) 


represents the angle between the vectors MA and MB, measured from MB. 
The function (221) is single-valued and regular in the circle | w| < 1. When 
w =0 it is equal to z, and has a period 2x. We suppose that in the circle | w|<1, 
it is equal to z and we thus fix a definite branch of the function (221). For this 
choice of branch we have: 


1 a—w l1—a ‘tw 
pee gag tty ke ee - 


= n+ = log (1 — aw) — Flog (1 — p-'w), 


54] THE DIFFRACTION OF A TWO-DIMENSIONAL WAVE 215 


where we take the principal value of both logarithms, as defined by the usual 
power series. If w lies on the arc APB, then the above angle BMA is equal to 
n/2 and when it lies on the are AQB it is equal to 32/2, i.e. for the given choice 
of the single-valued branch of the function (221) in the circle | w| <1 its real 
part is equal to 2/2 on the are APB and to 32/2 
on the arc AQB. 

Let us apply this result to the function: 


i= a fo 
1 e F —w 1 e 5 —w 
1 ee = 
e %_—w e § —w 


' Denoting by M,, M., M, and M, the points 


Fic. 54 


we can say that the real part of y(w) is equal 

to 2” on the arcs M,M, and M,M,, to z on 

the arc M,M, and to 32 on the arc M,M,. Bearing this in mind we directly 
obtain the solution of the limiting problem (220) in the following form: 


j (w) = — p(w) —2. 


Returning to the former variable z we obtain the solution of the diffraction 
problem in the circle 


at ty< ae 
in the form 
((_ FACE AD 
U=R Fz 108 : oe x ~ iz ce. 2. 
(.- Ci aoa) ees) 


The above considerations have no strict theoretical basis and the concept 
of an elementary two-dimensional wave uw which is equal to unity behind the 
frontal and to zero in front of the frontal seems at first to be rather artificial. 
It can, however, be shown that any two-dimensional wave can be represented 
by an integral which contains the elementary two-dimensional wave. The result 
so obtained can therefore be made to include the diffraction of a two-dimensional 
wave of the most general kind by reducing the problem to the case we considered 
above. 

Let us consider the general appearance of a two-dimensional wave which 
moves parallel to the X axis. This wave is given by the function f (t/a — x) 
and we assume that f(z) = 0 when r < 0. The function f (t/a — x) certainly satis- 
fies the equation (191). Above we have considered the elementary case, viz. 
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f(t) = 1 when +> 0 and f(z) = 0 when r < 0. Denote f(r) by u(t) in that 
particular case as we did in formula (217): 


0 when t < 0 


u(t) = 
(7) l when t > 0. 


(218, ) 


Let us now suppose that f(a) is a continuous function with a continuous deriv- 
ative and that this function is equal to zero when zt < 0. We can write: 


Leva Nea) eG) ah. 


In fact, taking into consideration the definition of u(z) and the condition 
f(0) = 0 we obtain: 


Ju(r—A)f (a)da=J Pf (a) da = f(t) —1 0) =f (@). 
0 a) 


We can therefore write: 


(Giese yous = ~2) (2) a2. 
0 0 


It can be seen from this formula that the general type of falling two- 
dimensional wave is a sum (an integral, strictly speaking) of elementary fall- 


ing waves 
u (- =a = | j’ (A) aa. 


If we denote by U(z, y, t) the above result obtained for the diffraction of an 
elementary wave, then in the case of the falling wave f (t/a — x) we have a 
solution of the form: 


oo 


V =JSU (z,y,t — aA) f’ (a) da. 
0 


We are only considering the result of diffraction with respect to the origin 
and we denote this by U(x, y, t). When ¢ > 0, this takes place in a circle, centre 
the origin and radius (1/a) t, i.e. we suppose that U(z, y, t) = 0 when ¢ < 0 for 
any (z, y) and also that U(x, y, t) = 0 when x? + y? > (1/a”) t? and ¢ >0. Hence 
in the expression for V the integral containing A will, in fact, be propagated 
in the finite interval in which A varies. 

The above method can be used for solving the problem of diffraction of a 
two-dimensional wave falling in any arbitrary direction at any given angle. 


55. The reflection of elastic waves from rectilinear objects. In two-dimensional 
problems in the theory of elasticity the component displacements u and v 
can be expressed by the formulae 


OP AO) sie PY (222) 
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where the function is usually known as the potential of longitudinal waves 
and the function y as the potential of transverse waves. These potentials should 
satisfy wave-equations of the form 


hte ap Op 


a? at = Gat ay?” (223) 
ay oy Op 
Or ais  eae age (224) 
where 
2) | a ee ees 
a= Pear o/s, (Ge) 


where @ is the density of the medium and 4 and uv are Lamé’s elasticity constants. 
. The numbers 1/a and 1/6, as we know from the theory of elasticity, give the 
velocity of propagation of the longitudinal and transverse waves and formula 
(222) gives the subdivision of the general agitation into longitudinal and trans- 
verse agitations. 

¢' We shall also state formulae which express the tension in the elastic body in 
terms of the potential. We shall only consider the vector of tension which acts 
on a surface perpendicular to the Y axis. The components of this vector can 
be expressed by the following formulae: 


2p 2p Oy 
¥ a2 de by ee a 


b? 0° 0? 0? 3 

vy + (Ge) Caer + aye) +? aye? aay | 

After these preliminaries let us formulate the problem. Let us suppose that at 

the instant when ¢ = 0 an agitation, purely longitudinal in character, is 

propagated from the point z=0, y = y,; this propagation has a potential 

p, which satisfies the equation (223) and which gives the homogeneous solu- 

tion of the equation with respect to the arguments ¢, x and (y — y,), i.e. it 
is defined as the real part of the analytic function 


p = R[G(8)], ( 227) 


(226) 


in which the complex variable @ is determined from the equation: 


This latter equation differs from the equation (213) only in so far as y 
is replaced by (y — y,). This shows that the potential (227) corresponds to 
a force which at the time ¢ = 0 is concentrated at the point z=0, y = ¥>. 
We shall not explain this here from the point of view of the mechanical charac- 
teristic of the source. 

We assume that the given function ©(@) in formula (227) is regular in the 
§-plane with the cut (—a, +a), except at the point at infinity, and that its 
real part vanishes on the cut. This later circumstance shows that the given 
potential g vanishes on the surface of the conical beam with the vertex of 
angle arc tan l/a at ¢=0; = 0, y=y,. This surface corresponds to the 
frontal of the spreading agitation. We assume, of course, that the potential 
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is equal to zero everywhere outside the conical beam. Let us suppose that 
we are given not the whole plane of the spreading agitation, but only the 
half-plane y > 0, with the centre of agitation x = 0; y = y, >0. The potential 
gy fully defines the movement only at the instance when ¢ > ay,. When 
t =ay, the frontal of agitation reaches the line y=0 which is the edge of our 
medium, and reflected waves appear; the reflection laws should be obtained 
from the limiting conditions at this edge. We assume that the medium is free 
of tension and in future, when writing the corresponding limiting conditions, 
we shall equate to zero the expression (226) when y = 0. 

As a result of reflection two other potentials must be added to the given poten- 
tial g: one is the reflected longitudinal potential py, and the other is the reflected 
transverse potential y,. We assume that both potentials are expressed as real 
parts of analytic functions of a complex variable 


7, =R {9 (9,)]; y=R EA (62)]- (229) 


We have to find equations for both complex variables 4, and 0,, as well as the 
form of the analytic functions ®,(6,) and Y,(@,); the latter are obtained from 
the given falling potential g and from the limiting conditions. From [53] 
and also owing to the fact that the wave-equation for the transverse potential 
y contains the constant 6 instead of a, the above complex variables will be 
found from equations of the type: 


on = aes 


eeeeeeees, (230) 
t— 0,2 + Vb? — 08 y + pe (82) = 0, 


and we must, first of all, select the form of the functions 7,(6,) and p,(4,) and 
the signs of the radicals, bearing in mind the fact that the values of radicals 
in cut planes are always determined in the way explained in [53]. 

Consider the conical beam of rays which corresponds to the equation (228), 
with vertex at the point t=x=0, y=~y,. In this case the difference 
(y — y,) replaces the letter y, if we make comparisons with [53]. The plane 
y = Y, divides our beam into two parts and the part of the beam where y > y, 
will never meet the edge y = 0 in the space (S) with the coordinates (é, x, y). 
The second part of the beam where y < y, will meet this plane, and the points 
of intersection of the straight lines of the beam and the plane will fill a whole 
domain of this plane defined by the inequality (Fig. 55) 


1 
This follows directly from the fact that the equation of the beam will, in this 
case, have the form 
I 
a? + (y — Y)? <p. 
The domain (231) therefore represents the interior of a hyperbola in the y = 0 
plane in the space (8). It follows from [53], that that part of the conical beam 


which intersects the plane y = 0, where y — y, < 0, corresponds to the upper 
half-plane of the complex variable @. At the same time y decreases while ¢ 
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simultaneously increases along every ray. We select in the equations (230) the signs 
of the radicals so that they should be opposite to those in the equation (228); 
the functions p,(6,) and p,(6,) are determined in such a way that the equations 
(232) and (228) should coincide when y = 0. We thus obtain for the new complex 
variables the following equations: 


t — 0,2 — Ya? — 63 (y + yo) = 9, (232) 
t—6,2— Yo? — 62 y — Va? — 62 y, = 0. (233) 


Consider a point M,(t,,z,) in the domain (231) in the plane y = 0, in the space 
(S). This point can be reached by a ray belonging to one half of the beam, which 
corresponds to a definite value 6 = 0’. 
If we substitute the coordinates of the 
point ¢=7,,; =a, and y=0 in the 
equations (232) and (233), we obtain the 
identical value for the complex variables 
6, and @,. If we now substitute these 
values 6,= 8’ and @, = @’ into the 
complete equations (232) and (233), then 
the equations so obtained will determine 
two rays which we shall in future call the 
reflected longitudinal and the reflected 
transverse ray fall this takes place 
in the space (S)]. Notice one important cir- 
cumstance, viz. as a result of the definite 
choice of the signs of radicals in the equa- 
tions (232) and (233) it is evident that 
tand y increase simultaneously along 
the reflected rays, i.e. the reflected rays 
travel into the depth of our half-plane, 
as time goes on or, in other words, the 
reflected waves alter nothing in the picture of disturbance which existed before 
reflection occurred. Let us test this circumstance for the equation (232). By 
comparing it with the equation (228) it can easily be shown that it corresponds 
to a conical beam with vertex at the point t= z = 0, y = — yp, symmetrical with 
the centre of agitation with respect to the y = 0 plane. Bearing in mind the 
fact that the sign of the radical in the equation (232) is different from the sign 
of the radical in the equation (228) we can say that the values of 6 in the upper 
half-plane, which we obtained as a result of reflection, correspond to rays, 
where ¢ > 0 and y -+- y, > 0; also when ¢ increases y increases along the ray. 
An analogous circumstance also applies to rays defined by the equation (233), 
but in this case the beam of rays will no longer be conical. Thus from every 
point M, of the region (231) two different rays will radiate. We are trying to find 
the potentials of the reflected waves in accordance with the formulae (229), 
so that they remain constant along the reflected rays. The form of the 
functions in the formulae (229) remains to be found. As we have already said 


Fie. 55 
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above, we are considering in this case limiting conditions of the form: 


9 Fie+o) , Ow Ov 


Ox Oy dy? Oz? By 
b? (p+) , Feet) 0 (vy + Fi) ay 
(= - 2) [=e Safe gen 2 jee basal ao 


To evaluate the derivatives of the functions 9, p,,and y,, as determined by the 
formulae (227) and (229) we can use the formulae (200) by substituting U(r), 
m(t) and (t) by the corresponding coefficients from the equations (228), 
(232) and (233). Notice also that in the reflected transverse potential y, we must 
replace a by 6. When y = 0 our complex variables 6, 6,, 6, coincide and we can 
denote them by the same letter 9. We thus arrive at conditions of the following 
type: 


“ls @ —20Va? — 6 [@ (a) — SiO] + OF — 20) V0) | Lo, 
e (234) 


i) 
(b? — 26%) [D’ (8) + ®, (6)] — 20 Vb? — 6? Y (6) 
R pga eS = 0, | 


where 
7 i) 
eR er 
The conditions (234) should be satisfied in the whole domain (231), i.e. in the 
whole upper half-plane 6. 
We obviously obtain the solution of the equations (234) if we determine the 
unknown functions ©,(6) and Y,(0) from the equations: 


— 20 Va? — 62 [ ® (6) — BD, (8)] + (b? — 262) Py (6) = 0, 
(b® — 26%) [@” (6) + G{ (6)] — 20 7b? — 6? Y; (6) =O. 
It can be shown that these equations are not only sufficient but are also 


necessary if the conditions (234) are to be satisfied. By solving them we obtain 
expressions for the derivatives of the unknown functions 


@; (9) = 262 — bt + 4H Vat — VOR- Og, | 
as (235) 
big, 40 (20% — b?) Vat ; 
¥ (0) -$- “5 (8), | 
where 
F (0) = (262 — b2)? +- 462 Va? — 62 yb? — 0. (236) 


To obtain the solution of the problem we are only interested in the derivatives 


of the potentials. From formula (222) we obtain the following formulae for 
the displacements: 


= 2[o (0) - +9) SE +) SE], 


2 P,(0) 52]. 


(237) 
= 2[ 6° (0) 5 (0) 2 os +; (6,) 
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Ifneither the falling, nor the reflected ray passes through the point M(é, x, y) 
then we must cross out the corresponding term in the expressions (237). Notice 
one important circumstance, viz. from the given condition the real part of 
@;(8) is equal to zero when —a < 6 < +a. From the formulae (235) and 
(225) it is clear that the relationship b > a follows directly; it also applies to 
@;(9) and ¥;(9), so that the reflected potentials y, and y, are constant on the 
surfaces of the reflected beams of rays and we can assume that they are equal 
to zero on these surfaces and outside the beams. 

If we were to consider the source of transverse vibration instead of the source 
of longitudinal vibration then the picture would be somewhat different. In 
this case we would be given the potential of transverse vibrations in the form 
of the real part of an analytic function 


v= R[P (9), (238) 


regular in the @-plane with the cut (—b}, +6) and the complex variable @ is 
determined from the equation 


t — 0x + Vb? — 6 (y — y,) =0, (239) 


where the real part (@) is equal to zero when —b < 8 < +b. We are looking 
for reflected longitudinal and transverse potentials of the form: 


P= R[P, (4)]; vi = RIV (9)], (240) 


where ¢, and @, are determined from the equations 


t— 6,2 — Ya? — ey — Yo? — oF y, =O, (241) 
t— 6,0 — VO — 8 (y + y,) =0. (242) 


Similarly for functions in the expressions (240) we obtain the following 
expression instead of formula (235): 


G; (6) = 22 YOE =O y” (8), 
— (262 — b2)? + 46% Ya? — 62 Vo? — 6? 
Ff (6) 


(243) 
se (6) = yy (6). 

In this case the cut in the 9-plane, points of which correspond to rays on 
the surface of the conical beam, will be —b < @ < +b. The coefficients of 
y’(8) in both expressions (243) contain the radical ~a?— 6? and therefore 
these coefficients, which remain real when —a < 6 < -+a, cease to be constant 
when —b < 06 < —a anda < 6@< 8. At the same time the product of the 
imaginary part of the coefficient and the imaginary part of Y’(8) gives the real 
part of @}(@) and Y}(6) which is other than zero when 


—b<6@<—a and a<é<b. (244) 


If we substitute these values of 6 in the left-hand side of the equation (241) 
then, after the separation of the real and imaginary parts, we have: 


t—6z—yb? —@?y,=0; y=0. 
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i.e. for the reflected longitudinal potential these critical rays, on which the 
potential is other than zero, do not penetrate into the medium but travel in 
the y = 0 plane (Fig. 56). For the reflected transverse potential the reflected 
beam of rays, given by equation (242), will simply be a conical beam with the 
vertex at t= 2=0, y = —y,; along the generating lines of the surface of 
this beam, which correspond to values of 6 satisfying the conditions (244), 
the values of the reflected potential will be other than zero. In this case we 
shall have to continue the reflected transverse potential outside the above 


T 


Fie. 56 


conical beam by the method described in [53]. This circumstance has a simple 
mechanical meaning, viz. the transverse waves radiating from the source of 
vibration originate longitudinal reflected waves when falling on the edge 
y = 0; these are propagated along the edge faster than the transverse waves 
and they, in their turn, produce a transverse wave, which travels in front of 
the reflected wave and follows the usual laws for transverse waves. 

We have only given here brief indications and not a detailed mechanical 
investigation of the formulae (235) and (243). Note that the denominator of 
F(9), as given by the equation (236), has real zeros @ = +c, which satisfy 
the inequality c >}; the existence of these zeros produce the phenomenon 
known as the phenomenon of surface waves. 


CHAPTER III 


THE APPLICATION 
OF THE THEORY OF RESIDUES, 
INTEGRAL 
AND FRACTIONAL FUNCTIONS 


56. Fresnel’s integral. In [21] we proved the fundamental theorem 
of residues which is the basis of the application of the theory of 
analytic functions to various calculations and analytic representations 
of functions. We will now deal with the problems of evaluating definite 
integrals, integrating linear differential equations, expanding functions 
into infinite series and representing them by contour integrals. 


Let us start with the evaluation of the definite integral [II, 83] 


§ sin (2?) dx (1) 
0 


usually known as Fresnel’s integral and met with in problems of light dif- 
fraction. Consider the integral 


fe" dz, (2) 
l 


where J is a closed contour, which consists of the section OA of the real axis, the 
arc AB of a circle centre at O, and radius R= OA and the section BO, and we 
take the angle AOB as equal to 2/4. Inside this contour the integrand e~** has no 
singularities and therefore integral (2) is equal to zero. Divide this integral 
into three parts which correspond to the above three parts of the contour. 
The variable z will be real along OA and we suppose here that z = x, where 
O<2< R. Along BO we have z = ze!”/4; 2? = ix? and dz = e!”/4 dr. Finally, 
along AB 


z= Rel? (<<), 
hence z? = R?e!2? and dz = iRe'? dy. We thus obtain the following equation 


rid 
4 


R .% 0 
jeMdz+o 4 fer de +f {Re FR (cos 29 + isin 29) + ip dy =0. (3) 


223 
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We will show that the third integral in the above equation tends to zero ag 
R increases indefinitely. Bearing in mind that the modulus of e*, when 1 is 
purely imaginary, is unity and substituting the integrand by its modulus, we 
obtain the inequality: 


” 


ri4 
4 4 

5 iRe-®* (cos 2p + isin 2p) + ip dg|<R i e cos 29 do. 
0 0 


We will prove that the expression on the right-hand side tends to zero as R — o. 
Substituting a new variable y = 29 for g and rejecting the constant factor, 
which is of no importance, we obtain: 


bid 


2 
R - eR cosy dy. 


We now divide the interval of integration into two parts (0, a) and (a, 2/2), 
where a is a certain number between 0 and 2/2: 


x nm 


2 a 2 
i) eR? cos v dy = | Rov dy + J Re Ros v ayy. (4) 
a 


In the first of the above integrals we substitute the negative index by its 
greatest value, i.e. by the smallest absolute value, viz. by (—R*cos a). We 
multiply the integrand of the second integral by the fraction sin y/sin a, which 
is always greater than unity in the interval a< y< 2/2. Having thus increased 


the sum (4) we obtain: 
4 


a 2 . 
J Rea R84 dy 4 5 R SuLy eR cy dy, 
0 a sina 


and it is sufficient to show that this latter sum tends to zero. Both integrals 
can be fully evaluated and their sum will be 


| 2 


y= 
—R* cos a 
—R* cosa 1 —R* cosy - —R" cos a l—e ' 
one + Reina [e le, mane oo Rina 
from which it follows directly that this sum tends to zero as FA increases 
indefinitely. We have thus shown that the third term on the left-hand side 
of (3) tends to zero as R — oo. The first term on the left-hand side has the 
limit 


—_—y!t 
e* da, 


Cus 5 


which, as we know from [11, 78], is equal to (1/2) yx. Wecan therefore say that 
the second term has a definite limit; this gives us 


0 
Hae (P41) [maemo 
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or, separating the real and imaginary parts under the integral: 


i a iW) | [cos (a*) — isin (2*)] de = S x. 


Equating the real and imaginary parts we obtain Fresnel’s integral: 


ao 


J cos (z*) dz = | sin (%?) dz = - Vz. (5) 
0 


57. Integration of expressions containing trigonometric functions. 
Consider now the integral: 


2x 


3 R (cos x, sin x) dz (6) 


where £& (cos x, sin z) is a rational function of cos z and sin x. Let 
us substitute the complex variable z == e™ for the real variable z. As z 
varies in the interval (0,27) the complex variable z varies on the 
circumference of the unit circle Fa = 1. Also, from Euler’s formula, 
we know that 

1 


z+2 1 


: 2-2” 
cope = ——y_ sin t=. 


yn 


and therefore dx = (1/iz) dz. Substituting all this in (6) we obtain the 
integral of a rational fraction on the unit circle | z| = 1, which we 
denote by C. 


This integral is equal to the product of 2x7 and the sum of residues 
of the integrand at poles inside the unit circle. 


Example 1. Consider the integral 


rar 
rere (0<e<1). 


Performing the transformations shown above we can obtain it in the form: 


lpn E| 


é iz(lte 5 


or 


2 dz 
lege 
c 
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The poles of the integrand will be the same as the zeros of the quadratic 
equation 
ez? + 22 +e=0, (7) 
in which one of the zeros has a modulus smaller than unity. This zero is deter. 
mined by the formula 


—l+yl—é2 
6S 
é 
where the positive sign of the radical must be taken. The residue of the inte. 
grand can be determined by the rule stated in [21], viz. this residue is equal to the 
quotient obtained by dividing the numerater of the integrand by the derivative 
of the denominator when z = Z,, i.e. in this case the residue is 


il l 


= —_—__ _ = —______.,, 
2ez, + 2 2¥1— é 


and we finally obtain the following result: 
2n 


ee es (8) 
5 ete One 1 — & 


2. Let us also consider the integral 


vs dz 
J areca Qs esa) 
On performing the same transformations as above we obtain the integral: 
4 z 
al (ez? + 2z + e)* te 
c 


In this case z = z, will be the only pole inside the unit circle and it will be 
a pole of order two. From [21], to determine the residue r, at this pole we must 
multiply the integrand by (z — z,)?, then take the first derivative of this 
product and put z = 2,. Let z =z, be the other zero of equation (7): 


—) =r 
a. 
its modulus being greater than unity. On performing the above operations we 
obtain in this case: 


r-[setapl ~~ site 
Let (z —2,)? z—=o _ €? (2 — 21)8 |2a, , 
and, subsequently, putting z = z, and bearing in mind the expressions for 
Z, and z,, we obtain the residue: 


] 


a (Ea 
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The theorem of residues gives us finally: 


2n 
dz 2% 
J aFecoay T= oF (9) 


58. Integration of a rational fraction. Consider the integral of a 
rational fraction 


P (2) a (10) 


If this integral is to have a meaning it is necessary and sufficient 
(II, 82] that the polynomial y(z) in the denominator should have no 
real zeros and that its order should be at least two units higher than 
that of the polynomial g(x). If we also consider the function of the 
complex variable 


je) = 28, 

then it will have the same property as the product 2/f(z) in that 
it will tend uniformly to zero as z—» ©, i.e. it will not depend on 
the manner in which z tends to infinity. In other words: for any 
small positive ¢ there exists a positive #,, such that | zf(z) |< « when 
|z| > &,. We will show that providing the function /(z) satisfies 
this condition, its integral along any arc of the circle | z | = # tends to 
zero as f increases indefinitely. 

Lemma. If f(z) is continuous in the neighbourhood of the point at 
infinity u and 2f(z)—>0O uniformly as z—> ©, then the integral of 
f(z) along any arc of the circle |z| = R tends to zero as R increases 
indefinitely. 

Writing down the upper bound of the integral in the usual way 
as we did in [4], we have: 


| {reas fef@ ae 
I 


i 


. dt 
< max| z/(z)|- +S, 
nax | 2/ (2)|+ = 


where s is length of the above arc / which evidently, does not exceed 
2xR, so that finally 


{eae < 2x max|f (2)|. 
i 


Bearing in mind that 2f(z) tends to zero on the are as FR increases 
indefinitely, we have the direct proof of our Jemma. 
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Let us now return to our example and integrate the rational fraction 
p(z) : p(z) over the contour consisting of the section (—R, +R) of 
the real axis and the semicircle in the upper half-plane, for which the 
above section is the diameter. We can take F# so large that all poles 
of the function, f(z), in the upper half-plane will be included in itg 
constructed semicircle. Denoting it by Cr we have: 


R 


[Se ae+ See dz = 2ni Sr, my) 
—R Ce 


where 2 7 denotes the sum of residues of the function f(z) at its 
respective poles in the upper half-plane. As & increases indefinitely, 
the right-hand side of the equation will not alter and the second term 
on the left side will, according to the lemma, tend to zero, so that 
we obtain the limit 


co 
G) dx = 2ni 7, 


i.e. integral (10), which is an integral of a rational fraction, is equal 
to the product of 2x% and the sum of the residues of the integrand at 
its respective poles in the upper half-plane. 


Example. Let us consider the integral 


In this case the integrand has a single pole z =7 of order n in the upper 
half-plane. To determine the residue at this pole we must, according to (21], 
multiply the integrand (z?-+ 1)-" by (z — 1)"; the product thus obtained 
must be differentiated (n — 1)! times with respect to z and it we can then 
put z= 1, i.e. the required residue is determined by the formula: 


1? det —ijr z 1 ami (z 4 4)-4 
TS aD ae FP |p (a 
or 
pa (oM(—n-)).. (-n—nt2) (rT n(n + 1)...(2n — 2) | 
B (n — 1)! is (m — 1)! 227-1 ‘ 


and we finally obtain: 


7 dx *" (Qn—2)) 2 
J (2? + 1)" ~ [mai BF (12) 
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59. Certain new types of integrals containing trigonometric func- 
tions. Note that in the deduction of the above rule for evaluating 
infinite integrals we did not use anywhere the fact that the integrand 
f(z) was a rational fraction. It is sufficient for our purpose if the 
function f(z) satisfies the following two conditions: it is regular in 
the upper half-plane and on the real axis, except at a finite number 
of poles, and secondly, as z— © in the above domain, 2f(z) > 0 
uniformly. In this case, as before, we obtain equation (11), in which 
the second term on the left-hand side tends to zero, so that taking 
the limit we have: 


lim {y (x) dx = 2ni Sr, (13) 
Rao —R 


where 27 is the sum of the residues of /(z) at its poles in the upper 
half-plane. Dividing the interval of integration (—R, +) into two 
parts (—, 0) and (0, +2) and substituting (—zx) for vin the first 
integral we can, instead of equation (13), write: 


R 


Da SV@) + f(—2)] dx = 2ni Sr 


or 


J [/(x) + /(—2)] dx = ami Sr. (14) 


Let us apply this result to the particular case when the inte- 
grand is 
f(z)=F(zje'™,  —(m>0) (15) 


where the function F(z) satisfies the two conditions above. At the 
same time, as can readily be seen, the function f(z) will also satisfy 
these two conditions. To prove this it is sufficient to show that the 
factor e'” is regular in the whole plane and that it remains bounded 
in the upper half-plane and on the real axis. We must have 


elmz — eim(x+ty) and | elm | = e—™ (m>0;y > 0), 


from which it follows directly that | e’”*| <1 when z>0.If F(z) 
satisfies the two conditions above we can write: 


f [F (x) ef™ + F(—2)e-'™] dx = oni Sr, (16) 
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where 2 r is the sum of the residues of the function (15) in the upper 
half-plane. Let us consider two particular cases. To start with we 
suppose that F(z) is an even function, i.e. F(—z) = F(z), whence 


5 F(x) cos ma dx = ni Dr. (17) 
0 

If, however, F(z) is an odd function, i.e. F(—z) = — F(z) then: 
f F (x) sin mzdz =a Sr. (18) 
é 


Example 1. Consider the integral 


oe 


cos mx 
| ire (a > 0; m > 0). 


In this ease the function 
1 


f= ara 


obviously satisfies the above two conditions and is an even function, so that 
we can apply formula (17). The only pole of the function 


imz 


(\=-are (19) 


in the upper half-plane is a simple pole z=ia. We can determine the residue at 
this pole by the rule which we have used already and which can briefly be formu- 
lated as follows: the numerator, divided by the derivative of the denominator, 
In this ease, the above rule gives us the following expression for the residue of 
the function (19): 


ema 
~  a2a 
and we finally obtain: 
r cos ma _ % ma 
gq? +a? dz = 2a © : (20) 
0 
2. Let us consider the integral 
x sin mz 
@ ay 
0 


In this case formula (18) will be valid and the function 


zelmz 
(= ray 
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will have a single pole z = za of order two in the upper half-plane. The residue 
at this pole is determined by the formula 


d zeit 


lw rare] 


2=aia 
or 
mo 
= ema 
zeia 4a 


» 


d zeimz 
de | @ + ia}? 
which gives us directly the final result: 


x sin mz am _ 
(a? + a2)? dz=—7-e ma. (21} 
0 


Note. Generally speaking we have no right to write formula (13) in 
the form 


+a 
§ f(x) da = 2ni Sr. (22) 
In fact, the infinite integral 
+a 
§ f(z) dx 
is determined as the sum of the limits of the integrals 
R 0 
{ ¢(x) dx and Sf («) dx 
i) —R 


as R tends to (+). If these limits do not exist separately, but 
the sum of the above integrals tends to a finite limit, ie. a finite 
limit exists: 
R 
lim { f(x) dz, 

R>+o- —R 
then this limit is known as the principal value of the integral in the: 
infinite interval and is denoted as follows: 


+ 0 +R 

v.p. | f(z)dxe= lim f f(x)de. (23) 
a R-+0o—R 

The integral in formula (13) should be taken in the sense of its principal 

value. But if for any particular reason we know that this integral 

exists as an ordinary indefinite integral, then this should not be 

assumed, for then the principal value of the integral will be the same as 
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the usual indefinite integral. In [26] we defined the principal value 
of an integral in the case when the continuity of f(z) is disrupted at 
any particular point at a finite distance. 


60. Jordan’s lemma, The conditions placed on the function F(z) in 
the above paragraph can be made less restrictive so that formulae 
(17) and (18) hold, by using a lemma which will be of great impor- 
tance in what follows: 

JORDAN’s Lemma. If in the upper half-plane and on the real azis 
F(z) satisfies the condition: F(z) +0 uniformly as z— ©, and m 
is a certain positive number, then as H—» +00 


Pi F (z) e'™ dz—0, (24) 


where C, 18 @ semicircle in the upper half-plane, centre the origin and 
radius R. 


Introducing the polar coordinates z = Re, we can rewrite integral 
(24) as follows: 


f F (Re'®) efmR(cose + ising) j Rel? do, 
0 


and therefore, taking into consideration the fact that |ie'"*°°S*+'?| =1 
we have 


| { F(z) el™dz| < f | F (Rei*)|e—™®sine Rdg, 
Cr 0 
or 


F (2) is e—mRsine do, (25) 


§ F(z) e'™ dz| < max 
Cr 


on Cz 


It is given that | F(Re'®)| tends to zero as R-» co uniformly with 
respect to » where 0 < » < x and, consequently, it is sufficient to 
prove that, as —» oo, the integral 


J e~mRsine Rdp (26) 
0 
will be bounded. Dividing the interval of integration into two parts: 


(0, 7/2) and (x/2, x) and substituting in the second integral the variable 
gy by (x — ¢), we obtain integral (26) in the form: 


9 e—™Rsine P do. 


° 
— pla 
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We will now proceed as we did in [56]. Dividing the interval of 
integration into two parts and increasing the positive integrand, | 
we obtain the inequality: 


7 a 


—, 


2 a 2 
9 femme Rdg we 2 |e -MRsne R ——t dp + 2/ e-mRsina Pda. 
0 0 a 
The last two integrals are in their final form and we obtain the 
following inequality: 


p=a 4 Qe—mRsina p (F =. a) : 


D) 
2 [enmasine R dy < m COS a [- earls 

0 

The second of the above terms tends to zero as R-» ©, and 
the first term tends to the finite limit 2/m cos a so that the whole 
sum remains bounded as R—» co, The same may be said for integral 
(26) from which the result of the lemma is derived. 

By using the lemma we can, for example, prove formula (18), 
when less restrictive requirements are made with respect to the 
function F(z). In fact, we required earlier that in the upper half- 
plane and on the real axis zF(z)—>0 as | z|—>°o and this condition 
was necessary for the integral 


fF (2) o!™ dz 
Cr 


to tend to zero in the upper semicircle as 2 — co. The lemma shows 
that it is sufficient for F(z) 0 as z—ocoand therefore it is sufficient 
to use formula (18) in the assumption. 


Example. Consider the integral 
z sin mz 
{are (a >0; m> 0). 


In this case the function 
Z 
PQ" Hat 
satisfies all conditions of formula (18) and therefore we need, as _ before, 
determine only the residue of the function 


Zz eimz 


t imz __ 
Ff @Zje griae 
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at the pole z = 7a in the upper half-plane. This will be a pole of order one 
and the corresponding residue is determined by the usual rule: the numerator 
divided by the derivative of the denominator, i.e. 


_ ze _ 1 —ma 
= 22 pele: 2 . : 
and finally 
z sin mx _ 7% ma 
| = at i Tl (27) 


61. Contour integrals of certain functions. From a knowledge of the theory of 
residues it is easy to construct contour integrals for non-continuous functions. 

Consider, for example, the function g(t), which is zero when ¢ < 0, and 
unity when ¢ > 0, i.e. 


ro=f (t < 0) 


l (t > 0). 28) 


Tia. 57 Fic. 58 


We will show that such a function can be represented by the contour integral 
1 ellz 
P(t)= on i dz, (29) 
TF 


in which ¢ appears as & parameter in the integral. The contour of integration 
includes the whole real axis but the origin z= 0 which is a pole of the integrand 
is avoided by the circumference of a small circle, centre the origin in the 
lower half-plane (Fig. 57). Consider the auxiliary contour lp, which consists 
not of the whole real axis but only of its section (—#, +), surrounds the origin 
and includes the semicircle Cp in the upper half-plane, centre the origin and 
radius R. If ¢ > 0, then Jordan’s lemma can be applied to integral (29), so 
that the integral over the semicircle will tend to zero as F increases. The 
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integrand has a single pole inside the contour, viz. at the origin z = 0, where 
the residue is unity. Therefore 


ellz 


Qn oo 
lz 


Passing to the limit we obtain 


1 el tz 
224 z 
ur 


dz =1 (t > 0). 


Let us now suppose that <0. Consider the closed contour which consists 
of the above section (— FR, +2) of the real axis, surrounds the origin and includes 
the semicircle Cp of radius R, not in the upper but in the lower half-plane 
(Fig. 58). Inside this contour our function has no singularities and therefore 
the integral along this contour is zero. 

We will now show that as R increases indefinitely, the integral over the 
lower semicircle will tend to zero. In fact, if we change the variable of integra- 
tion z so that z’ = —z, then the lower semicircle Cp will be transformed into 
the upper semicircle Cp and we have: 


We. —ltz’ 
e e 

| “a= | — de’. 
z z 

CR Cr 


It is given that ¢ <0, i. —t> 0, and Jordan’s lemma shows that the 
latter integral does, in fact, tend to zero. Passing to the limit, as before, we get: 


fitz 
sa {5 dz =0 (t <0). 
we ba od 


Consider also the integral when ¢ = 0. 


] l 
Ont Jee. (30) 
in ol 


If we consider, as before, the section (—R, +R) of the real axis wo have to 
evaluate the increment of log z as it moves along this section and round the 
origin. At the end of the path the real part of logz will be log R and, con- 
sequently, it has received no increment. The imaginary part, which is equal to 
¢ arg 2, must receive an increment 2? when surrounding the origin along the 
semicircle, but on other sections of the path it remains unaltered. Thus integral 
(30) is equal to 1/2 along the section (—R, +R). Consequently we should obtain 
the same result in the limit as R — ©, i.e. 

1 a de 1 


Qt 2 2° 
os 


(31) 


In this case it was essential that both the upper and lower limits should tend 
to o and the same absolute values, i.e. integral (31) should be taken in its 
principal value sense in the interval (—o, --co) when surrounding z = 0. 
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Integral (29), when ¢ # 0, will be convergent in the usual sense of the word 
with respect to infinite limits. In fact, separating the real and imaginary parts 
we obtain 


| sid dz and | a= dz (a >0). 
: . 


Z 
a 


We proved the convergence of the second integral in [11, 83]. The convergence 
of the first integral can be proved in exactly the same way. 


Fic. 59 Fia. 60 


Thus, when ¢#0 integral (29) gives the function (28). When ¢ = 0 the integ- 
ral only has a meaning in the principal value sense and is equal to 1/2. 

Consider now another example where the function is zero everywhere except 
on a certain finite section where it is unity, i.e. 


y(t) =0 when t<a and ¢>b; p(t)=1 when a<t<b. (32) 


It is not difficult to represent the above function as the difference of two func- 
tions of this kind; hence 


{(6—fz i(a—f)z 
eae [=e ! f=. (33) 
—_ 


2nrt z 2nt zZ 
a ad 


Both terms vanish when t > 0. In the intervala < t < 6 the first term on 
the right-hand side is unity and the second term is zero so that the difference 
is unity. Lastly, when ¢ <a and both these terms are unity, the difference is 
zero and we have, in fact, obtained function (32). The graph of this function 
is shown in Fig. 59. 

Consider now the function which is zero when t < 0 and which, by starting 
with ¢ = 0, begins to decrease from unity exponentially: 


p(t)=0 (<0); gy(t)ee% (¢>0,a>0). (34) 
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The graph of this function is illustrated in Fig. 60. It can readily be shown 
that this function can be represented by the contour integral: 


1 Eas eilz 
a=s— | sd, (35) 


where the real axis is the contour of integration. The proof is exactly the same 
as for formula (29). In this case the residue of the function 


at the pole z = 7a is equal to e~@. 
Finally let us consider the function which is zero when ¢ <0 and which gives 
the sine curve when ¢ > 0 (Fig. 61). 


y(t) =90 when ¢ <0; 


36 
vy, () =sinat when ¢> 0 (a being real). (38) 


In the same way as before it can readily be shown that this latter function 
can be represented by the contour integral: 


a = 2 : cia ae], (37) 


2n z—a 
al 


where the contour of integration is the real axis, which surrounds the pole 
z=a of the integrand. In this case 
the residue is 
el! — cos at + 7sin at, 

so that, separating the real and 
imaginary parts, we obtain formula 
(37), where @ is the symbol of the 
real part. 

In some cases the above for- 
mulae are written in a different 
way, viz. we integrate not along 
the real but along the imaginary 
axis and the pole is described 
from the right side, i.e. from that side of the imaginary axis near which the 
real part of the complex number is positive. To obtain this new contour of 
integration it is sufficient to rotate the plane about the origin through an angle 
x/2 in the counter-clockwise direction, i.e. to replace z by a new variable z’, 


where 2’ = iz or z = 2’/t. By introducing this new variable we have in place 
of formula (29) 


Fic. 61 


1 (2 
eW=se> [Se (29,) 
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In formula (35) we now obtain the pole za not on the imaginary axis but on 
the negative part of the real axis and we thus obtain the following expression 
for the function 9,(t): 

1 ret tz’? 
© c 
M(t) =a i ee (35,) 


Similarly, we have the following expression for the function y,(¢): 


l el?’ ‘ 
y(t) = [- wleoe eT dz |. 
5 


The contents of this paragraph are directly connected with Laplace’s trans- 
formation with which we shall deal in Vol IV. 


62. Examples of integrals of many-valued functions. We will now consider 
a few examples where the integrand functions are many-valued functions of 
the complex variable. For the first example consider the integral 


§ (—2)771Q (z) dz, (38) 
i 


where a is a certain real number and Q(z) is a rational function, which is such 
that z* Q(z) — 0 if either z— 0 or z— oo. The integrand is many-valued so 
that by describing a circuit round z = 0 in the counter-clockwise direction, 
(—z) describes the same circuit and consequently the amplitude of this 
expression acquires the term 22; the expression itself acquires the factor e**! 
and(—z)*-1 becomes (—z)*-1 e2(4-D*!, i.e, in this case the function acquires 
the factor e%@-)"!, which is other than unity, providing a is not an integer. 
The origin is therefore the branch-point of the integrand. To make the func- 
tion single-valued cut along the real axis starting from z = 0. In the cut T- 
plane our function will be single-valued and to determine it fully we have to 
fix the amplitude of (—z) for a point in the 7’-plane. Let us agree that on the 
upper edge of the cut, where z is positive, the amplitude of the negative number 
(—z) is equal to (—2). Describing a circuit about the origin round a closed 
contour we come from the upper edge of the cut to the lower edge and in 
the course of this the amplitude of (—z) acquires an additional term 2z, so 
that the amplitude of (—z) on the lower edge of the cut will be equal to z. 
Denoting the modulus of z by x we have: 

im 


(— z) = ae” "* on the upper edge, 


(—z)=e'* on the lower edge 
and consequently 


(— z)*7? = 2-1 e7!@—-) on the upper edge, 


: 39 
(—z)?-? = a*1e/(-D* on the lower edge. (38) 


Let us now select the contour of integration for integral (38). We take for the 
contour of integration the following curve which consists of four parts: the 
section (e, R) of the upper edge of the cut, the circumference Cp, centre the 
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origin and radius R, in the counter-clockwise direction, the section (R, e) of 
the lower edge of the cut and, finally, the circumference C,, centre the origin 
and radius e¢, in the clockwise direction (Fig. 62). To integrate along the positive 
part of the real axis we assume that the rational fraction Q(z) has no poles there. 
In accordance with the fundamental theorem of residues the integral (38) 
will be equal to the product of 227 and the sum of the residues of the integrand 
at all poles of the rational fraction Q(z); the latter are also poles of the integrand. 
We are assuming all the time that 
e is taken so small and R so large 

that all the above poles will be 

included in the region bounded by 
our contour of integration. We will 

now show that the integrals along 

the circles Cp and C, tend to zero 

as R- oo and e— 0. In fact, 

applying the usual inequality we 

have: 


| §(—2)2-1Q(z) dz| < 
Ce 


< 22R- R°~* max | Q(z) | = 
on Cr 
=2nR* max | Q(z) |. 
on Cp 


Fie. 62 


It is given that 2z7Q(z)-0 
as |z|-+0o; therefore the above 


expression also tends to zero as R-—~ co. Similarly, on the circumference 
C, we have the inequality: 


| § (— z)9-7Q (z) dz | < 27e" max | Q(z) |, 


Cc, onc, 


since 27 Q(z) 0 as z+ 0; therefore the above expression also tends to zero 
as e— Q. Hence in the limit only integrals along the upper and lower edges 
of the cut remain and the value of the integrand on these cuts is determined 
by formula (39); this gives us: 


R 
lim Jf [a hec (2-3) Q (2) — 2? 1 pi*-D Q (x)] da = 2ni D'r, 
s-0 e 
Ro 


where Xr denotes the sum of residues of the function (—z)*-1 Q(z) at all poles 
within a finite distance. 

Bearing in mind that e~'* = e/* = —1, we can rewrite the above formula 
as follows: 


(e'*4 — ant) § a°-1Q (x) dx = 2ni Dr 
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or, (from Euler’s formula): 


| oF Q (2) dz = — > r. (40) 
0 


Formula (40) makes it possible to evaluate many definite integrals in which 
the primitive is not expressed in fina] form. Let us remind you once again 
of the conditions to which the function Q(z) is subject, for the above formula 
to be valid. The function Q(z) must be a rational fraction with no poles on the 
positive part of the real axis and it must also satisfy the conditions: 


27Q (z) > 0 as z>0 and z+ 00. 


As a particular example let us consider the integral 


7 gal 
| eae (0<a<1). (41) 
0 


It can readily be seen that in this case the function 


1 
Qe) =+45 
satisfies all the above conditions and has a single pole z = —1. At this pole 
the function 
(ze? 
l+2z 


has a residue which is evaluated by the rule: numerator divided by the derivative 
of the denominator, i.e. this residue is 


r= (—2)7 "| 2024 


Note that when evaluating the function (—z)*1 at the point z = —1 we 
must bear in mind the definition of many-valued functions which was given 
above, viz. on the upper edge of the cut the amplitude of (—z) is equal to (— 2) 
and, consequently, when describing half the circuit round the origin on the 
negative part of the real axis the amplitude of (—z) will be zero. In other words 


r=1. 


We finally obtain the following expression for integral (41) from formula 
(40): 


-) 
@—1 


x 
| ieee sin an” (2) 
0 


As the second example of an integral of a many-valued function consider the 
integral: 
22 
aa 
Ee we 
i Ja+e = + -dz, (43) 
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and suppose that the trinomial A + 2 B/z + C/z* has real coefficients and 
distinct real zeros z = z, and z = z,, where 0 < z, < 2. 

We also suppose that A <0 from which follows directly that the above 
trinomial will be positive when z, < z < 2,. We integrate (43) along the section 
2, < 2< 2, of the real axis on which the radical is taken to be positive. 
The integrand 


\ 
y19B , GC _VA—2,)@—2) 

Ja+224 5 - ewes) (44) 
will have branch-points of order one at the points z, and z,. If we make a cut 
along the section (z,,z,) of the real axis then the function (44) will be regular 
and single-valued in the cut 7’-plane [19]. 

Let us suppose that the radical is positive on the lower edge of the cut. To 
reach the upper edge where the radical is negative we have to pass one of the 
branch-points [19]. Let us take our integral along the whole contour of the cut 
in the positive direction, i.e. we take the integral of the function (44) along the 
lower edge from z, to z, and along the upper edge from z, to z,. The first part 
of this integral will give integral (43). When integrating along the upper edge 
the integrand will change its sign but the direction of integration will also be 
reversed so that the value of the integral along the upper and lower edges 
will be the same, i.e. the value of the integral along the whole contour of the 
cut will be twice the value of the integral (43). 

According to Cauchy’s theorem we can, without changing the value of the 
integral, continuously deform our closed contour, providing it does not leave 
the domain in which the function (44) is regular. If/ is any closed contour, which 
includes the above cut and the point z = 0, which is a pole of the function 
(44), remains outside J, then it follows from above: 


1 B C 


We will now expand function (44) in the neighbourhood of z = oo and of 
z=0. In the first case we can write: 
1 


Ja+22+5-rali+eZ+Z). 


and using Newton’s binomial formula we obtain: 


Boe ae Bl 
Ja+224+5-va(i+Zst...). (46) 


Let us determine the value of the radical yA in this formula. We use for 
this purpose the left-hand side of formula (44). We know that the radical is posi- 
tive along the lower edge of the section (z,, z,). To reach the section (z,, +o) of 
the real axis the point z =z, must be circumscribed in a counter-clockwise direc- 
tion. As a result the amplitude of (z — z.) is increased by 2 and the amplitude 
of the expression (44) by 2/2, i.e. instead of zero this amplitude becomes z/2. In 
other words the function (44) must be considered to be positively imaginary on 
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the section (z,, +-co) of the real axis. (By a positively imaginary number we mean 
ai when a > 0.) It follows from (46) that the radical yA is positively imaginary, 
Similarly, to reach the section (0, z,) from the lower edge of the section (z,, z,) 
the point z = z, must be described in the clockwise direction, as a result of 
which the amplitude of the expression (44) will be (— 2/2), i.e. this expression 
will be negatively imaginary on the section (0, z,). 
Expanding the function (44) near z = 0: 


Jae Z- 2s oes 


2 Z 


dol 


or, using the binomial expansion: 


B,C Ye B 
Jate2+ Sa (yer... (47) 


and, in agreement with what was said above, ¥0 must be negatively imaginary, 
It is given that A < 0 and it follows from z, > z, > 0 that C < 0. 

According to Cauchy’s theorem the integral of the function (44) along a 
large closed contour DZ near z = co is equal to the sum of integrals along the 
above contour / and along the contour A which surrounds z = 0; every integral 
being taken in the counter-clockwise direction. The integrals along L and 4, are 
equal to the product of 277 and the coefficient of z~! in the expansions (46) 
and (47) and consequently: 


B Cc .{ B = 
hence the formula (45) gives us the final value of our integral (43): 
Zs ben ye te 
J= | Rae Pep (ecclame 
ate + Se a ni yC}- (48) 


63. Integration of a system of linear equations with constant 
coefficients. We will now apply the theory of residues to the integration 
of a system of linear homogeneous equations with constant coefficients. 
Consider such a system: 


© = Ay + Ay 2, +..-+ np 

Ly = Ay, XH, + Ayy Xo +... + Ayn Xp (49) 

Tp = Any Ly + Ang %y +--. + Ann Xn» 
where the a,, are constant coefficients and the 2 are derivatives of the 
required function z, with respect to the independent variable ¢. We 
require the solution of this system in the form: 


t= 3 a2) 0 (s=1,2,...,2), (50) 
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where 9,(z) are the required rational functions of z; the symbol 
S Ste 
R 


will denote, here and in future, the sum of residues of the function 
f(z) with respect to all singularities within a finite distance. In formulae 
(50) the functions after the symbol of the sum of residues depend 
not only on the complex variable z, with respect to which we are 
calculating the residues, but also on the real parameter ¢, so that 
the sum of the residues will, generally speaking, also be a function 
of this parameter ¢. Owing to the fact that z and ¢ are not connected 
in any way with each other, we can, when differentiating the function 
(50) with respect to ¢, differentiate under the symbol of the sum of 
residues, i.e. we obtain one and the same result if we differentiate the 
function 


P, (2) (51) 
with respect to ¢ first and then take the sum of its residues, or if 
we take the sum of residues of the function (51) first and then dif- 


ferentiate with respect to t. Therefore, apart from the formulae (50) 
we also have the following formulae: 


fa = Peaey es (s=1,2,...,7). (52) 


We substitute all this into our system (49) and collect all terms 
together: 


© [er — 2) 1 (2) + 212 92 (2) +--+ Gin Pn) 8% = 0, 
= [221 Pr (2) + (G22 — 2) Po (2) - +++ Gan Pn (z)] e? — 0, 


= [an Pr (2) + One Po (2) +--+ (Gan — 2) Pn (2)] ef? = 0. 


These equations will obviously be satisfied if we equate the expres- 
sions in the square brackets to any arbitrary constant, so that we 
get under the symbol of the sum of residues a function in the form 
Ce”, which has no singularities at all within a finite distance. Denoting 
these arbitrary constants by —C,, —C,, ..., —C, we obtain a system 
of ordinary algebraic equations of the first order for the determination 
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of 9,(z2): 


(@,, — 2) v1 (2) + By Py (2) +--- + Bin Pn (2) = — Ch, 
Oy, Py (2) + (G22 — 2) Py (2) +--+ Gn Gn (2) = — C;, 


Bn Pi (z) ae ano P2 (2) ess oe (Gan aa 2) Pr (2) == C;,. 


We solve this system by Kramer’s formula: 


A, (z 
ps()=E (8 = 1,2, ..-m), (53) 
where 
21, — &, Qy2; Ay 
A(z) = Qo, Ag. — @, » Bon, : (54) 
an Qn2» »2nn — 2% 


and A,(z) is obtained by changing the elements of the sth column by 
terms (—C;,) in the determinant A(z). Note that the determinant A(z) 
represents the left-hand side of a familiar equation [III,, 17]. The 
expressions obtained in (53) must now be substituted in formula (50). 

Making these substitutions we obtain the solution of our system 
in the form: 


age) MEA eiesat): (55) 


where the meanings of A(z) and A,(z) are explained above. 
We will now show that the result obtained satisfies the original 
conditions 


=.C,. (56) 
We will only test this for 7,. We have: 
A 
71 bain 7 2 


1 (2) 
A(z) © 
The denominator of the above fraction is given by formula (54) 
and it is evidently a polynomial of the nth order, the last term of 
which is (—1)" 2”. The numerator of the fraction in formula (57) is: 


(57) 


rr 
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Multiplying the elements of the first column we obtain a polynomial 
of the (n — 1)th order, the last term of which is (—1)"0,z"-1; we 
can therefore rewrite formula (57) as follows: 


(—1)"?C, 27-1 +... 


theo (a 48) 


where the dots indicate terms of the polynomial with lower powers, 
which are of no importance in subsequent calculations. 

We will now establish a certain general rule for the sum of residues 
of a rational fraction. 

Lemma. The sum of the residues of a rational fraction with reference to 
ats poles at a finite distance, is equal to the coefficient of z-1 in the 
expansion of the rational fraction in the neighbourhood of the point at 
infinity. 

In fact, suppose that our rational fraction has the following 
expansion in the neighbourhood of the point at infinity: 


f (2) = Sd". (59) 
k 


Consider the integral 


where Cr is the circumference of a circle, centre the origin and radius 
h. If £ is sufficiently large all the poles of f(z) will lie inside Cp and the 
integral will give the sum of the residues at these poles. Also, if F is suffi- 
ciently large Cp will be near the point at infinity and we can therefore 
apply expansion (59) to solve the integral; it follows directly from 
this that the integral will be equal to 6_,, which proves the lemma. 

Note. Earlier in [17] we called the coefficient b_, in the expansion 
(59) with its sign reversed the residue of the function /(z) at the 
point at infinity, i.e. this residue is equal to (—b_,). For this reason 
our lemma can be formulated as follows: the sum of the residues of a 
rational fraction at all its poles, including the point at infinity, is equal 
to zero. 

Let us now apply the above lemma to the expression (58). Note 
that near the point at infinity the fraction can be expanded as 
follows: 

(= 1% 0,2" * +... 

(~)*27 +... 
and the above lemma gives us directly 2, | ;.9 = C;; it can similarly 
be shown that z, | 29 =C,;. Hence the solution given by formula 


OC, 1 Bs 
irae ae | easy 
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(55) satisfies the original conditions (56), ie. the arbitrary constantg 
C, in the polynomial 4,(z) take the place of the original conditions. 
Therefore our formula (55) gives the general solution of the system. 


Example. Consider the system 


r= Ly + Ly 
m=, +2; 
r= 2, + 25. 
In this case 
—z, 1, 1 
A(z) = | et ee al 
l, 1,—2, 
or 


4(z) = —2z(z2?—-1)+2(24+1) = (24+ 1) (— 22? +24 2), 
and for the first of the required functions we obtain the formula: 


=O. 15). 1 
—C,,—2z, 1 
= — 03, 1,-— — 2, tz 
2 4) (-F Fe4H°” 


or, by solving the determinant and ce by (1 + 2): 


= C, (1 — —¢, Zz O; z 
“1 2 _ = : z2+2 . 
The denominator has zeros z= —1 and z= 2. We will calculate the residues 


at these points by the usual rule: the numerator divided by the derivative of 
the denominator, and we obtain: 


2 I 1 = 1 1 I 
= ($1-7a-z%)e wae (Fut ze tz) e" 


Notice that in this case the polynomial A(z) has a double zero at z = —1, 
but in spite of this the coefficient of e~! in the expression for x, is not a poly- 
nomial in the tth power but simply a constant. 


In those cases when the equations are not homogeneous (compulsory 
vibrations): 


= 4,%,+...+4a,,+ f, (t) (s=1,2,...,), (60) 


where /,(/) is a given function of ¢, the required solution should have 
the following form: 


> C, (t) Ags (Z) +--+ Cn (t) Ans (2) el (61) 


t= — 
<= A) 


$s 
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where A;;(z) is the algebraic complement of the elements of the deter- 
minant A(z), and C,(t) is a required function of ¢ (the variation 
method of arbitrary constants) [TJ, 25]. Substituting (61) in (60) 
and bearing in mind that when the C, are arbitrary constants the 
formulae (61) give the solution of the homogeneous system, we obtain 
the following equations for the derivatives Cj(t): 


TA) On Are lO) ote — f (2) 


= A(z) 
(s=1,2,...,7). (62) 
We will show that this system can be satisfied, providing: 
Cy (t) =e" f, (03 «3 Ch) =e" fF, - (63) 
In fact, making these substitutions, we get on the left side of (62): 
-> fr (t) Ars (2) +- Ta In (t) Ans (2) (64) 
R 


If 1#k, then in the algebraic complement A;,(z) two elements 
situated on the main diagonal of the determinant A(z) will be cancelled, 
viz. (a;; — 2) and (a,, — 2); therefore A;,(z) will be a polynomial of 
the order (n — 2) in z. As a result of the above lemma: 


A é 
Say = 9 bb, 


since the expansion of A;,(z) : A(z) near the point at infinity begins 
with the term a/z* and there is therefore no term in 27}. 

The algebraic complement 4,;(z) will be a polynomial of order (n — 1) 
with the last term (—1)"-1z"~-! (cf. above) and consequently: 


x Ar (2) 
~ 2 A(z) 
It follows directly from this that the preceding expressions (64) 
are equal to f,(t). The formulae for C,(t) give: 


t 
O; (t) = { ef, (1) dt (k= 1,2,...,n), 
0 


and we chose the constant of integration so that C,(0) = 0 (purely 
compulsory vibrations). 
Substituting in (61) we finally have: 


t 
| fy (t) Ags (2) +--+ +n (7) Ans (2) et—DzZ dr. (65) 


oe A) 
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64. The expansion of a fractional function into partial fractions, 

We shall now apply the basic theorem of residues to the expansion 
of a function into an infinite series. Let the function f(z) be uniform 
and homogeneous in the whole plane except at a few isolated points 
which are its poles. Such a function is usually known as a fractional 
or meromorphic function. A rational fraction is one example of a 
fractional function. As the second example take cot z= cos 2/sinz 
which has poles at the points where sin 2 vanishes. 

This latter meromorphic function has an infinite number of poles. 
Notice that when a meromorphic function has an infinite number of 
poles then in any confined part B of the plane the number of poles 
should, at any rate, be finite. Otherwise we would have in B at 
least one limit-point for these poles, i.e. such a point z = c, that any 
small circle with centre at z = c would contain an infinite number 
of poles of the function f(z). This point z = c would be a singularity 
of f(z) other than a pole, for it follows from the definition of a pole 
[17], that it should be an isolated singularity. But it is given that 
f{(z) has no singularities other than poles. Once we have in a confined 
part of the plane a finite number of poles we can number them in 
the order of their non-decreasing moduli, so that denoting the poles 
by a, we have: 


|a,|<|a,|<]a,/<..., 


where | a, |—> +°° as n increases indefinitely. At every pole z = a, 
our function will have a definite infinite part, which will be a poly- 
nomial with respect to the argument 1/(z—a,), without the constant 
term [17]. Denote this polynomial by 


Gy (===) (k=1,2,...). (66) 

We shall now show that by making certain additional assumptions 
the fractional function f(z) can be represented by a simple infinite 
series, the terms of which are expressed by infinite parts (66). Let us 
formulate the condition to which we must subject the function /(z). 
Suppose that a sequence of closed contours C,, which surround the origin 
exists and which are such that every contour C, lies inside the contour 
Cr4,- Let l, be length of the contour C,, and 6, be its shortest distance 
from the origin. We assume that 6, —> ©, i.e. that the contours C, 
widen indefinitely in all directions as n increases. We also suppose 
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\ 
that the relationship J, : 6, remains bounded as n increases indefinitely, 
i.e. a positive number m exists such that 


a. <m. (67) 
ft 


If, for example, C,, are circles, centres the origin and radii 7,, then 
l, = 2a7, and 6, = 7p, so that 1,: 6,—27. We now suppose that 
the modulus of our fractional function /(z) remains bounded on all 
contours C,, in other words, a positive number M exists, such that 
on any contour C,, the inequality given below is satisfied: 


[f(2)|<M (onC,). (68) 
Consider the integral: 


l f(z’) a, 

Qa J 2’—2 dz’, (69) 
Ch 

where we integrate in the positive direction and the point z lies 

inside C,, and is other than a,. Consider also the sum of infinite parts 

which refer to poles a,, inside C,: 


1 
®, (2) = a (==) ' (70) 
where (C,,) below the symbol of the sum shows that only poles situated 
inside C, must be added. 

The integrand of (69), which is a function of z’, has in CO, a 
simple pole z’ = z, which is due to the vanishing of the denominator, 
and poles z’ = a,, which are due to infinite parts of /(z’). The residue 
at the pole 2’ = z is determined by the rule: the numerator divided 
by the derivative of the denominator: 


f(z’) 


_ fe’) = 
(2’ — 2)’ 7 bes Le 


v=z 


The residues at the poles 2’ = a, will be the same as for the function 


Wy (2’) 
2’ —2z “ (71) 
In this latter function w,(z’) is a rational fraction in which the 
order of the numerator is lower than the order of the denominator 
and all poles are situated inside C,. We will show that in this case 
the sum of residues of the function (71) at the poles a, will be 


—o, (2) = — SG (==): (72) 


(C,) 
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In fact, the function (71) is a rational fraction of z’ in which the 
order of the denominator is at least two units higher than that of 
the numerator, for @,(z’) is already a rational fraction in which the 
order of the denominator is higher than the order of the numerator. 
In the neighbourhood of z’ = co we therefore have the following 
expansion: 


Op (2) 
2’ —2 


and the integral of the function (71) around a circle of a sufficiently 
large radius will be equal to zero, i.e. the sum of residues of the 
function (71) at all its poles within a finite distance, is zero. Its 
residue at the point z’ =z is, obviously, equal to w, (z) and, con- 
sequently, the sum of residues at the remaining poles a, is equal 
to the expression (72). Applying the basic theorem of residues to 
integral [69] we obtain: 


we J rae 10) ~ SO (=a): 


(C,) 


Suppose in the above formula that z=0, where the point z= 0 
is not a pole of f(z): 


Sai | ee an = =a 


Subtracting this equation from the one above we have: 


[APs 10-10 - 3[a(2g)-(-2)- 09 


(Cp 
We will now show that the integral on the left side of the 
above equation tends to zero as 7 increases indefinitely. In fact, 
bearing in mind that 
|2’| > 6, and |z’ —2|>]|z|—|z|>46,—|2], 
we have from (68) 


OV a MI, 
rte |< cathy 


or from (67) 


[rea ” |< 


on — 2!’ 
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from which it follows directly that the integral tends to zero, as 
6, —» °°. Therefore in the limit formula (73) gives 


(2) —#(0)— lim S[@,(5=,-)- @ (—<]]=9. 


N-> wo (C,) 
or 


f(2)=f(0)+ lim S[@(s—-)-%(-s}]- (74) 


No Cy, ) 


As n increases indefinitely, the contour C, will widen indefinitely, 
and more and more new poles a, will find their way within C,, so that 
in the limit we have on the right-hand side of (74) an infinite series; 
hence formula (74) gives f(z) in the form of an infinite series: 


He) =10) + S[4(s25,) -— %(- a] (75) 


Strictly speaking we should, according to (74), group together all 
terms in the infinite series (75) which refer to poles situated between 
C,, and C,4,. However, if we are convinced that the series (75) is 
convergent without performing this grouping of its terms, then we 
can deal with the infinite series (75) in the usual way. 

If instead of condition (68), which tells us that the modulus of the 
function /(z) is bounded on the contours C,, we use a wider condition, 
viz. that f(z) does not grow on the contours C,, faster than a certain 
positive power 2”, i.e. on all contours C, the following inequality 
holds: 

f ) 


—“|< M (on@,), 
2P 


then in place of formula (75) we obtain the following expansion formula: 


. (p) 
f)=f(0) + FO 24...4 L927 + 


te | Giza) — 4) |, (76) 


where the symbol 7‘?)(z) denotes the first (p + 1) terms in the expan- 
sion of the function G, [1/(z — a,)] into a McLaurin’s series. 


65. The function cot z. Consider the fractional function 


cos Z 
sing 


cot z = (77) 
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From Euler’s formula we have: 


e® 9% 


sin z = : 
22 


and from this it follows directly that the equation sin z = 0 is equivalent to 
e'2? — 1; this has zeros z=kn (k= 0, +1, +2, ...), ie. sin z has real zeros only, 
the values of which, which are well known from trigonometry. The function (77) 

will therefore have poles at the points: 


z=0, +7, + 2z2,... (78) 


We can show that the modulus of 
the function (77) is bounded in the 
whole plane if we isolate the points 
(78) by small circles A, of same radius 
o, where @ is any given positive num- 
ber. Owing to the fact that the func- 
tion (77) has a period 2, it is sufficient 
to investigate it in the strip K, boun- 
ded by the straight lines = 0 and 
x =n (Fig. 63), in which the poles 
z= 0 and z = 2 are isolated by the 
above circles of radius @ with centreg 
at the respective points. In any con- 
fined part of the strip K our function 
(77) is continuous and therefore also 
bounded. It remains to be shown that by moving up or down the strip ad infini- 
tum, the modulus of the function (77) remains bounded. Suppose, for example, 
that we move towards infinity up the strip K, i.e. if we assume that z = x + wy, 
then y — co and 2 varies in the interval 0 < x < 2. We have: 


Fic. 63 


space el? 2 ez ; eX ey at oe * ey 
—_— —_—_—_—_—_—_——_——— —_—_—_—_————— ’ 
ez i ei eit Poy fem e7 oY 


whence, substituting the modulus of the numerator by the sum of the 
moduli, and the modulus of the denominator by the difference of the moduli, 
we have: 

Y+e% 1+e% 


cotz|< z 
| | eo —e) l—e 


As y increases indefinitely the right side tends to the limit / and, conse- 
quently, for all sufficiently large y’s we have, for example, the inequality: 


|cotz|< 1.5. 


In exactly the same way we can act in the lower part of the strip K, and our 
proposition is thus proved. 
Notice that the same proof also applies to the fractional function 


1 


sin z ’ Ce) 
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with poles at the same points and a period of 2x. The modulus of the function 
(79) will be bounded if its poles are isolated by small circles of the same radius, 
which can be as small as we please. 

Let us return to the function (77) and adopt as the contour the circles C,, 
centres the origin and radii (n + 1/2) 2. These circles satisfy the condition (67). 
Also by taking @ sufficiently small (for example, smaller than z/2), we can 
say that the circles C,, will not pass through the circles 4,, which are isolated 
in the plane; hence as a result of the above proof, the modulus of the function 
(77) will be bounded. The same can evidently be said about the function 


f(z) =cot2—+, (80) 


for z~' tends to zero as z— oo. It can readily bo seen that the function (80) 
no longer has a pole at the origin z = 0 and we can therefore apply the expansion 
(75) to this function. We then calculate the infinite parts of the function (77) at 
its poles 2 = kz. Each of its poles will be a simple zero of sin z and the resi- 
due at this pole will be calculated by the usual formula 


cos z 


= ——_ =Al, 
(sin 2)’ |z=kn 


T, 


Hence the infinite part of the function (77) at the pole z = kz will be 


1 

z2—kx 

In particular, at the pole z = 0 the infinite part will be z~! and therefore 

the function (80) will no longer have a pole at z = 0. With regard to the other 

poles z = ka, the infinite part of the function (80) will be the same as for the 

function (77). If we are to apply formula (75) f(0) remains to be calculated. 

Function (80), which is an odd function, can be expanded as follows near 
z= 0: 


(k=0, +1, 42,...). 


f@)=MW2+ya22+..-, 
from which it follows directly that f(0) = 0. Formula (75) finally gives 


(s+ a) (81) 


where the accent above the symbol of the sum shows that the term correspond- 
ing to k = 0 is excluded. 

It can readily be proved that the series on the right-hand side will converge 
absolutely and uniformly in any bounded part of the plane providing the first 
few terms with poles in this part of the plane are rejected. In fact, the general 
term of the series will be 


1] to 
cot z == + > 


Eee 


gee 
(z — kn) kn 
In any bounded part of the plane we have | z| < M; if we assume that the 
absolute value of & is sufficiently large we can write: 


eae oe 
(7 — Mk-})~ 


ae See 
(2 — kx) kx 


1 
|< 
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The coefficient of 1/k* tends to a finite limit 1/2? as k increases indefinitely, 
and the series 


as we know, is convergent. Consequently [I, 147] the series (81) converges 
absolutely and regularly in any bounded part of the plane. 
Tf in formula (81) we substitute 2z for z, then 


1 Es 1 1 
Te COU. We ca a 2 (st): (81,) 


Grouping together in pairs terms which refer to values of k, which have 
opposite signs but the moduli of which are equal, we can rewrite this for- 
mula as follows: 


1 2z 
necotzz = ie: T 2, es rei 


In exactly the same way the following formula can be proved 


| 


wg 2+, Fre +}) 


sin 722 2 


Differentiating the uniformly convergent series (81) we also have the formula 


me 1 =e 1 aon 1 
sin? mz sat 2 (2 — k)? = 2. (2 —k)?* 


We recall that the above formulae were deduced by a different method in 
the theory of trigonometric series [II, 145]. 


66. The construction of meromorphic functions. We shall now deal with the 
construction of a meromorphic function when its poles a; and infinite parts 
at these poles are given by 


«(s—z) (k =1,2,...). (82) 


If only a finite number of poles a; (k = 1, 2, ..., ») are given, then the function 
z 1 
a —— 
p (2) Z, (3 x) 


will give the obvious solution of the problem, where the above function is a 
rational fraction. Let us now suppose that we are given an infinite number of 
poles a; and a corresponding number of infinite parts. We saw in [64] that in 
every bounded part of the plane there must only be a limited number of poles 
which can be numbered in the order of non-decreasing moduli, i.e. 


[a,|<la,|<... (|@_|—> + ©). 
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There are no further restrictions as to the position of the poles or the given 
infinite parts. We only suppose that there is no pole at z = 0 among them. 

Every infinite part (82) represents a function which is regular in the circle 
‘-|z|<|a@,|, in which it can be expanded into a McLaurin’s series: 


ae (saz) = WP + oe + a2? +... 2] < | ae). (83) 
= Ge 
Take any sequence of positive numbers ¢, which form a convergent series: 
D> &: (84) 
k=1 
As a result of the uniform convergence of the series (83) in the circle [13] 
1 
lzel< > 1¢e| 


we can take a segment of this series 


gq (2) = a’) + az + al) 22 fueet alt) 2m k, 


| (=a) — % (2) 


Construct the series 


e()= 3 |x (sz) -%@| (86) 


such that 


< & in the circle |z| < $ | a, |- (85) 


and consider any circle Cp, centre the origin and radius R. Since | a, | -—+ + oo 
there exists an N such that R < (1/2) | a, | when k > N, and for these values of & 
the inequality (85) holds in the circle Cp; consequently, as a result of the con- 
vergence of the series (84), series (86) is absolutely and uniformly convergent 
in Cp, providing its first N terms are rejected. These first N terms give poles 
a, in the circle Cp with infinite parts (82). An absolutely and uniformly convergent 
series will give a regular function in Cp. Owing to the fact that the radius R 
is arbitrary we see that the sum (86) solves the problem of constructing a 
meromorphic function from its given poles and infinite parts. Notice that the 
polynomials g,(z) do not add new characteristics. 
If the pole z = 0 is also given and its infinite part is 


1 
n(3): 
then it is sufficient to add this infinite part to the series (86). This solution 
of the problem is due to the Swedish mathematician Mittag-Léffler. 

In [64] we gave a formula for the expansion of a meromorphic function into 
partial fractions, when certain additional assumptions were made. We shall now 
give an analogous formula for the general case. 

Let f(z) be a certain meromorphic function. By using the method given 
above we shall construct the meromorphic function 9(z) which has the same poles 
and infinite parts as f(z). This meromorphic function g(z) will be given by a 
formula similar to (86). The difference f(z) — g(z) must be a regular function 
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in the whole plane (except at z = oo). Such a function is called an integral 
function. It is expressed in the whole plane by a McLaurin series. Putting 


f@)—9@) =F), 


we obtain the following formula for the meromorphic function: 


Zz — Op 


1@)=F@)+0(5)+ 3 [a(s—a)—a%@]: (81) 


where F(z) is a certain integral function. This last formula is of great interest in 
theory though it is more convenient to use the formulae (75) and (76) in particular 
cases. If F(z) is any integral function then (87) gives the general formula for 
all meromorphic functions for which the poles and infinite parts are given. 


67. Integral functions. As we said above an integral function is a 
function which is regular in the whole plane. It is expressed in the plane 
by a McLaurin’s series. If this series is disrupted then the function is 
simply a polynomial. Otherwise the point at infinity will be an essential 
singularity of our function and in this case the function is sometimes 
called an integral transcendent function. The functions e* and sin z 
are examples of integral transcendent functions. In future we shall 
simply use the term “integral function”. 

We know that every polynomial has zeros. An integral function 
must not necessarily have this property. For example e” has no zeros 
at all. We will now construct a general expression for integral 
functions without zeros. Let g(z) be a certain integral function. In this 
case the function 

f(z) = &@ (88) 


is an integral function without zeros. Let us show, conversely, that 
every integral function f(z) without zeros is of the form (88), where 
g(z) is a certain integral function, i.e. formula (88), where g(z) is any 
arbitrary integral function, gives the general form of integral functions 
}(z) without zeros. 
When the integral function f(z) has no zeros then the function 
f’ (2) 
f (2) 
will also be an integral function. When integrating this integral 
function we also obtain an integral function 


9 (2) = [Fe dz = log f (2), 
from which (88) follows directly. 
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Suppose now that the integral function f(z) has a finite number 
of zeros, other than z = 0: 


EG gs. hay Og 


where multiple zeros are counted as many times as there are units 
in their number. The relationship 


fe: (1-3). 


k=1 


m 
where the symbol J/ denotes a product, which embraces all integral 
k=l 
values of k from 1 to m, is an integral function without zeros, i.e. it 


has the form (88). We therefore have the following expression for 
our function /(z) 


f(z)= oe 77 (1 —<). (89) 


where 9(z) is a certain integral function. 
Let us suppose that the point z = 0 is not a zero of f(z). Ifthis point 
is a zero of order p, then in place of formula (89) we must have 


f(z) = e&@ 2 WI (2 = =): (90) 


In the most interesting case when f(z) has an infinite number of 
zeros, we can no longer apply formula (90) directly, for on the right-hand 
side we have an infinite product, which may not have any meaning. 
To make this product convergent we have to add to the factors 
(1 — 2/a,) additional exponential factors which do not introduce new 
zeros but make the infinite product convergent. 


Let us investigate this for sin z. Rewrite the formula (81): 


1 sc a Sa Oe ee 
In this case both sides will be regular at the point z = 0 and we can integrate 

the infinite series term by term, from z = 0 to the variable point z. As a resuit 

of integration we have 

2=2 + 


= [tog (z —kn) + al. : 


z=0 k=—@ 


log S82 


or, taking the principal value of the logarithm in the neighbourhood of the origin 


sin z 5 | Zz z 
log z = a [tog (. = =] + ae 
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Hence, discarding the logarithms, we obtain an expression for sin z in the 
form of an infinite product: 


. ag ae 5 
sinz=z JI’ (1) ek, (91) 
where the accent above the symbol of the product shows that the factor cor- 
responding to k = 0, has to be excluded. In this case factors of the exponential 
type e7/** guarantee the convergence of the infinite product. 

Grouping together in pairs factors corresponding to values of k the moduli 
of which are equal, we have: 


22 
sine =2 Jf (1- aa): (92) 
Substituting 2z for z we can rewrite the formula in the following form 
sin 72 = =2 I (1- =): (93) 


To give a more detailed explanation of the expansion of an integral function 
into an infinite product we have to explain certain basic facts about infinite 
products. 


68. Infinite products. Consider the infinite product 


TT = 1-5 (94) 
k=1 
where c, are certain complex numbers, other than zero. The con- 
vergence of the product (94) is analogous with the convergence of a 
series. Let us construct the finite products: 


n 
Pr= [J] %=%% ++ Cn. (95) 
k=1 


If, as n increases indefinitely, the product P, tends to a finite 
limit P, which is not zero, then the infinite product (94) is said to 
be convergent and its limit is P. 

If there are zeros among the numbers c;, then the infinite product 
(94) is said to be convergent if, after the exclusion of the zeros, the pro- 
duct remains infinite and convergent in the above sense. In this case 
the value of the infinite product with zeros is taken to be equal 
to zero. The above remark, that the limit P of the product P, should 
not be zero was made so that infinite convergent products should 
have the usual properties of finite products, viz. they should be 
equal to zero only when at least one of the factors is zero. 
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Let us suppose that all of the terms of the product (94) are other 
than zero and construct the infinite series: 


> log cy (96) 
k=1 


where the value of the logarithm in every term is determined in 
a certain way. The sum of the first » terms of the series (96) will be 


n 
S, = > log cy. (97) 
k=1 


Suppose that for certain values of the logarithms the series (96) 
is convergent, i.e. a limit 8, > S exists. Formula (95) gives P, = e*, 
and consequently, there is a limit P, > e°, other than zero, i.e. it 
follows from the convergence of the series (96) that the product (94) 
will also be convergent. Conversely, let us now suppose that the 
infinite product (94) is convergent, i.e. there is a limit P, —> P, other 
than zero. We determine the values of the logarithms in the series (96) 
in such a way that the right side of formula (97) always contains 
the principal value of the logarithm of the product cc... . cp: 

S,, = log|c,c, ... ¢,| + targ (ce, .--Cn,), 
where 
—a< arg (cc, ...¢,) <a. 


In thus case S, will also tend to a definite limit, viz.: 
lim S, = log| P| + targ P = log P, 


and, consequently, the series (96) will be convergent. 

We are assuming all the time that P is not a real negative number, 
for arg P lies in the interval (—z, +). When P is a real negative 
number we should select the amplitudes in such a way that arg (c,c.... 
Cn) would be confined to the interval (0,27). The proof would be 
the same as above. 

We thus arrive at the following general proposition: if all the 
numbers c, are other than zero, then for the infinite product (94) to be 
convergent it is necessary and sufficient that the series (96) should be 
convergent when the values of the logarithms are determined in a certain 
way. This infinite product will be equal to 


P=e%. (98) 
The general term of the series (96) will be: 


log c, = log |c,| + ¢arg c, 
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Hence, discarding the logarithms, we obtain an expression for sin z in the 
form of an infinite product: 


z 
sinz=e Uf" (1%) ek, (91) 
where the accent above the symbol of the product shows that the factor cor- 
responding to k = 0, has to be excluded. In this case factors of the exponential 
type e”/** guarantee the convergence of the infinite product. 

Grouping together in pairs factors corresponding to values of k the moduli 
of which are equal, we have: 


2? 
ine =2 Jf (.- ~ 7): (92) 
Substituting mz for z we can rewrite the formula in the following form 
Sine mig Li J (1- =). (93) 


To give a more detailed explanation of the expansion of an integral function 
into an infinite product we have to explain certain basic facts about infinite 
products. 


68. Infinite products. Consider the infinite product 


TT %e= 1% +--+ (94) 
k=l 
where c, are certain complex numbers, other than zero. The con- 
vergence of the product (94) is analogous with the convergence of a 
series. Let us construct the finite products: 


n 
Pih= TT %= 1 Cn +++ Cp (95) 
k=1 


If, as n increases indefinitely, the product P, tends to a finite 
limit P, which is not zero, then the infinite product (94) is said to 
be convergent and its limit is P. 

If there are zeros among the numbers c,, then the infinite product 
(94) is said to be convergent if, after the exclusion of the zeros, the pro- 
duct remains infinite and convergent in the above sense. In this case 
the value of the infinite product with zeros is taken to be equal 
to zero. The above remark, that the limit P of the product P,, should 
not be zero was made so that infinite convergent products should 
have the usual properties of finite products, viz. they should be 
equal to zero only when at least one of the factors is zero. 
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Let us suppose that all of the terms of the product (94) are other 
than zero and construct the infinite series: 


s log cx, (96) 
k=1 


where the value of the logarithm in every term is determined in 
a certain way. The sum of the first n terms of the series (96) will be 


S,= > loge. (97) 
k=1 


Suppose that for certain values of the logarithms the series (96) 
is convergent, i.e. a limit 8, > S exists. Formula (95) gives P, = e*, 
and consequently, there is a limit P, > e> other than zero, i.e. it 
follows from the convergence of the series (96) that the product (94) 
will also be convergent. Conversely, let us now suppose that the 
infinite product (94) is convergent, i.e. there is a limit P, — P, other 
than zero. We determine the values of the logarithms in the series (96) 
in such a way that the right side of formula (97) always contains 
the principal value of the logarithm of the product cc... . en: 

S,, = log| cc, ...c,|+ targ (ce, ¢,.--,), 
where 
—aA<arg(c,c,...¢,) <2. 


In thus case S, will also tend to a definite limit, viz.: 
lim S, = log| P| + targ P = log P, 


and, consequently, the series (96) will be convergent. 

We are assuming all the time that P is not a real negative number, 
for arg P lies in the interval (—z, +27). When P is a real negative 
number we should select the amplitudes in such a way that arg (c,c,... 
Cz) would be confined to the interval (0,27). The proof would be 
the same as above. 

We thus arrive at the following general proposition: if all the 
numbers c, are other than zero, then for the infinite product (94) to be 
convergent it is necessary and sufficient that the series (96) should be 
convergent when the values of the logarithms are determined in a certain 
way. This infinite product will be equal to 


P =e. (98) 
The general term of the series (96) will be: 


log c, = log | c,| + iarg cy 
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and, bearing in mind that the general term of a convergent series 
tends to zero, we should, in any case, have arg c, — 0, i.e. the series 
(96) can only be convergent providing that, by starting from a certain 
place, we take the principal values of logarithms. The determination 
of the values of logarithms for a finite number of the first few terms 
can, naturally, have no effect on the convergence of the series and 
will only add 2mzi to the sum of the series, where m is a certain 
integer. This additional term will not alter the value S and, accord- 
ing to the formula (98), it will not affect P. Therefore the determina- 
tion of the values of logarithms in the series (96) is only significant 
in so far that by starting from a certain place which can be chosen 
arbitrarily, only the principal values of logarithms should be taken. 

Let us now consider the infinite product, the terms of which are 
integral functions of z: 


F (2) = JJ % (2) = %, (2) + ty (2). (99) 
k=1 


We take a circle Cp in the z-plane, centre the origin and radius R. 
Suppose that for any & the terms wu,(z), starting with a certain value 
of k, no longer have zeros inside the circle Cp. Let, for example, 
this start with k =k, for the given radius # (this number will, 
generally speaking, depend on &). Consider the infinite series 


S(z) = S log u, (2), (100) 
k=! 


which can be rewritten as follows: 


kel oe 
> 10g u% (2) + > log u, (z). (101) 
k=1 kako 

The terms of this latter sum are regular and single-valued functions 
in the circle Cp, for u,(z) does not vanish in this circle. Assume that 
for a certain set of values of these regular functions log u,(z) the 
latter series will uniformly converge in the circle Cg. Denoting its 
sum by f,,(z), where /, (z) is a certain regular function [12] we have: 


ky- 


~ 1 
TT (z) = eft,(2) L Up (2) ’ 
k=1 k=1 


i.e. in this case (99) will be a regular function in the circle Cp and 
its zeros inside the circle will be determined by the zeros of the terms 
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u,(z), when k < ky. Since # is chosen arbitrarily, we can, in general 
say that if the series (100) converges uniformly in any confined part 
of the plane (when the first few terms are excluded which is unimportant ) 
the infinite product (99) will be convergent in the whole plane; it is an 
integral function and its zeros are fully determined by the factors u,(z). 
Differentiating the uniformly convergent series (100) we obtain: 


8' (y= > HO 


har Uk (z) ’ 
but 
F(z)=e® and F’(z)=S' (z) F(z), 
i.e. 
F’ (2) = Fe) > a , (102) 
k=! 


This formula shows that when the series (100) is uniformly con- 
vergent, the infinite product (99) can be differentiated as shown 
by (102), which is analogous to the differentiation of a finite product. 


69. The construction of an integral function from its given zeros. 
Using the above considerations we can construct an integral function 
from its given zeros. Notice, first of all, that the zeros of an integral 
function cannot have limit-points at a finite distance. If such a point 
z= c were to exist, i.e. if any small circle with the centre at z= c 
contained an infinite number of zeros of an integral function, then 
it would be identically zero [18]. Repeating the same arguments 
as in [64] we can see that, in any case, the zeros a, of the integral 
function can be grouped in the order of their non-decreasing moduli: 


iniciatean, 


where |a,|— +o as n-» oo. Notice that if a certain number a 
appears q times among the numbers a,, this shows that the corres- 
ponding zero a is a zero of order g. We are also supposing, for the 
moment, that z = 0 does not appear among the given numbers ax. 

We will only consider one particular case which is of great practical 
importance, viz. when a, moves towards infinity so quickly that a 
positive number m exists, such that the series 


o 1 


k=1 | a, |” 


(103) 


is convergent. We assume that m > 2. 
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Let us construct the infinite product: 


) z z\2 z\m—i1 
F(z) = 11 (1 - Zee ++ mnalg) (104) 
and show that it will satisfy all the conditions mentioned in the previous 
section. Consider a certain circle Cp such that starting with a 
certain symbol k = k,, the numbers a, will lie outside the circle Cp, 
Then when k> k,, the terms of the product (104) will have no zerus 
in the circle Cp and for any z in Cp we will have: 


la|<e<1 (k > ky)» (105) 


where # is a definite positive number smaller than unity. Consider 
the series (100) in this case: 


= z ) 74+2(2)? +...424(2)"” 
> be| (1 = = Je ct 2a) i (z;) |. (106) 
From (105) we can use the expansion of a logarithm into a power 


series and for this determination of the logarithm we obtain the fol- 
lowing formula for the series (106): 


let ala) Peer le). 2 ela) = 


§ 


- SAG -sr "-~1 


Consider the general term of this series 


wo=- 2G) sire" 


We obviously have: 


m ] m+1 


m+ 


z 
ay 


Zz 
ag 


1 

| % (z)| < a 

or, from (105) taking (1/m)|z/a,|" outside the brackets and bearing 
in mind that in the circle Cp|z2| < R: 


[> (2)| << —“_ (14094 0 + -ee)s 
m | a, | 


R™ 1 
v;, (2) | < —————_- ——___- 
Ime ara Tor 
As a result of the convergence of the series (103), the positive num- 
bers on the right-hand side of the above inequality form a convergent 
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series and, consequently, series (106) will be absolutely and uniformly 
convergent in the circle Cp. We can therefore say that the infinite 
product (104) is an integral function and that its zeros are determined 
from the zeros of the factor (1 — z/a,), i.e. the numbers a, are the 
zeros of this integral function. 

If we have any arbitrary function f(z) the zeros of which are a,, 
then the quotient f(z): F(z) will be an integral function without 
zeros, i.e. this quotient will have the form e®, and we will have the 
following formula for the integral function f(z): 


Fas 2\2 m—1 
f(z) =e TT (2 —-=} ent 3G) ttm)” (107) 
k=l 


where g(z) is a certain integral function. We have so far that the point 
z= 0 is not a zero of the function. If this point is in fact a zero of 
order p, then we should add the factor 2? to the right-hand sides 
of the formulae (104) and (107). 


Let us consider, for example, the function sin z. It has a simple zero 
z = 0 and zeros simple z = ka (k = +1, +2,...). 
In this case we have m = 2, so that the series 
ne 1 


feck | ko |? 


as we have already said above, is convergent. Using formula (107) and adding 
the factor z we have 


+o z pis 
sing =e JY’ (a a =] ok . 


k=—@ 


The integral function g(z) cannot be determined from the above considera- 
tions. The results [67] show that in this case the function is identically zero. 
Note that when m = I, i.e. the series below is convergent 
= I 
-, | ay | 


we can by using the same arguments as before, write instead of formula (107): 


f(z) = 60 TT (2 = =) . 


We shall give more examples of the application of formula (104) later; it 
is usually known as the infinite product of Weierstrass. 

It may happen that the numbers a; are such that the series (103) will be 
divergent for any positive m. This will happen if we suppose, for example, 
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that a, = log (kK + 1) (k = 1, 2,...). In fact a series with the general term 
[log (k + 1)}-™ will be divergent for any positive m, so that the sum of its 
first few terms is greater than 

k 


[log (e+ 1)]™ ” 
and this latter expression can easily be shown to grow indefinitely with k by 


applying, for instance, l’Hépital’s rule [I, 66). If the series (103) is divergent 
for any positive m we can construct the infinite product: 


UT (2 = =) 0%) , (108) 


k=1 
where 
z 2 rat 
Ql) = St gag tet ame 


and m, depends on k. Repeating the above inequalities we can see that the 
infinite product (108) will be convergent providing that the series given below 
is convergent for any R > 0 

= R \m+1 

2 (Tea) 


ka \ 1% | 


For this purpose it is sufficient to take m, = k — 1. In fact, applying Cauchy’s 
analysis [I, 121] to the series 
oo R )' 
Z 1 (Ta 
k 


Vraer)" = 78 

——_} ——__ +> 0, 

| ay | | ax | 

i.e. the series does, in fact, converge. It can be shown that the series will be 


convergent providing m, is so chosen that the inequality m, + 1> logk 
holds. 


we obtain 


70. Integrals which depend on parameters. In future we shall have 
to determine functions in the form of integrals which depend on 
parameters. We have already met these functions in [61]. We have 
also considered this problem for real variables and determined condi- 
tions for such a function to have a derivative and when differentiation 
under the integral is possible [I], 84]. 

We shall now consider an analogous process for complex variables. 

THEOREM. Let f(t, z) be a continuous function of two variables t and z, 
where z belongs to the closed domain B with contour | and t to a finite 
interval a <t < b of the real axis. Also f(t, z) is a regular function of 
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z in the closed domain B for any t in the above interval. In this case the 
function w(z) given by the inequality: 


b 
w (z) = { f(t, 2) de, (109) 


is a regular function in B; when evaluating its derivative we can 
differentiate under the integral, 1.e. 


b 
w’ (z) = fe dt. (109,) 
a 


According to Cauchy’s formula we can write: 


f(t,2’) a, 
ar | dz’, 


2’—2Zz 


where 2 lies inside B and ¢ is any point in the interval a < it < b. 
Consequently: 


b 
= 1 f(t, 2’) 
0) =|[aar 2’ —2 da| de. 
a 
When integrating a continuous function we can change the order 
of integration [II, 78 and 97]: 
b 
Sf @2") de 
w (z) = ali c dz’ 
~ Qaa a or 
This formula gives w(z) in the form of Cauchy’s integral and, con- 
sequently, w(z) is a regular function in B; its derivative is determined 
by the formula [8]: 


b 
ff (t.2’) de 
, 1 ' 
t 


Changing the order of integration we can write: 


b 
ww’ (2) =i Laer he de’. 


According to Cauchy’s formula, the expression in the square 
brackets gives the derivative df(t, z)/éz, the above formula is the same 
as formula (109,) and the theorem is thus proved. Notice that we 
could have assumed that ¢ varies not within a finite interval (a, d) 
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of the real axis but along any finite curve. This would not have altered 
the proof of the theorem. Notice also that in the above proof the 
integral 


b 
§ f(t,2’) de, 


which appears in the numerator of Cauchy’s integral for (2), is a 
regular function of z on J. This is directly due to the fact that f(t, z) 
is given as a continuous function of its two arguments [II, 80]. 

Let us now consider indefinite integrals. To prove the theorem for 
this case it is sufficient to add the condition that the integral (109) 
must be convergent. To be more specific, we will consider the integral 
in the infinite interval (a, +°°), but the proof is equally valid for 
other kinds of indefinite integrals. 

THEOREM. Let f(t, 2) be a continuous function of two variables, where 
z belongs to the closed domain Bandt > a. Also f(t, z) ts a regular function 
in the closed domain B for any t > a and the integral 


i f (t, 2) dé 


is uniformly convergent with domain to z in the closed domain B. Then 
w (2) = § f(t, 2) dé (110) 
a 


is a regular function of z in B and 
wo (2) = [ TE? ae. 
a 


Construct the sequence of functions 


ay 
w, (2) = § f(t,2) dt, 


where a, is any sequence of numbers greater than a, which tends to 
(+c°). It follows from the theorem we have just proved that ,(z) 


is a regular function in B and 
an 


' Of (t, 
Wp (2) = [Ae dt. 
a 
It follows from the condition of uniform convergence of the integral 
(110) that o,(z) tends uniformly to the function w(z) as given by 
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the formula (110) and, according to Weierstrass’s theorem, this 
function (z) is a regular function in B; also w,(z) > w’(z), ie. 


(* f (2) 
oe { a dt = w’ (z) 
when a, tends to (+ °°) in any manner. It follows from this that 
w’ (2) = [e dt, 
a 
where the integral on the right-hand side must have a meaning. The 
theorem is thus fully proved. 

In this proof of the theorem we could have assumed that integration 
with respect to ¢ takes place along a certain infinite contour C. Such 
an indefinite integral must be taken as the limit of integrals along 
finite contours which form part of the contour C. This theorem 
applies, word for word, to indefinite integrals in which the integrand 
f(é, z) becomes infinite, for example, when ¢ approaches a. 

Notice, finally, that the following rule which gives the sufficient 
condition for the integral to be absolutely and uniformly convergent 
applies [II, 84]: if we integrate with respect to ¢ along the real axis 
and if, when ¢ >a and z belongs to the closed domain B, the inequ- 
ality | /(¢, z) | < y(t) is valid, when the integral 


y (t) dé 


Rug 


is convergent, then the integral (110) will converge absolutely and 
uniformly. Absolute convergence is determined in exactly the same 
way as for the real f(t, 2). 


71. Euler’s integral of the second class. Consider the function given 
by Euler’s integral of the second class: 


o 


F(z) =Set# de, (111) 
0 
where #7—! = e@—") 08! and the real value of the logarithm of the 


positive number ¢ is taken. We write the above integral as the sum 
of two integrals: 


1 oo 
D(z) = Set#-1 de + fe tel de. (112) 
0 1 
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Consider, first of all, the second term on the right-hand side: 


w (2) = f et tl de. (113) 


When ¢ > 1 the integrand: 


e~t #1 — e—tt+(z—1) log t (114) 


is a continuous function of ¢ and z for any z and ¢ > 1, and it is an 
integral function of z for any ¢ > 1. Suppose that z belongs to a 
certain confined domain B of the z plane and that z = z+ ty. In the 
closed domain B the abscissa has its greatest value which we denote 
by 2. Bearing in mind that log > 0 whent > 1 and that the modulus 
of the exponential function 2% with a purely imaginary index is 
unity, we obtain for z in B: 


| et #-1 | =— | e—tt+—1) log t+iy log ¢ | < e—t+o-1) log? __ e—t {*o —~1 . 


The integral 
f ented 
i 


is convergent [II, 82], and consequently the integral (113) is 

uniformly convergent with respect to z in B. Bearing in mind the 

second theorem of the previous paragraph and our complete freedom 

in choosing B we can say that w(z), as given by formula (113), is an 

integral function which can be differentiated under the integral. 
Consider now the first term of the formula (112): 


p (2) = feta dt. (115) 
6 


In this case the continuity of the integrand (114) may be disrupted 
when ¢ = 0, for logt, when ¢ = 0, becomes (—°°). As before, the 
modulus of the function (114) will be: 


et p—-), 


If x > 1 when ? = 0, then the continuity of the integrand will not 
be disrupted and, applying the first theorem of the preceding section, 
we can see that the function (115) will be regular when z > 1, ie. 
when it lies to the right of the line z = 1. We shall now prove that 
it will also be regular when it lies to the right of the imaginary axis. 
In fact, take any finite domain B to the right of the imaginary axis. 
Let z, be the smallest abscissa of points of the closed domain B. 
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Since the closed domain lies to the right of the imaginary axis 
2, > 0. bearing in mind that log ¢< 0, when ¢ < 1, we obtain: 


| ew? {2-1 | < et pal, 


if z lies in B. But when z, > 0 the integral 
1 
Sec i*1—1 dit 
0 


is convergent and, consequently, as before, the function (115) is 
regular to the right of the imaginary axis and can be differentiated 
under the integral. It follows from all that was said above that 
formula (111) determines a regular function I(z) to the right of the 
imaginary axis. 

We shall now analytically continue the function to the left of the 
imaginary axis and show that Jz) is a meromorphic function with 
simple poles at the points 

z=0,—1,-2,... (116) 
Owing to the fact that the second term on the right-hand side of the 
formula (112) is an integral function, we have to deal with the 
function (115). 

Along the finite interval 0 < ¢ < 1 the function e— can be expanded 
into a uniformly convergent series: 


a ) t" 
ot= >(-1" 5, 
n=0 


where, as always, we take 0! = 1. Multiplying by ¢~* and integrating 
by parts along the interval (0, 1) we obtain: 
1 


pas _ a (— T prtz ii 
fe : di= 2 mt Ln + z}t-0' 
0 
We suppose that z lies to the right of the imaginary axis and, 
consequently, the real axis (n+ z) is positive and ¢"*? = 0 when 
t = 0, i.e. 


u w 
feteae— SM 3 


: azo (Ct zt+n- 
0 


We thus obtain the following expression for I(z) to the right of the 
imaginary axis: 


_~ sey" 1 pane 
r= 3S raat fe 1 dt. (117) 
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Owing to the presence of n! in the denominator, the infinite sum 
on the right-hand side will be absolutely and uniformly convergent in 
any bounded part of the plane, providing the first few terms, with poles 
at the points (116) are rejected. This sum will, consequently, give a 
meromorphic function with simple poles (116) where the residue at 
the pole z= —7n is (—1)"/n!. The second term on the right-hand side is, 
as we have said already, an integral function. The right-hand side of 
formula (117) thus gives the analytic continuation of the function I(z) 
in the whole plane of the complex variable z, which formula (111) only 
defines to the right of the imaginary axis; I'(z) appears to be a mero- 
morphic function with simple poles (116) and with a residue (—1)"/n! 
at the pole z = —n. The values of I(z), when the argument is a 
positive integer, can readily be obtained. Assume that z=n-+ 1, 
where 7 is a positive integer. We obtain in this case [II, 81): 


Cin+1)= fer di =nl 
0 
and 
T(1) = fe-tdt = 1. 
0 


Hence values of I'(z), when z is a positive integer, give the factorials 
of integers: 


PQ)=1; T(n+1=nl (n=1,2,3,...). (118) 


We shall now derive the fundamental properties of the function 
I(z). Assuming that z > 0 and integrating by parts we have: 


ae ee _ rote? C xetgest 
a me a dt =[—e cg eae t7-1 dt, 


P(z+ 1) =2I'(2). (119) 


We have proved this equality only for the right side of the real axis. 
However, if two analytic functions coincide on a certain line, then 
they coincide everywhere [18] and, consequently, we can take it 
that the formula (119) is established for all values of z. Let n be a 
certain positive integer. Applying formula (119) several times we 
obtain a more general formula which is valid for all complex 2’s: 


P(iz2+n)=(2+n—l1)(e+n-—2)...(24+1)2F (2). (120) 
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Let us now suppose that z lies within the section (0, 1) of the real 
axis, and return to the fundamental formula (111); we replace the 
variable of the integration ¢ by u, where ¢ = u?, We thus obtain 
the following results: 


P(z) = 2 eu du. 
6 


Substituting 1 — z for z we can write: 
P(1—2z) =2f e~*y!-* dv. 
0 


Hence, by multiplying these equations together, we obtain: 


v 


F(a (l—2)= af fe-wee (=)" du dv. (121) 
0 0 


The integral on the right-hand side can be treated as a double 
integral in the plane (u, v), where the domain of integration is the 
first quadrant, i.e. that part of the plane where u> 0 and uv > 0. 
We now introduce polar coordinates in place of u and v: 

u=ecosy; v=esing. 

Formula (121) can be rewritten in the form: 

me 
I (z) P(1—2z)=4 { { e- cot?! yg de dg, 
0 0 


where we integrate with respect to e@ from 0 to +-°% and with respect 
to pm from 0 to 7/2, ie. 


z ao 
I (2) I (1 —2) =4 { cot? pdp fe" ede. 
6 0 


It can easily be seen that 


[eede=s. 
0 


and consequently 


% 


2 
I (z) (1 — 2) =2f cot®—1 9 de. 
0 
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We now replace p by a new variable, according to the formula 


2 de 
~ 8¥z(1+2) 


The above result can, in this case, be rewritten as follows: 


g=arccot Vz; dp 


r@ra—z=f; 
0 


q?—t 
aE dz. 

But, as we know from [62], the integral on the right-hand side is 
equal to n/sinzz, and consequently we obtain the following formula: 

fi 

We have proved this formula only for the section (0, 1) of the rea 
axis. But, as before, using the process of analytic continuation, 
we can show that it is valid for all 2’s. 

Formula (120) enables us to transform the evaluation of J'(z) for 
all real values of z to values of I(z) on the section (0, 1). Formula 
(122) makes it possible to transfer the section (0,1) to the section 
(0, 1/2). Assuming z = 1/2 in the formula (122) we obtain: 


o 


r (s) ee dt = |x. (123) 


72, Euler’s integral of the first class. Euler’s integral of the first 
class is an integral of the following form: 


B (p,q) =| xP-1 (1 — x) 1 da. (124) 


As in the case of the integral (111) we suppose that the real parts 
of p and q are greater than zero and also that: 


Pl (1 — g)9—1 = e(P—)) log x+Q—1) log Ax), 


where real values of the logarithms are taken. 
Replacing x by a new variable t, according to the formula t = 1 — 2 


we obtain in place of (124): 
1 


B (p,q) rae (1 — #)P—1 dé, 


B(p,q) = B(q p).- (125) 


72] EULER'S INTEGRAL OF THE FIRST OLASS 273 


We will introduce yet another formula which explains the funda- 
mental property of the function B(p, q). Integrating by parts we can 


write: 
1 


r4(1 — aide = [2p 
a aa as 


Pp 


x=0 


1 
ts 4 far (1 — 2) de. 
0 


As a result of the assumptions we made with regard to p and g we 
can say that the term outside the integral is zero and that the above 
formula gives us the following property of the function B(p, q): 


B(p,gt+l)=2B(pt+1q)- (126) 


We will now establish the connection between the function B(p, q) 
and the function (111). Applying the same transformation as in the 
previous section we can represent the product Ip) I'(g) in the 
form: 


I'(p)I'(q) =4 i f e— (u2+0) 42p—1 a2q—1 dy dy 
006 


and introducing polar coordinates we obtain 


eo 2 
T (p) I (g) = 4 § e-@ g+9-1 do ( cos??—! p sin! odo. 
) 0 


Replacing @ by a new variable ¢ according to the formula 9 = Yt, 
we can write 


| e—0? 92(P+9)—1 do = > fe tP+a—! dt = slp +4); 
0 0 


and consequently: 


wa 


I (p) I’ (q) = 2F' (p +g) § cos?! vy sin! p do. 
0 


If p is now replaced by a new variable of integration x where 
xz = cos g, then the above relationship gives 


1 
P(p) P(g) =I (p +9) § 4 (1 — 2) da, 
0 


and this gives a formula where B(p, g) is expressed as a function 
of I(z): 


Tip) T 
B(p.9) = pes (127) 
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73. The infinite product of the function [I'(z)]~’. Let us return 
to the fundamental definition of the function I(z) as given by the 
formula (111) and assume, for the sake of simplicity, that z> 0. 
The factor e~' is, as we already know, the limit as n->0oo of the 
expression [I, 38] 

~—t__. et 
e Beery (1 -) ‘ 
Replacing the interval (0, -+-°°) by the finite section (0, ») we obtain 
the integral: 


P, (2) = i (1 = =)" t2-1 dt. (128) 


It is to be expected that as n increases indefinitely the integral 
will tend to an integral which appears on the right-hand side of 
formula (111). At the end of this section we shall prove this theorem 
in detail but for the moment we shall use its results. 

Replacing ¢ by a new variable +t where t = nt. we can rewrite 
(128) in the form: 


1 
P,,(z) = n? J (1 — 2)" 27-1 dr. (129) 
0 


We now suppose that tends to + by taking positive integral 
values. Integrating by parts we obtain: 
1 


+o (( — t)"-1 7dr, 
0 


=0 


f (l — +)" c*"dr= E v (1 — “yl: 
0 


or, bearing in mind that the term outside the integral vanishes 
(z > 0): 
1 1 1 
ae Sbdea —7)n-1 Sela _. x)n-l gzzt1 
Ja er odt=— - fo t)" var = cern | rl det. 
Similarly, continuing to integrate by parts we obtain 
1 
fa — tt)" dt = 
0 


n(n—1) 


1 
_ \n—2 pZ+1 
see Cee, 


and, in general, we obtain the following expression for the integral 
(129) 


1-2...” 


1 
z __ 7\n -z—1 a ee i 
ogi ye at = SeFl..eFn ” 
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As 7 increases indefinitely the limit of this expression will be 


T(z), i.e. 


i 1-2...” z 
F(z) = eel Leeae (130) 
or 
Fa) =n a er} Sa m= (n-*=e-7len), (131) 


To alter the above expression slightly we multiply and divide it 
by e%1+2+.-.+1/) Having done this we can rewrite formula (131) 
as follows: 


1,1 1 
l+i+it...t¢=— logn)z 
rey =i ‘ er innearel 2AT- x 
x z+2 she oa(titit +3) 
Sg 
or 
1 _ [ (l454 gt tz —loen)2 pe (y 1 2) -F 
—-— = lim{e* §?°3 0 2iT kJe “t. (182) 
P(z) ae k=l 


As the integer n increases indefinitely the above finite product 
becomes an infinite product 


bed 2) 
IT (1+ 4) e#. (133) 
k=i 
The above infinite product is constructed in exactly the same way 
as Weierstrass’s infinite product [69] with in this case a, = —k and 


the series 

ae | 
converging when m=2. Hence on the right side of (132) the last 
factor tends to a definite limit (133). We will now show that the 
variable 


ty = VES ESH... +o —logn (134) 


also tends to a definite limit. To prove this it is sufficient to show 
that the variable 


malt stat. + Gay ben =u,— 5 (135) 


has a definite limit. The variable u, will obviously have the samt 
limit. Consider the branch of the hyperbola y = 1/x in the firse 
quadrant. The number 1/k will be the ordinate of this branch when 
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x =k. Evidently log n is equal to the surface area bounded by our 
hyperbola, the OX axis and the ordinates y=1 and z=7 and 
the sum 


be E tingly 
represents the sum of the surface areas of outgoing rectangles with 
unit bases on the X axis (Fig. 64). It follows directly that the difference 
(135) increases together with n. On the other hand this difference 
must be less than the difference of the surface areas of the 
outgoing and incoming rectangles 
J and this latter difference is equal 
to (1 — I/n). Hence vw, will be 
an increasing bounded variable 
and, consequently, it has a limit. 
This limit C is usually known 
as Euler’s constant. It is equal, 
with an accuracy to the seventh 

decimal place, to 


C =0.5772157... (136) 


Formula (132) finally gives us 
the limit 
Fie. 64 k 
1 eo.¢ 7 k -s 
F@~° 277) + £)e™?. (137) 


On the right-hand side of the above formula is an integral function 
of z with simple zeros z = 0, —1, —2,... We established formula 
(137) only for the positive part of the real axis. As a result of the 
fundamental principle of analytic continuation we can say that it 
is valid for all values of z and we thus see that the function 1/I'(z) 
is an integral function and formula (187) represents it in the form of 
an infinite product. 

We have thus proved that 1/J(z) is an integral function and it 
follows directly that the function I’(z) does not vanish anywhere, 
ie. it has no zeros at all. 

Using the infinite product (137) we can easily prove the formula 
(122) in [71]. In fact, formula (137) gives us directly 


rare ~~ * EE (-#): 


277 
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or, from (93) in [67]: 
1 _ -zainnz 
r@r(i-2 -x« ° 


Also formula (119) gives us the following if in it we replace z by 


(—2): in 
r(—2) = —7G= 4). 


Substituting this expression for I(—z) in the above formula we 


7% 


obtain formula (122): 
f(z) C(l-z)=— -—. 


We now have to show that the integral (128) tends to the integral (111) as 
nm increases indefinitely; it is sufficient if we prove this when z> 0. Let us 


first of all, find upper and lower bounds for the difference 
a 

on (1 _ =] ; 

n 
It can readily be shown that the function 

n 


-#(1-3) 


is @ primitive for the function 


and consequently: 


i\" 
1 —et(1 ~=) |e’ (2 —— 
n n 
0 
If 0 <¢ <n, then the integrand is positive and therefore the same may be 
said about the left-hand side. Replacing under the integral e’ by ef and 


n—1 
v v 
} — dv. 
n 


(1 — vfn)*"! by unity we obtain: 


Oo<l—e 
or 
(estar sy) 2s (138) 
kal ( =) 2n 
Construct the difference: 
(139) 


re) — Pas) = [fot (1-4) ]etarg forte. 


As n increases indefinitely the second integral on the right-hand side tends 


to zero because the integral 
fet? a 
Wy) 
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converges. It remains to be shown that the first integra] will also tend to zero 
asn—- o. Fix n = n, so that 


P —tyz—1 ey, 
Je t dt< >> 


Mo 


where é is any arbitrarily chosen small whole number. 
We can write: 


= fon (2 me } Jerre + fe oe (2 = +)’ ko dt 


and from (138): 


n _ fe n 
0 < {fe — (2 — <] |erta < ay fetta + fer! 7-1 dt, 
0 0 fle 


where in the second integral on the right-hand side we have replaced the differ- 
ence by a single minuend. The integrand in this integral is positive so that, 
extending the interval of integration we obtain: 


flo ~~) 


fr 
is 
O< {fen = (i - =) | fog eb jet ae + [emt dt. 
5 n 2n F : 


neo 


When 1 is large the first term is less than </2, so that for all sufficiently large 
n’s: 
n 


fn 
Oo< ile — (2 — = |rta <€, 


0 


i.e. owing to the arbitrarily small ¢ in formula (139) the first term will also tend 
to zero, i.e. in fact: 
n 


P (2) =lim (1 - tye dt. (140) 


"ive, 


Notice some other consequences of the formulae we have proved. 
Taking the logarithmic derivative of both sides of formula (137) we 
obtain: 


d ] = 1 
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Differentiating both sides: 
d? = 1 
Using formula (130) we shall prove the so called doubling formula: 
a1 TP (2) D(z + 3) = aT (22). (143) 


Expressing the functions I'(z) and J(z + 1/2) by formula (130) and 
the function ['(2z) by the formula, derived from formula (130) by 
replacing n by 2n, we obtain: 
2h (2) Ir" (- “+ 3) 
TF (2z) — 
222-1 (nf)? 22 (22 + 1)...(2z + 2n) eta 
= lim — 


or 
oz—1 2 
gz rar: + ) Alia g2-1 (n1)? lim n (144) 
I (2z) n=o 2nlyn now 2z+2n+1- 
now : a ee sas 
lim onl = 2 


n> ow 
and we can see that the left-hand side of formula (144) is independent 
of z. Assuming z = 1/2 we obtain: 


Ire r(e+— 
et ari) =¥s. 


and from this follows formula (143). In exactly the same way as 
above the following, more general formula, can be proved: 


P()P(z+=)P(z +2). z ra te ae 


= (2m)a aa Pp (mz). (145) 


74. The representation of ['(z) by a contour integral. We will now 
give an expression for Jz) in the form of a contour integral which 
holds for all values of z. If z lies to the right of the imaginary axis 
then 


I (2) = fete" de. (146) 


280 THE APPLICATION OF THE THEORY OF RESIDUES, FRACTIONAL FUNOTIONS [74 


Consider the integrand 
ef {27-1 —_ e-? e(@—logt (147) 


which is a function of the complex variable ¢. This function has a 
branch-point at ¢ = 0. Make a cut in the ¢-plane along the positive 
part of the real axis ¢. In the cut plane function (147) will be single- 
valued; we have assumed that log tis real onthe upper edge of the cut, 
i.e. we have assumed that arg t = 0 

y on this edge. Instead of integrating 

along the upper edge of the real 

axis, consider a new contour of 

integration I, illustrated in Fig. 

65. This contour starts at +, 

surrounds the origin and returns 


l to +°o, We know from Cauchy’s 
_—— 
xy theorem that we can, without 
aad changing the value of the integral 
Sete-ldt (148) 
1 


(fF _—_ e(@—Dlogt) : 


Fic. 65 i ; 
deform the contour Jin any arbit- 


rary manner providing the singu- 
larity t=0 is not altered and both ends of the contour remain at +co. 
We shall now explain the connection between the integral (148) 
and the function I'(z); we will suppose that z lies to the right of the 
imaginary axis. By deforming the contour / we can obtain a path of 
integration which consists of the following three parts: (1) the section 
(°°, «) of the upper edge of the cut; (2) the circle A,, centre the 
origin and radius ¢ and (3) the section (e, +°°) of the lower edge 
of the cut. On the upper edge, log? of the integrand (147) is real. 
In transit to the lower edge log t acquires the term 2zi, for on the 
jower edge the integrand will be: 

e@—1)2ai e—'+(z-1) log t 


where log? is real, as before. We thus have: 
8 [ ) 
i e—! #-t di = { e—t 2-1 dt + e(@—1)2i i e-t -1 qt + 
{ ) 


“4 fete tdt, (149) 
Ay 


where « is a ccrtain given positive number. We will show that as 
e—> 0 the integral over the circle 4, tends to zero. In fact on this 
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circle the modulus of the factor e~' is bounded independently of z 
and the hound of the factor ¢?~! can be calculated 


es | = e(—1) log |¢|—yargé _ etl e—yaret 


i.e. it will be infinitely small if 2 > 1, or it will tend to infinity of 
the order 1/e'~*. Bearing in mind that we are given that z> 0 
and that the length of the path of integration is 2me we can readily 
see that the above integral does, in fact, tend to zero. Hence formula 
(149) gives us the limit 


(e#*! — 1) fete#-'dt = { ef #-1dt 
6 i 


or, remembering the definition of I'(z): 


i et f-l dt = (e727! —1) T(z) ; (150) 
L 


The above formula can also be written as follows: 


I(2) = = [e-te#—tde. (151) 


ere 
t 


The contour / does not pass through the origin and therefore we do 
not have to consider only those values of z which lie to the right of 
the imaginary axis. In the same way as for integral (113) in [71] 
we can show that integral (148) represents an integral function of z. 
We proved formula (150) only for values of z which lie to the right 
of the imaginary axis, but as a result of analytic continuation it will 
also hold in the whole z plane. Formula (151) represents a mero- 
morphic function in the form of a quotient of two integral functions. 
The denominator (e”*/ — 1) vanishes for all positive and negative 
integral values of z. Whole negative values of z and z=0 give the 
polarity of I’(z). If z is a positive integral number then the integrand 
(147) will be a single-valued and regular function of ¢t in the whole 
plane (i.e. it is an integral function of t), and, according to Cauchy’s 
theorem, its integral along the closed contour / will be equal to zero, 
i.e. when z is a whole positive number the numerator and denominator 
on the right-hand side of formula (151) vanish and therefore these 
values will not be poles of the function J’(z). 
Let us replace z by (1 — z) in formula (150): 


§ ettdt = (e-?7 — I) P(1—2). ase) 
L 


282 THE APPLICATION OF THE THEORY OF RESIDUES, FRACTIONAL FUNCTIONS [75 


Replace t by a new variable of integration t, assuming that 
t=e™ t= —t: 


i et (e7! t)-? drt = — enn i) ett? dt ’ (153) 


i) et dit = — 
i Uv t 


where l’ is the contour illustrated in Fig. 66. The t-plane is obtained 
from the ¢-plane by rotation about the origin through an angle (— 2). 
The cut along the positive part of the 
real axis in the ¢-plane is transformed 
L' into a cut along the negative part of the 

Fic. 66 real axis in the t-plane, where the lower 

edge of the new cut corresponds to the 

upper edge of the former cut. On this 

lower edge of the new cut we take arg (e” z)=0, ie. arg t = —72. 
Substituting the expression (153) in formula (152) and multiplying 


both sides of the equation by (—e™), we have: 


J etr-7dr = (e* — e~™/) F(1 — 2) 


or 
j ett-7dr = 2isinazI'(1— 2), 
t’ 


whence, using formula (122) we obtain the expression J(z)-! in the 
form of the contour integral: 


: : fer t—7dr. (154) 


T'(@) 27 
Vv 


75. Stirling’s formula. In this section we shall give an approximate expres- 
sion for log J\(z) when z assumes large positive values. As a preliminary we 
shall prove a formula which establishes the connection between the sum of 
equidistant values of a certain function and the integral of this function. 

Let f(z) be a function which is determined when z > 0 and which has a 
continuous derivative. Denoting positive integral numbers by n and k, where 
k < ” we can write: 


f(n) —f (k) =S f’ (x) da 
k 


and summing with respect to k from k = 0 to k = n we have: 


(n +1) f(n) 5 f(k) = by fr (x) dz. (155) 
k=0 k=0k 
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In the expanded form the right-hand side can be written as follows: 


Dy {r@ dx = ff’ (x)da+ ff’ (x) dx+ ff’ (x) dr +... 4 
0 1 2 


k=Q 


n n 
+S f (2) de+ ff (2) de, 
r—) n 

where the last term on the right-hand side is obviously equal to zero. If m is a 
certain positive integral number less than m, then when integrating the 
above sum in the interval (m, m + 1) it will be repeated (m +- 1) times and 
we can write formula (155) in the form: 


(n +1) f(r) — z 1(k) =§ {[2) + 1} 4 (a) ae, (156) 
=0 Oo 


where by [z] we denote the integral part of the positive number z, so that 
[2] =m in the interval (m,m + 1) and [m] =m. Let us now introduce the 


function 
P (x) = [x] — 2, 


which represents minus the fractional part of the number z. If we add unity 
to x then [x] and a increase by unity and P(x) remains unaltered, i.e. P(x) 
has a period of unity. The function P(x) is determined when z > 0, 
but from the law of periodicity when the period is unity, we can natur- 
ally extend its dofinition to include also negative values of z. We know 
from [II, 142] that the value of the integral of P(x) along any interval of unit 
length does not depend on the position of this interval. This value gives the so 
called mean-value of our periodic function. In the interval (0,1) we have 
P(x) = —z and the mean-value of P(x) is: 


x : 1 
[ P@ar=- [rar = aye 
0 0 


Let us construct a new function with a unit period 


P, (z) = [2] ate (157) 


Fic. 67 


the mean-value of which is zero. The graph of P,(x) is illustrated in Fig. 67. 
Let us replace [x] in the integrand of formula (156) by its expression from 
formula (157): 


@+yim— Siw=[fe+str@br@d. ase) 
k=0 : 
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We evidently have: 
n 
[ $F (a) de = > [f(n) — £0] 
J 2 2 
0 
and, integrating by parts, we have: 


§ af (a) dx = nf (n) —§ f (a) de. 


0 
Substituting this in formula (158) we obtain: 


x Fk) = Sf (@)de+ Sli +10] —S Pi @ ir @ az, (159) 


k=0 


which establishes the connection between the sum of the equidistant values 
J(%) of the function f(x) and the integral of this function. 
Let us choose the function f(z) as follows: 


f(x) = log (z+ 2), 


where z is a certain positive number and the values of the logarithm are real. 
Substituting into formula (159) we obtain: 


3 log (2 + #) = (e+=+5) log ( +n) — (2 — 3) ose —n — | Piha 


Put z = 1 in this formula and subtract term by term the new formula thus 
obtained from the one above. Also subtract (z — 1) log n from both sides of 
this equation. We then have: 


a z+k Zz 1 z—1 
TEE W &—V ogn = © — bog (1+ FZ) +g 8 (1+ FF) + 
a n 
z—1] 1 P, (x) P, (2) 
+ (1 +n) log (1 + 7) - [ — 5) toge — far + | iS ae 
0 0 


As n tends to infinity the first two terms on the right-hand side tend to zoro 
and the third term has the limit (I, 38): 


z—l : 2—1)\itn z—-1 __ 
oz) = lim log (1 + 7} = loge” *=z—1. 


We can therefore write: 


lim (1 + n) log (1 + 


‘ z(z+1)...(@@+m) _, n _ 
Tim log [| 1-2...” we 1 1]- 
1 ( 
=(e-1) + (5-2) loge — 8 dz + a dz 
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or [73): 
log F(z) = ( — 5) loge —2 +1 - FP) ae 4 (Fue) ae. (160) 

Now consider the function: 
Q (x) = fp, (x) dz. (161) 


0 


Owing to the fact that the mean-value of P,(x) is zero, the function Q(z) is 
a continuous periodic function with a unit period and Q(0) = 0. The modulus 
of this function is thus bounded. If 0 < x < 1 then [2] = 0 and formula (157) 
gives: 


a@)=((L-s)an2-2 (0<2<l). 


It follows directly from this that 


_ 


0<Q(a)<z° (162) 


Integrating by parts we obtain: 


Pye) ae -|§ GE) ga 
a 


ff Qa), Q(z) Pre _ f_ Q(x) 
- rey gad eed | eter ae 


where the term outside the integral vanishes when x = 0. 

These considerations show us, by the way, that the above integrals have a 
meaning [cf. II, 83]. Replacing z by a new variable of integration ¢ where 
x = 2t we obtain: 


~~] 


} z= (x) 


ail f Bt.) erg (164) 
Zz 


Also from (162): 


P, (a) Q(t) . 1 rik, 
(Pea < 2] Way at <> | aya = & 
0 0 

This shows that the integral (164) tends to zero as the positive number z 
increases indefinitely; moreover the product of this integral and z is bounded. 


This is usually written as follows: 


£ho-0(8) 
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Formula (160) can also be written in the form: 


log I’) = (2 — 5) loge -2 +0 + 0(=), (165) 
or 
1 
log T(z) = ( — z)logz -2 +0 +H), (166) 
where 
lowi<a, (167) 


and C denotes the constant: 


_._ f Pr(a) 
Gai [pie 
0 


Let us now determine the value of this constant. For this purpose we shail 
use the so called Wallis formula which expresses z/2 as the limit of a certain 


fraction: 
2?.47...(2n — 2)? -2n 


2 nse 1?-3%...QQn—1)? * (168) 


We will prove this theorem at the end of this section so as not to interrupt the 


continuity of presentation. 
Formula (168) can be rewritten in the form: 


2 nae (2n)! 


from where, by taking logarithms and remembering that m! = I'(m + 1) for 
whole positive values of m we obtain: 


lim [2 log '(n + 1) — log I’ (2n + 1) + (2n = x) log 2 ~ = een] = log /. 
ic oe) 
Using formula (165) we can rewrite this equation in the form: 


lim [ (en + 1) log (n +1) — (2. +5) log (2n +1) -1 404 
fl- co 


1 1 fa 
+ (20 —- 3] log 2 — = ben| = log \3 ; 
or 
lim {en [log (2 + 1) + log 2 — log (2n + 1)] + 
fl—oc 


+ [log (n + 1) — Fplog (2n +1) — 5-logn| +O —1 — + tog 2 = tog |. 


or 


; ml (mt) j log 2} = 3 
tim flog (1 a tole caty to 7 t— es? = log z° 
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The first term in the figured brackets tends to log e(=1) and the second 
to (— 1/2 log 2) so that we obtain the equation 


Ms 4 


a x 
9 ’ 


1-3 


log2+C—1 ~ {log 2 = log 
whence C = log /2z. Substituting this into formula (165) we obtain Stirling’s 
formula: 


log I’ (z) = log Y2a + (- _ 3] logz —2-+ w (2), (169) 
or, rejecting the logarithms: 
— 1 
T(z) = V2u2"~ 20% (2), (170) 


where the factor e(z) = e®” tends to zero as z increases indefinitely. If z is 
equal to a whole positive number m, then multiplying both sides of the equation 
by m we obtain: 


ml = V2nm (=) «m (171) 


where ¢,, -> 1 as m increases. 

We already know that the function J’(z) has no zeros and that log I(z) is 
a regular single-valued function in the z plane cut along the negative part of the 
real axis. If this cut were to be isolated by a sector, apex the origin, which can 
be as small as we please, then formula (169) can be applied to the remainder of 
the plane. The proof is exactly the same as the proof of formula (169) when 
z > 0.In this case we should take those values of log z and log J(z) in the above 
cut plane which are real when z > 0. 

Wa.uis’s FormMuLa. We shall now prove Wallis’s formula which we used 
above. We obtained the following formula in [I, 100]: 


ak (2k — 1) (2k — 3)...3+1 
Bi eee OE Ok 9),.04 2 


a 
2 


Om iy 


Qk (2k — 2)...4+2 


«okt 5 
ae wde = oe) (Gk—1)...5-3" 


On iy 


Bearing in mind that as 7 increases the value of sin” z decreases we can 
write: 
a 


2 
sin**+1! 2 dz < fsin* eda < fsin*—' 2da, 
0 


o-wia 
Ou rnia 


i.e. 
2k (2k —2)...4-2 (2k —1)-(2k —3)...3-l 2 
(2k-+1)-(QQk—1)...5-3~ Ok-(2k—2)...4-2 2 ~ 
(2k — 2) (2k —4)...4-2 
(2k —1)(2k —3)...5°3” 
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whence, replacing k by n: 


a4 2 4 4 Qn Qn 

27 1°38 ° 3° 8 M1 an FT’ 

bd 2 2 4 4 In-2 wn —2 2n 
*1T'3°3 8B 'mo3 Ml m_—1° 


Putting 
2 2 4 4 2n—-2 In-—2 2n 


Fa= 7° 3° 3° So" wes Mel Gn 


we can write 


As n— +0 the fraction on the left-hand side tends to unity and con- 


sequently 
lim P, = = ; 


which gives Wallis’s formula. 


76. Euler’s summation formula. Let us return to formula (159). Integrating 
the last integral on the right-hand side by parts several times over, we can write 
it in an expanded form. By using formula (161) we determined the function 
Q(z) with a unit period which was such that Q’(z) = P,(x). If we add a constant 
term to Q(z) we can make the mean-value of this function, and of the function 
P,(z), zero. Changing the sign of the function obtained we get the function 
P,(z) with a unit period and mean-value zero, so that Pi() = —P,(x). We 
know that P,(z) = —z + 1/2 where 0 <z < 1, so that 


Pi) =~ 240 (0<2<)), 


and determining C from the condition 


ot" 


P, (x) dz = 0, 


we finally obtain 
z 1 


2 

P, (x) = > = 

In this case P,(0) = P,(1) = 1/12, and by periodic repetition P,(z) gives a 

continuous periodic function; hence the above formula holds in the whole 

closed interval 0 < x < 1. Furthermore we can similarly determine the function 

P,{x) with a unit period and mean-value zero, so that P3(z) = P,(x). We obtain 
the following expression for this function in the main interval (0, 1): 


x x x 
P(e) = ap PS" 
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Continuing this further we can construct the functions P,(z) with unit periods 
and mean-values equal to zero so that 


Pym (2) = — Pem-r (2); Poms: (£) = Pom (2). (172) 


All these periodic functions can be expanded into Fourier series, in which the 
constant terms will be zero, since the mean-values of the functions are zero. 
Figure 67 shows that P,(x) is an odd function. Determining its Fourier coef- 
ficients by the usual Fourier rule we obtain: 


fo, 3° Ze 
Sy sin 2nax 


P, (2) = re 


n=] 


Similarly we have for the next function P,(x): 


=, cos 2nzx 
Pi(@)= 2) Saat * 
n= 


Notice that the above series can be obtained directly from the series P,(x) 
by integration and change of sign; this corresponds to the relationship 
P;(z) = —P,(z). The series for P,(x) is uniformly convergent for all real values 
of x. Bearing in mind the relationship (172) we can also obtain the Fourier 
series for the succeeding functions P,(z) by successive integration; the 
constant terms of the Fourier series must be assumed to be zero. 

We thus have: 


= cos 2nnx is sin 2nzxr 


Pom (2) = 2 Q2m—1 2m 2m ? Pom. (2) = 2 92m 2M+1 ,2m+1- (i) 
These formulae, by the way, give us: 
POV eS es Pe 0) 0 
2m (0) = Soma yim Siam! 2m+1 (0) = 0. 
For future convenience we write: 
] ape | Bm 
Peis ath es (174) 
2m (0) g2m—1 2m = nr (2m)! 


where B,, are the so called Bernoulli numbers. 
Let us return to formula (159). Integrating by parts and remembering that 


Pom (0) = Pom (2) = Pome (0) = Pemis (r) = 9, 


m_. 
(2m)!’ 
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we obtain: 


—§P, (x) f’ (x) da = § P3 (2) f’ (x) dz = 
6] 0 


= FL) — 1 1 - [Per @ae= 
0 


n 


= SLU (n) 1 (0) — [ P5(@)f" (2) de = 
1) 


= SLU (m) — 701 + f P(e) 1” (a) de = 
0 


n 
= SLU @) — £0) — [Pa @I” (a) ae = 


0 
= SLU (m) =F (0) — FEU” (m) — 7° 1 + [Py (2) 1 (@) de, 
0 
continuing this further we obtain Euler’s summation formula: 
2 1) = fie) ae + F FO) + Fem) + SEU) — FO] — FEL 


<P OP bo H(— Ua an [fom (ny — fO™*9 (0)] + 


+(— yf Pings (yf?) de. (175) 
0 


In these evaluations we have naturally assumed that when zx > 0, f(x) has 
continuous derivatives up to the (2m + 3)th order inclusively. 

The last term on the right-hand side gives the final term of Euler’s formula. 
Formula (174) shows clearly that the numbers B, grow quickly as n increases 
and the infinite series, which corresponds to Euler’s formula, is usually divergent. 
Nevertheless, it is still sometimes convenient to use formula (175) for the approxi- 
mate evaluation of the sum on the left-hand side of the formula. 

Rewrite formula (160) replacing C by the expression we obtained above: 


P, (z) 


ae dz. 


log I’ (z) = og + (eG) ogee + | Be 


Integrating the above integral by parts, as before, and remembering formula 
(174) and also that P,(x) remains bounded for all real values of x we have, 
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when z > 0: 
= I B, 1 B, 1 
log I" (2) = log ¥2n + (2 — >) loge ~2 + 74 Bo ae Sa 
B 1 = B 1 
$2 m 
5:6 2 (Q2m—1)2m 22m-1 + 


ae (Poms (2) 
=] 1 2 ! emt+1 
+ (— 1)"-1 (2m) J cary ae. 


In exactly the same way as in the previous paragraph we oan show that the 
last integral multiplied by z*?"+! remains bounded as z + -}09, i.e, 


[Ponte d= o| ls, 


(z + q)imtt gem+t 


‘ 


and the above formula can be rewritten in the form 


a 1 B 1 B 1 
log I’ (2) = log yn + (2 — >) loge 24+ SG tt 
= B 1 1 
eh ae et RR fae 176 
eh (2m—1)2m 227-1 - aa) =) 


If we reject the last term and write the corresponding infinite series then this 
series will be divergent for all values of z. If, however, we fix m then the last 
term, as z-— -+co, will be an infinitesimally small quantity of a higher 
power, viz. of the order 1/z?"+!, than the power of the remaining terms, which 
are of the order 1/2271. 

Formula (176), like formula (169), holds in the z plane from which an arbi- 
trarily small but fixed sector is cut out, the bisector of which is directed along 
the negative part of the real axis. If z is positive then the last term can be 
approximated to with greater accuracy and the formula given below holds: 


1 B 1 B 1 
log F(z) = log Vm + ~s)leg2—2+ soy Sart t 
B 1 B 1 
=P he (1G 
a (2m—1)2m zemaa + Om(— 1) (2m+1)(2m+2) 2741 (1761) 


where 0 < @,, < 1. We shall not prove this formula here. 


77. Bernoulli numbers. Let us define tho Bernoulli numbers by the equations: 


(2m)1 2 1 


we nay 7 


(177) 


We shall show, for the moment, that these numbers can be defined in an 
elementary way and that they are all rational numbers. 
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Write out the expansion of cot z into partial fractions [65]: 


J +@ 1 J 
eS we (se +a): 
or 


1 o 
Ove Sas <2 wat — Fi 


or, changing to exponential functions according to Euler’s formula: 


eet 1 22 


ao 
tS OF 
e7 — 977! z + 2 ee 2 ken? 


Let as suppose that z = u/2z: 


u au 
ete # 4 — u 
u roytt es 4k? nm? + u2 ’ 
e? —e 2 
i.e. 
etl] 2 = u 
et —] u 4k tut | 
or 
~+1== 4 : ; 
e" + 2 4k? 7? + u? 


The formula above may be rewritten in the form: 


u u = 1 
~1]1+— = 2v? or (178) 
e“— 1 2 Pa 4k? ne? + wu? 
We can write: 
u? = u> \P 
= NI as : a . 
4k? wn? + u? 2 ea} (|u| < 2kx) 


Substituting into formula (178) we obtain: 


u 


=p Hes Pale ats) 


e4— ] 
Applying the lemma from the theorem of Weierstrass about the addition of 
power series [14] we can represent the right-hand side in the form of a series 


in whole positive powers of u where |u| < 22 


u 


Se [erat ra er 


ee’ —] (27)? (22)4 (2z7)6 
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where we have assumed for briefness that: 
1 i 
ea ay ee Mr a 


Remembering formula (177) we can write: 


om 


“ u 


(2m)! 


u @ 
=]-——+ (—1)""'B (179) 
e! —l 2 Py si 
The function on the left-hand side has singularities in the neighbourhood of the 
origin: u = +2zt, so that the above power series has a circle of convergence 
| «| < 2x. Dividing u by the series 


we can obtain the successive Bernoulli numbers B,,,. Below we give the first 
few of these numbers: 


1 


1 1 ] 5 
Bagi Baa Bagi Bema: Bs Get Bem ara ° 


78. Method of the steepest descent. In the following few sections we shall 
explain a method of approximate evaluation of definite contour integrals. 
As a preliminary let us explain certain problems connected with the variation of 
the real and imaginary parts of a regular function. Suppose that we are given 
the following function in a domain B: 


f(z) = u(x, y) +0 (2, y)t. 


At every point of Bat which the derivative/’(z) is not zero there will be a direction 
l along which u(x, y) changes most rapidly. This direction J is given by the direc- 
tion of the vector grad u(x, y) and the derivative, taken in this direction (and in 
the opposite direction), has the greatest absolute value. This derivative of 
u(x, y) in the direction n, perpendicular to 2, must be zero [II, 108]. The 
plane of the directions n is defined by lines at the level u(x, y) = const. and 
the orthogonal plane 1 by the family of trajectories which are perpendicular to 
the level lines, i.e. by a family v(x, y) = const [29]. We can therefore say that 
at every point where f’(z) is not zero u(x, y) varies most steeply along the line 
v(x, y) = const. Notice that in this case du/dl along the above line is not zero. 
If it should happen that at a certain point not only du/dn but also du/dl is zero 
then at this point the derivative of u in any direction would be zero and it 
would follow that the derivative f’(z) at this point would also vanish. 

Let us now investigate the position of our line in the neighbourhood of the 
point z, at which f’(z,) = 0. In this neighbourhood we have: 


f (2) — f (2) = (@ — 20)? [bo +b, (@ —%0) + ---] (PB 2; bo #0). (180) 


Putting ‘ 
b,=r ec; z—zy=0e' (179 £0) (181) 
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and equating the real and imaginary parts of the difference f(z) — f(z,) to 
zero, we obtain the following equations for the lines u(x, y) = const. and u(x, y) = 
== const. in the neighbourhood of z,: 


®, (@, ») = 7, cos (By + pw) + 7,e cos [8, + (p + 1) @] + 
+ 140? cos [B, + (p+ 2) a] +... =0, (182) 
, (2, w) =r, sin (By + pw) + 7,9 sin [B, + (p+ 1) o] + 
+ 1r,9% sin [B, + (p +2) a] +... =0. (183) 
Consider the equation (182). When 9 = 0 we obtain: 
cos (By i pw) =0, 
i.e. 


By + pw = (2m +1), 


where m is any integer. Assuming m = 0, 1, ..., 2p — 1, we obtain all the dif- 
ferent solutions of the equation (182) with respect to w when @ = 0: 


- By 2m+1 — 
Oa ay ag (m=0,1,2,..., 2p 1). (184) 
It is not difficult to see that 
oF #0, 


Ow e=0, o=on, 


and, consequently, it follows from the theorem of undefined functions [I, 159] 
that equation (182) has 2p solutions for w which are continuous with respect 
to @ and which tend to w,, when ge = 0, i.e. equation (182) corresponds to 
2p lines, which radiate from the point z,_ and which have at that point tangents 
with amplitudes w,,. But @,,,, = ®m + 7 and we can have p lines which pass 
through the point z, and have definite tangents at that point. These lines will 
divide the neighbourhood of the point z, into 2p curvilinear sectors with equal 
angles 2/p at the apex. Inside these sectors, in the neighbourhood of z,, we have 
alternatively @,(0,) <0 and @,(0e, w) > 0, viz. 


when = +mn<f,+po< Ft (m+1)a: 


<0, if m is even. 


9G, (e, 
1 (@ a ere ee 


This is directly due to the fact that the sign on the left-hand side of equation 
(182) for the given w, which is other than (184), and for @ sufficiently close 
to zero, is determined by the sign of the first term. 

Similarly equation (183) determines p lines which pass through the point 
Zo, where the tangents to these lines serve as bisectors of the angles defined by 
the tangents to the lines (182). 
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The point z, we shall call a saddle-point, the sectors ®,(9, w) < 0 negative 
and the sectors ®,(e, w) > 0 positive sectors. 
Let us now consider an integral of the following type: 


I, = § (2 —2)** F (2) (p (2) I" dz =f @— 2)" F (z)eVdz, (185) 
i 1 


where F(z), g(z) and f(z) = log ¢(z) are regular at the point z,; F'(z,) and g(z,) are 
not zero, and n is the greatest positive number. Suppose that the contour 
l originates at the saddle-point z, and ends at a certain point z, and that it 
lines in the negative sector. When |e | =e” it has its maximum at 
the point z, and for larger n’s this maximum is abrupt. It is therefore to be 
expected that the principal value of integral (185) is due to integration along 
the contour J near the point z, and it is convenient to select this section to be 
along the line v(x, y) = const. along which u(z, y) has its steepest descent. Instead 
of taking the line itself we can take a small section of the tangent to this line. 
We must remember, that the contour can be deformed in accordance with 
Cauchy’s theorem. Thus integral (185) can be broken up into two terms: an 
integral along the small section J’ near the point z, and an integral along the 
remaining part of the section l” up to the point z,. The upper bound of the 
integral along 2” is found from its modulus, and the integral along 1’, from 
which the principal part of I, is obtained, is evaluated approximately, and the 
inequality of error should be given. The integral along l’ is usually evaluated 
approximately by expanding the integrated into a Taylor’s series and finding 
the upper bound of the last term of this series. In the following sectino we 
shall apply the above system to the evaluation of an integral and, restricting 
ourselves to relatively approximate upper bounds, we shall isolate the principal 
part of J,, whilst for the remainder we shall obtain an inequality of a certain 
order with respect to a small quantity I/n. 

Let us now make certain general remarks with reference to the evalution 
of integrals of the type (185). The contour J can pass through the saddle-point 
and from one negative sector into another. In this case, as before, the principal 
part of J,, will be determined by the integral over the small section near the 
point zy, and the contour must either pass along the line v(x, y) = const. or along 
the tangent to this line. If the contour / lies in the positive sector, then the 
main part of J, will be obtained by integration over the small section near 
the point z,, and this contour should pass along the line of the steepest descent 
of u(z, y) [the line v(z, y) = const]. If the integrand is many-valued then 
by integrating along the lines of the steepest descent we must bear in 
mind any cuts made because of the many-valuedness of the function and a 
section of the path of integration should be directed along these cuts; in making 
cuts we must take into account the above general concept of stationary points 
and the steepest descent of u(x, y). If, there are several saddle-points in the 
domain through which the contour / passes, then a comparison of the modulus 
of the integrand domain at these saddle-points should be made and the path of 
integration should be selected with these general considerations in mind. 
We shall explain this by a number of examples. Let us now try to evaluate 
the integral along the contour / in the negative sector and, for the moment, we are 
only interested in low orders like that of the small quantity 1/n. Without loss 
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of generality we can assume that z, = 0. Also, denoting f(z) by the form 
f(z) = flzo) + Cf(z) — f(z,)] and taking e/@ outside the integral we can 
assume f(z,) = 0, i.e. p(z)) = 1. 


79. Isolation of the principal part of an integral. Let us now consider the 
integral 


z, 2 

I, = S29"! F (2) [ 9 (2) dz = § 227) F(z) eV dz, (186) 
0 0 

where the path of integration goes from the saddle-point z = 0 to the point 

z, in the negative sector with m even (m = 2l). We suppose that the func- 

tions F(z) and g(z) are regular in a certain domain in which the path of 

integration lies. Suppose that near the point z = 0 


F (2) =a) + az + ag2? +...3 f (2) = log p(z) =z? (b, + bz + 5227 +..-), (187) 


where a, and 6, are not zero. If the integral is to exist at the lower limit z = 0 
we must assume that the real part of the number a, which we denote by R(a), 
is positive. According to Cauchy’s theorem [5] we can deform the path of 
integration in the neighbourhood of the origin and direct it from z = 0 along 
the tangent to the line of steepest descent, i.e. along the bisector of the above 
sector which corresponds to m = 21, to the point z = @, eo and from there 
to the point z= z,. Along the second part of the path, max | y(z)| <1 — 7, 
where 7 is a certain positive number which depends on the choice of @y. In 
future we shall select 0, independently of », for along the second section of 
the path the modulus of the integral (186) will not exceed the product M(1 — 7)", 
where M is a certain constant, which is independent of 7, so that 


4 


Q 


pal 
I,= § 2° * F(z) p(z)"dz+O0([(1 —7)"], (188) 
0 


where by O{(l1 — 7)"] we denote a number which tends to zero as n increases 
or, more accurately, it is such that the quotient obtained by dividing it by 
(1 — 7)? remains bounded as n— +o. In future we shall denote by the 
symbol O(a,) a number which is such that the quotient obtained by dividing 
this number by a, remains bounded as n— + oo. The amplitude w, of the 
bisector of the sector with the number m = 2! is expressed by the formula: 


' B, , 22+1 
Pe gee ga (189) 
: pt p 

Let a be a number which is less than the radius of convergence of the series 

(187). We select, in any case, 9, <a. The series ’ 6,2” and the differentiated 
oo v=0 
series >’ vbyz’-' have the same radii of convergence as the second of the 
. vel 

series (187). : 

Applying the inequality to every modulus of the coefficients of the power 


series [14] we can write 
M M (v=0,1,2,... 
Jay] <5 1h < 7 [” | (190) 
o” po’ \n = 1, 2,3,... 
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where M is a constant. For further evaluations we shall introduce a new con- 
cept. os 

We shall say that the power series ’ g,z” (or a corresponding function) 
v=0 


is dominating a power series (or function) )’ h,z”, providing the g, are 
v=0 


positive numbers and | h,| < g,.In this case we obviously have the inequality 
a he 
r= 0 


and we are naturally assuming that the series converge. 
Let us write the product F(z) p(z)" in the form: 


< +9,\2)"; 


v=0 


F (z) Pp (z)" a] (a, + a2 + oe .) el MoazP+b2P 41+... ) = 
= ae 4 ef?" (ay + az +...) @2P(6.24 6423+. a a,]. (191) 


The difference in the square brackets can be expanded into a power series 
without a constant term: 


y (z) = (a, + 4,2 +...) e2P(biz tbat...) Oy, = 42 + cy227 +... (192) 


Bearing in mind that e* can be expanded into a power series with positive 
coefficients we obtain a dominating series for the series (192), if we substitute 
the series in the index of e and in the factor in front of e by the dominating series 


2 Mz M2 
(mt mt pus..jom Grete at) _ xu, 


or 


M (2 = =)" go Mmrtog(1-Z) oy I = ar" = i], (193) 


and in this last series there will also be no constant term. Denoting, for the sake 
of briefness nz? = z’, we can write the dominating series (or, still better) the 
dominating function in the form: 


u=|- +e Mee + Mz’) (=) i 


o 
=f (1 + Me’) (2 tue) (3 + Mz’) (=) cae | 


On taking (1 + Mz’) outside the bracket we can write the dominating function 
for (192) in the form: 


erasure [+ HME) (2) (44) 0H4E) EY 4] 


a 


and, finally, decreasing the denominators, we obtain the dominating function: 
, , a. 2 
ator] lie (14 2 {2 + (1+ 4%) (1 +77) (=) +...| 
og ] 1 2 o 
Zz 


o 
, 2 —1—Mz’ 
= (1+ Mz’) M— (2 — =) 4 (194) 


a 
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We thus have the inequality: 


lp (z)|<(1+ Mn|z/?) mE! (a — oa el ; (195) 


According to formula (191) integral (188) can be broken up into two integrals; 


lary iwg 


Qe 
I,=a, § 27! rbd? dz +. fz —1 ands? oy (2) dz + O[(1 — 7)"]- 
0 0 


We now replace z by a new variable of integration ¢, according to the formula: 


| ae oe 
= eo , 
2 = ola | E 
where, from (189): 
nz? = — as 
0 
We obtain 
Ty = Ag+ By +O[(l —7)"], (196) 
where 
l Ry Re ae 
“oS 
An ei@e (=) a; { {yp dt 
c 197 
1 1\ megs c-1 ee 
— — lava > P —t Pp 
B, >? 0 (=) | et yp (z) de. 
0 


Taking into account the fact that | z| = (¢/nr,)'/P, we obtain from (195): 
Mt 


vets (1+ )m2 PEO 


Nr, 
We took @, <a and therefore along the path of integration we have 
|z| = (t/nr,)'"/P < 0, <0 so that, replacing |z| by the greater quantity 0, 
we have: 
_;_Mt 


Iviz|< 0+) v2 YE 2) AB, 


a ¥ nr, 


Bearing in mind that for g > 0 and a complex y we have | q |” = q*”, where 
R(y) is the real part of y, we obtain the following inequality for B,,: 


(2 = 0)" Ra)+1 
|B) < ae jefeoe) 47 (=) Pox. 
p o NTs 


ares _MtR(@)+1_, 


x fet-%) se (1+) ae. 


Co 
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If we also subject 0, to the following condition apart from the condition 9, < a 


we can take a fixed @,, which satisfies both these conditions. In the last integral 
the integrand will contain a factor a~' and we can integrate to (+0) 
The integral will be convergent and the value of the integral of a positive func- 
tion will increase owing to the extension of the interval of integration. The 
integral will no longer depend on n and we obtain the inequality: 


R(a)+1 


1 Pp 
[Bal <M, (=| ’ 


where MM, is a certain constant which does not depend on 2, i.e. 


, R(a)+1 
P 
ted le) | 
The quantity O[(1 — 7)"] having been divided by (1 — 7)" remains bounded 


as n -» +co, It remains the more bounded for being divided by (1/n)"®@*»/?, 
for the ratio (1 — 7)": (1/n)Ro+/P _» 0 as n > 0, ice. 


Ra) +1 
By-+0|a— "| =o] (2) P |, 


n 


and formula (196) can be rewritten in the form: 


R(a)+1 
tae ol() * | 


(198) 
Let us now consider A,. We can write: 
ied a gw i 
A, = — ol" (=-)’ forte Tae — 20 ginoe (=-)’ | ent ar, 
P nro). p nT, 
0 Argh 
or have [71]: 
a 
— Ho giwge (1? p (2 199 
A ee) (299) 
where 
aa 
C,. Fo. olor ( ‘i i on! ip eT 
Pp Nr 
Aryeh 
and consequently: 
R(a) wo 
oo! 7 Ria) _ 
|Cn| < Lek | efmin (=)? [ “typ ae 
Pp nr, : 


? 
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For large positive values of ¢ the function 


decreases and therefore, isolating the factor ¢~? under the integral and replacing 
the remainder of the integrand by its value at the lower limit of 
integration we can say that for large n the value of the integral is less than: 


em Moe arin ee 7 a. = a7 Foe ane 
nro} 
This gives us the inequality for C,: 
ICn| < Mz,e7 0%, 
where the constant M, does not depend on %, i.e. 
Cy = O (070%) , 


Bearing in mind that, as n increases, the exponential function e~”° 9? decreases 
faster than any negative power of n we can write: 


carole)” ]-ol(3) | 


The formulae (198) and (199) give us finally: 


Ld 


a R(a)+1 
tea goer) () ola) of ew 


In this formula the principal term is of order (1/n)*/? and the last term is 
of a smaller order still. 

If more accurate inequalities are required several more terms can be isolated 
from J, in the order of increasing powers of (1/n). This brings us to the fol- 
lowing general formula which we do not intend to prove here: 


eel a+y R(a)+m 
ae 1)\P 1\ P 
=5 3, &(z,)° + (2) | ey 
In this formula 
, ud Fy a+y 
d, = elolrt) SEP +a}, 
7 2 (— b,)* Pp 


Jy 9 =, andg,, are coefficients of z’ in the expansion: 


1 
ae te +...) (b,2 + baz? +...)?. 


We shall consider the simplest path of integration from the point z = 0 to the 
point z = z,; at the beginning of the path, i.e. at the point z = 0 the modulus of 
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gv(z) has its greatest value. Consider now the integral: 


Ze 
In = $227? F (2) p (2)" de, (202) 

1 
where z, and z, lie in sectora where | g(z) | < 1. The path takes us from z, to 
z = 0, surrounds this point along the arc of a small circle, centre at z = 0 and 
proceeds to z = z,. If R(a) > 0 then, as the radius of the above circle tends 
to zero, the integral along the aro of the circle will also tend to zero and we can 
simply integrate from z = z, to z = 0 along the sector with the number m =21,; 
and from z = 0 to z = 2? along the sector with the number m = 2/? we thus obtain 


In = Lit, ey Iaty 


where I, ;, and J, ;, are integrals of the former kind over contours which lie 
in the above sectors. Hence: 


Ss (a)+1 
, a 1 \p iwga w P 5 
Pe a) ee ies )+o]) | a 
where 
an ae »_ By , We + 
OO, p + p 7; We p + 2 


It can be shown that formula (203) is valid also when F(a) < 0. 
Example. Consider 


P(n+1) ae ~* pda. 
0 


On substituting « = ny we obtain: 


RA ee 
= {ve ¥)y" dy. 


0 


The function ye-” has a maximum when y = 1. Substituting y= 1+:: 


e"I'(n +1) five 4 2)e7?]" az 


mitt 


Divide the interval of integration into two parts: (—1, +1) and (+1, +09). 
For the second interval we have: 


S[atz2e"daz=f[U+ze7"I+2e7%a< 
1 1 


<f(=)" (lt+2z)e"*dz= (2)" : fas +2z)e*dz, 


e 
1 i 
for, when z> 1 


oy 2 
(l+z)e <>: 
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Therefore 


[tc +2)e77]"dz=0O (2) (204) 


The integral 
1 
§ (G+ 2)e77]" dz (205) 
—1 


has the form we considered above, but in this case 
aj=1; a=1; F(z) =1 and log¢(z) = log(1 +2) —2, 


from which it follows that p= 2 and 6,=—1/2, i.e. r, = 1/2. It can also be 
seen that w, = 2 and w, = 0. We finally have from (203): 


e'Pat)) li 2Vor(1) 4 o/h 2 )n 
nth = sleper(a) + era) + ol(ey]: 


or, taking into account that (2/e)" decreases more rapidly than 1/n and that 
I'(1/2)=yx, we obtain: 

: ee 

e"I'(n+ 1) i +0(2), 


nith _ ne n 
or 
Pin} yen? (nyc Veen “1 coer (2| = 
ri tls 
or 


P (n) = Yan" 26" [2 +0 Falk 
Te 


The last term 0(1//7) should, in fact, be 0(1/n). 

To obtain this result the integral (205) must be divided in two, viz. from 
z= 0toz=1and from z = —1 to z = 0, and formula (201) should be applied 
to each of these integrals when m = 2. At the same time terms corresponding 
to »y = | in these integrals will cancel each other and we shall obtain the same 
principal term and last term 0(1/n). 

All the details of the above method, the proof of the general formula (201) 
and examples can be found in Perron’s paper ‘Ueber die ndherungsweise 
Berechnung von Funktionen grosser Zahlen’’ (News of the Bavarian Academy, 
1917). 

One of the first works in this field was a work by P. A. Nekrasov. 
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80. Examples. 1. Consider the integral 


1 
3 
as 1 n (z*—2!) 206 
I= | ase e dz, (206) 


where a is a small positive number and 7 is a large positive number. The 
function f(z) = z? — z? has its maximum when z = 0 and the real axis is the 
line of the steepest descent of v(x, y) = 0. 

Bearing this in mind let us represent J in the form: 


2 
2 
_ 1 2329) 
t= | age ete. (207) 
1 
a 


where 


win 


1 gn'-2) dz, 


aos 
{are 
t=] 


Noting that z3 — z? < —z? when z < 0 we obtain: 


_l fn -1 
jo|< fi oter= fe"@-Da:= 
Jar+t = g eae a" 
ad 
note f -a(z+3)(-)) 
J++ — 


Replacing z—1/2 by (—1) and introducing a new variable of integration 
t = —(z + 1/2) we obtain: 


(208) 


4 
Jo |< — Je"at = — < 


Jord [ortat= ee 5 
ap 0 nffe—t 


To evaluate the first term on the right-hand side of formula (207) we suppose 
that e™@ = 1-+ 4, where 


nz3 (nz3)? 
cena Wa 
hence 
2 
[4] <njep (r+ T1eP , OUERY +) <nlelrerier, (209) 
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We obtain: 
2 1 
2 2 : 
1 ne ou et 
(2 —2) = 
lopee de <= dz + . [atte (210) 
_1l _1 _} 
2 2 a 
Also 
1 
2 +o 
ode = f Se (211) 
i zt+ia ~ | z+ Tor, 
1 —_@ 
“3 
where 
|a,]< z e—"2* dz 
2 = 
le: Ta 
and 
rs a? 
| enmtdz =e te ee” eer )G+ Dae, 
1 1 
+] 2 
or, replacing z + 1/2 by unity: 
= ne oe | n 
formtde<e™ e a Dap 25, 
n 
1 1 
2 2 
whence, finally, 
“4 ae 
| a | < —%2 <+e ‘ (212) 


nfe+t 


Consider the first term on the right-hand side of formula (211). Separating 
the real and imaginary parts of the integrand and noting that the integral 
of the real part is zero since it is odd, we obtain: 


+o + © 
@—nza .f e At? 
lea de = — 4 f e+ a dey): 


On assuming that f? = y and differentiating the integral 


+ ta 
. —yf2 
Im= | sau 


with respect to the parameter » we obtain: 


TO _ Ty) =. 
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On integrating this equation, bearing in mind that J(y)=0 when y= +>, 
we obtain: 


1 (Bt) = 2V x08" J es de’ 
8 


and, finally, 
+o nt =) 
oT = 2 —x2 f 
| pig = — 2 Vm fe da, (213) 
= ayn 


The integral on the right-hand side (the incomplete Laplace integral) is 
tabulated. 
We come lastly to the upper bound of the second term on the right-hand side 
of formula (120). We shall carry out this investigation in two different ways. 
On recalling (209) and the fact that |2z|*< |2z|?/2 when |z| <1/2 we 
obtain 
aa 


|Ale—m <njz[se 2 , 


whence 


On the other hand, taking into account the inequality: 


Zz 1 
ape "WEEE “7a when jJz[<—, 
we obtain 
1 1 
; Ae—@? de * | 2 [8 —ty 2n ° : ts : 
|e att |e ae 2 de < ot | ate 2° dz, 
+ - 
whence 
1 
r Ae—"? \2x 
|S < (214,) 


The principal part of (213) is of the order 1/a/n; if a is not a smal! number then, 
using formulae (211), (212), (213) and (214), we can write: 


epee) wy ean —x? ’ r 
a = i2¥xee [ eae +o, (215) 


_i ayn 
2 
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where 
a 
]w [<e oe ry (216) 


When a takes small positive values we can write: 


joj < Soi 4 2. (216,) 


Va 


2. When considering the asymptotic representation of Hankel’s functions 
we find if necessary to evaluate approximately the integral 


—a+e 
I= ( eV® az, (217) 


—a—e 


in which 
f(z) = sinhz — éz, (218) 


where the parameter > 1] and n is a large positive number. 

a in (217) is the positive zero of the equation f’(z) = 0, i.e. cosha = €. 

The number «> 0 we shall consider right from the beginning to be less 
than unity and later on we shall subject it to even more restrictive conditions. 

It can readily be shown that the path of integration in (217) coincides with 
the major part of the line of steepest descent of the integrand. For this reason 
the evaluation of the integral involves the rational transformation of the inte- 
grand and the evaluation of elementary integrals. 

We shall consider two methods by means of which integral (217) can be eval- 
uated. In the first method our main object will be to find the principal term 
and to obtain a relatively simple assessment of error. In doing this we shall 
disregard certain essential properties of the integrand. 

In the second method we shall take these properties into consideration and 
consequently the result obtained will be more accurate. 

First method. Expand the function (128) into a power series in where 
z=2z-+a. We obtain 


f(z) =f(—a)— SOOT ot 4 CONE gs SOB... (219) 
or 
f(e)=f(—a) — 2S a2(1 + RI, (220) 


where F satisfies the following pape 


inpe eee i(at+a+--)< oes 12 (221) 


sinh @ 2 sinha 
if|e| <1. 
We represent the integrand (217) in the following form: 


sinha 


eV® _. gf(—4) at 2 (1+ 6,), (222) 
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where 
nz Rx (223) 
If we use the inequality 
Jey—1] <|y el! 


and take (221) into account then we obtain for 6, the following simple inequ- 
ality: 


m cosh a n ORS iR| x 
|8]< —Z—lzKe @ ; (224) 
Substituting (222) in (217) we obtain: 
_,sinhe ,, —# _, sinha, 
ra et-a \ e. 2. dx+ 5 6e. 2 as (225) 
—€£ —e 


Subject ¢ and 7 to the following two conditions: 


sine e=N>)l (226) 
and 
cosh a 
sinh G E< 1. (226,) 


In a more accurate method of finding the upper bound the condition (226) 
is preserved but condition (226,) is replaced by a stricter condition. 

If condition (226,) is satisfied then when |z]|< «, RF satisfies the inequality 
| R| < 1/2 and from (224): 


sinha 
2 


sinha 


—n —— x" 
<nehtiepe 4 (jal<e). (2244) 


x3 


6,e 


If condition (226) is satisfied then the integrand in (225) becomes exceedingly 
small near the ends of the interval of integration. For this reason the transi- 
tion to an infinite interval of integration has no essential influence on the 
result. Carrying out the necessary calculations we have 


6 _7imhe., +a _psinhe,, yo 
2 = 2 = aerate v4 
Je dz = | e dz + 4, = | oy (227) 
—e —o 
where 
a ne 
A,=—2 } 20" dx 
€ 
and 
@ sinh 
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whence, taking into account that x? — «2 > (x — «)? when 2 > ¢ 


yf asy Oy 
| 4, | < 207 fe 2 ay = | oe (228) 
0 
Further, on taking into account (224,) we find: 
ne sinha ~ sinha 


—_ i) ‘ms a 
Jee ae ae < MOESe | a0 se Sa 


whence 


—A x 2 cosh a 21 
2 _——. 
| be <Zsinha nsinha Oey) 
Using formulae (225), (227), (228) and (229) we obtain the following expres- 
sion for the required integral: 


— e(-2) ff _ 47 
I=e \= —— (1 + ), (230) 
where 
_n , 2 cosha / Qn 
[else se zsinha ¥ nsinha ° (231) 


If conditions (226) and (226,) are satisfied then | w | is found to be appreciably 
less than unity. 

The above method of evaluation is very rough but it is also very simple as 
far as calculations are concerned. The disadvantage of this method lies in the 
fact that it does not take into account the change of sign in the expansion 
(219) and the presence of odd powers in this expansion. 

We shall now remove these disadvantages. 

Second method. Write the expansion (219) in the form: 


f(z) =/(—a) — S94 ot 4 RK, Ry (232) 
where 
cosh a Pte a 
sic aman e(ltcetoeeat:: 
me : 
eee +5 staearat:-:): (232,) 


To start with suppose that in integral (217) ¢ is only subject to the condition 
0 < e < 1. But even so we can say that R, and R, differ very little from the 
first terms of their respective expansions. Substitute the value of the integrand 


inh 
e%® — e—a) en 3 “xt eR (2 +—+ ih Les ae --] 
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in integral (217), Owing to the fact that R, is odd we obtain: 


I= Aaa x? @ ARs (2 +f sa ao saa abt :) dz. (233) 
-. 
Consider the expression: 
ee 
-(1-72 +58...) +584 58+...). (234) 


Select the positive « in such a way that the inequalities given below should 
be satisfied simultaneously: 


e<l; WR?<5; nR, <1. (235) 

Using formule (232,) we can see that these inequalities will be satisfied providing 
9 7 

e<l and ¢e< (scmnr) i (235,) 


m cosh a 


If this is so then the terms of the series with alternate signs 


She gy a 
will rapidly decrease. Hence 
S,=1—nR,+4,, (236) 
where 
22 

0O<a,< ae 

We find from (232,): 
sinh a sinh a : x ; 
acs cme | a a a ae Q+acgt reco t+): 


Comparing this with (236) we obtain: 


sinh a 


a+ 6,, (237) 


where 


n sinha x? | 
= rane 6 jr oe 
|d,] =| a, 61 a Q+ggt+---) 


which is, in any case, smaller than the greater of the two quantities: 


56 "sinha 


. at ead (5s) n* sinh? a 
55 6! 


95) 2-4? ~ 
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It can be shown that the latter quantity gives the greater of the errors shown 
below. We can therefore take it that 


30\? n? sinh? a 


For the second series, from (234): 


nmR2 miRi 
S=1l+aPt+ait:-- 


we have: 

Sh eee saa +d, (236,) 
where 

0<a,< - sa 


We find from (232,): 


n® cosh? a 


n?Ri x? . 
I+ alt rane * (Ql+fo+- . J => 
n? cosh? a 
=l+t-gap M+ er +r), 
where 
x? x? x 
r=rs(iteqteaeot::’): 
It is evident that r < (42/41) (72/4.5) and 


2 2 4 2 
Sree oe x (5) x lk @z 


41 107 la) * 0% < 10° 10° 


We therefore obtain: 


n*R? n? cosh? a 
S,=1+ 5} + 42 = 1+ Spe + On (237,) 
where 6, > 0 and 
n? cosh? a 


b. = a, + (2r +1) —S a < 


zl? — ,. —_—____._ 78 
Sar P10 a0see 


(3) 5 cosh! a 11 n'*cosh’?a 
19 


Bearing in mind the inequalities (235) and multiplying expressions (237) 
and (237,) together we obtain for (232) the following formula: 


—nR.qg _1_, Simha | , n*cosh?a , 3 239 
e S,=1 n—T— 2 + ane x + d, (239) 


where 
}6|<5|6,|+4,, (239,) 
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and | 6, | and | 6, | satisfy the inequalities (238) and (238,). Let us now substi- 
tute (239) in (233). We have: 


+ @ 
2 sinha 
= T= oto} | (1—n n Sh gs +n? pn a) e” * dz + 4,+ Ay, 
(240) 
where 
' sinh a cosh? a einha 4 
4y=2 f (1—m a x4 +n? 5.62 ‘) dz, 
. . (241) 
sinha , 
4,=2 f 6o-" 2 ~*~ de 
o J 


The integrals in (240) have to be evaluated and the error (241) must be assessed. 
Subject the numbers n and « which satisfy (235,) to yet another most important 
condition: 


nsmhe @ ove. (242) 


When this is done the assessment of error is obtained in an elementary form and 
this gives us the formulae: 


1 5. 
2 2 _N 3N? cosh? a 
|49|< (aan ;] 2 [2 + aaah |" (243) 
; h? h4* @ 
cosh? a cos 
ules Ya sal (= + 25 sinh? a + 8 sinh? a ~), (243,) 


where we assume in (243) that N > 8. 
Evaluating the fundamental integral in (240) we arrive at the following 
final formula: 


1 
_ nf (—a) 2 2 Be i ( _ 5 cosh? co } 1 ‘ 
oe Yn (;; aba) [} 8 : 3sinh?a J nsinha pela. 2A) 


where 


5 
—N 


. ) N2cosh? a 2 21 cosh? a cosh‘ a 
fers (2 T én cara) + (eames) (e+ 36 sinh? a * Ssinhé =): (245) 


We obtained (244) and (235) on the assumption that the conditions (242) and 
(243,) are satisfied. Suppose in what follows that 


e=( 12 . (246) 


n cosh a 
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We find 
; N3 cosh? a 
and 
z 
2 2 
N2 cosh? a 3 (247,) 


6n sinh? a VN 


It can be seen from (245) that if we take N = 8 then the terms in the second 
line of (254) will take values which exceed the value of the term containing the 
factor e~", 

Therefore, if we agree to take N > 8 the formula giving the error can be 
rewritten in a simpler form: 


2 21 cosh? a cosh‘ a 
jo] <2(— | (= + ssamnrs + ocans | : (248) 
This inequality will be valid providing that N > 8 and this can be written 
as follows: 
a 2 
n* sinha > ae cosh® a 
y18 


or 
A ca 
n3 sinha > 3 cosh3 a. (249) 


In the chapter devoted to Bessel functions we shall make use of the results 
obtained above but substitute 


cosh a = 2and n=2Z, 


where 7p is a symbol and z is the argument of Bessel’s function. 
In this case z sinh a = yp? — z? and the condition (249) acquires the form: 
2 


Vor— ai > aps. (249,) 


If we take into account the fact that that p > yp? — z* then it becomes evident 
that condition (249,) can be satisfied only when p > py, where py = 3pi's, i.e. 
PP») = 27. When making more accurate calculations this borderline can be 
somewhat lowered. 


CHAPTER IV 


FUNCTIONS OF SEVERAL VARIABLES 
AND MATRIX FUNCTIONS 


81. Regular functions of several variables. The theory of analytic 
functions of several variables is similar in its fundamental concepts 
to the theory of functions of a single variable. However, when developed 
further it has several characteristic differences. We shall only deal 
with fundamental concepts of this theory and consider power series 
of several variables in greater detail. To simplify arguments we shall 
take two independent variables. The definitions and proofs will also 
be valid for a greater number of variables. 

Let z, and 2, be two complex variables and 


f (2, 22) (1) 


be a function of these variables. Let us suppose that the variable 2, 
varies in a certain domain B, and the variable z, in a certain domain 
B,. If, at the same time, function (1) is a single-valued and continuous 
function of its two arguments and, if for any arbitrary values of the 
variables in the above domains, the relationships 


f (2, + 421,22) — f (2122) and f (21, 22 + 422) — f (Zu 22) 
Az, Az, 

tend to a definite limit as the complex increments 42, and 42, 
tend to zero, then function (1) is said to be regular or holomorphic 
as z, and 2, vary in the domains B, and B,. The limits of the above 
functions give the individual derivatives of function (1) with respect to 
the variables z, and 2,: 

Of (21) Ze) Of (21 22) 

gee and <a,50 

82. The double integral and Cauchy’s formula. Let /, and /, be two 

contours which lie in the domains B, and B, respectively. We construct 
a double integral which is obtained by the successive evaluation of 
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The variables z, and z, appear under the integral as parameters. 
Differentiating with respect to these parameters we can see that our 
function /(2,, 2,) has derivatives of all orders and we obtain expressions 
for these derivatives in the form of double integrals: 


OP+9 f(z, 22) == PL Qgh (a i f (215 22) , 
GzP 02g hn? i 7 (2{ — z,)P+1 (25 — z_)9t1 das: (3) 


As for functions of one complex variable the principle of the 
modulus follows from Cauchy’s formula: if the function /(2,, 2.) is 
regular in the closed domains B, and B, and | f(z}, 23) | << M, when 
z; belongs to 1, and z, belongs to J,, then | f(z,, 2,)| < Jf when 2, 
belongs to the closed domain B, and 2, to the closed domain B,. 

The theorem of Weierstrass is proved in exactly the same way as 
for functions of one complex variable: if the terms of the series 


> Pk (21) 22) 
k=1 
are regular functions in the closed domains B, and B, and the series 
converges uniformly in these domains, then the sum of the series is 
a regular function in the above domains and the series can be differenti- 
ated term by term with respect to z, and 2, as often as we please, 
providing z, lies inside B, and 2, inside B,,. 
The series remains uniformly convergent in any closed domains B, 
and B3, which lie inside B, and B,. 
All the above statements can be extended to include functions of 
several independent variables. Below we shall only consider power 
series. 


83. Power series. A power series of two independent variables z, and 
2, with centres at 6, and }, can be written as follows: 


PA > 4,5, (2, — by)? (2, — g)4, (4) 


where the variables of summation p and q are independent of each 
other; they take all positive integral values, starting with zero. Series 
(4) is a double series. 

We dealt with such series earlier in [I, 142] when the terms of the 
series were real. 
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Let us suppose that the series, constructed from the moduli of the 
terms of the series 


> > | 4 q!|% — 81 |? | 22 — 2. (5) 
p=0 q=0 
converges. 

In such a case, as we know from [11], the series, constructed from 
real and imaginary parts of series (4) will be absolutely convergent 
and the sums of these double series with real terms will not depend 
on the order of summation. Consequently in this case, i.e. when 
series (5) converges, series (4) will also converge and its sum will be 
fully determined for any order of summation. In future we shall only 
consider the case when series (5) converges, i.e. when series (4) con- 
verges absolutely. 

Abel’s theorem can readily be established in the same way as in [13]. 
Suppose that the series (4) is absolutely convergent when z, = a, 
and 2, = a). It follows directly that the moduli of the terms of this 
series remain bounded for the above values of the independent vari- 
ables, i.e. a number Jf exists such that for any arbitrary numbers p 
and q the inequality holds: 

; |@pq| |e, — 2 |? |e, —b,|/9< M 
ie. 


M 
nal < fa 8 Fle OP (6) 
Consider now two circles K, and K, of the variables z, and 2,: 
|2;—2)<|a,—|; |%—b,|<|a,—8,|. (7) 
The first of these circles includes points z, which are nearer to b, 
than to a, and the second includes points z, which are nearer to }, 
than to a). 
Take a certain point z, in the circle K, and a certain point z, in 
the circle K,, i.e. 
|2; —b, |= |e, —,| and |z —b|=¢,]a,—4,|, 
where 0 < gq, and q, < 1. At the same time, using (6), we obtain the 
following inequality for the moduli of the terms of series (4): 
pq! | 2% — 23 |? | 22 — & |? < Maiqi. (8) 


It can readily be seen that the double series with positive terms 


la 


> > Mae 


p=0q=0 
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will be convergent. In fact this series is obtained by multiplying two 
series with positive terms [I, 138]: 


M(il+q+¢+...) and (l+q,.+93+..-), 
and its sum is 
oe 
(1 — gr) (1 — ge) ° 


Hence in the case under consideration, series (5) will be convergent 
and series (4) absolutely convergent. It also follows from the ine- 
quality (8) that series (4) will be uniformly convergent in the circles 
K; and K, with centres at 6, and b, and radii g, and 0, which are 
less than the radii of K, and K,. In this proof we did not use the 
absolute convergence of series (4) when z, = a, and 2, = a,, but we 
used the inequality 


| Bpq (a, — 5,)? (a, — b)?| <M, 


i.e. we used the fact that the terms of this series are bounded when 
2, = a, and 2 = a). 

We thus arrive at the following conclusion : if the moduli of all terms 
of series (4) are bounded when z, =a, and 2, =a, by one and the same 
number, then series (4) will be absolutely convergent inside the circles 
(7) and uniformly convergent inside the circles: 


[21-8] < (I—e) a, 8]; | — By] <1 — 8) | — By], 


where « is any small fixed positive number. 

Notice that if, when 2, = a, and 2, = a,, series (4) converges (not 
necessarily absolutely) for any arbitrary order of summation, then 
its terms tend to zero as they move away from the origin; hence 
their moduli are bounded by one and the same number and 
inside the circles (7) the series will be absolutely convergent. 

What was said above brings us to the concept of the radius of 
convergence of series (4) in exactly the same way as in [13]. 

In this case there exist two positive numbers #, and R, which 
show that series (4) converges absolutely when |z,— },|< R, 
and | z,— b,| < &,, and that it diverges when | 2, — b,| > &, and 
| 2, — b,| > &,. Notice that in this case, the region of absolute con- 
vergence of series (4) is simultaneously determined by two radii of 
convergence f, and F#, and these radii, generally speaking, cannot 
be determined separately, for the value of one depends on the other. 
If R, is made smaller then it is very probable that 2, can be made 
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bigger. In other words in this case we can speak only of combined 
radii of convergence R, and R, or, which comes to the same thing, of 
combined circles of convergence. Consider, for example, the power series 


eo --) if 
> Sig a4. (9) 
p=0q=0 
Series (5) will become 
~~] ~ <] ! 
z= sey 2) | 21 |? | 22 |?- (10) 
p=0q=0 


Group together all terms of this series in which the sum p + q is 
equal to a given number s. According to the binomial theorem the 
sum of these terms will be 


(1%,| + [22] )% 
and series (10) can be rewritten in the form 


2 ((2,| + |22])§ 


s=0 


from which follows directly that it will converge when, and only 
when |2,|+[2,|< 1. Hence for series (9) the combined radii 
of convergence are determined by the equation R#, + R, = 1. If we 
take, for example, Rf, = 6, where 0<@< 1, we shall have 
Rk,=1-— 68. 

Consider as a second example the series 


> > 4 
p=0 q=0 

It can readily be seen that here the necessary and sufficient con- 
dition for convergence is expressed by the inequalities | z,| < 1 and 
|Z,| <1, i. in this case #, = 1 and R, = 1 and the radii of con- 
vergence are determined separately. 

Consider series (4). As a result of uniform convergence and the 
theorem of Weierstrass the sum of series (4) inside the combined 
circles of convergence is a regular function f(z,, z,) of two variables. 
As in [13], we can differentiate series (4) with respect to both variables 
as often as we please inside the circles of convergence. This dif- 
ferentiation does not alter the circles of convergence. 
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Differentiating several times and assuming subsequently that 
z, = b, and 2, = b, we obtain, as in [14], the following expressions 
for the coefficients of the terms of the series: 


1 oPtd (21) 22) 


pa = prgi OzP 029 |Ja=b; amb, a 


i.e. series (4) is the Taylor’s series for the function /(2,, 2,). 

If #, and FR, are the combined radii of convergence of series (4), 
then this series will be absolutely and uniformly convergent when 
|z, —b,| < R, — « and |z, —b,| < R,— «, where e« is any small 
positive fixed number. At the same time, from (3) and (11), we have 
the following inequality for the coefficients of the series: 

One| < ear ae (12) 
where Jf is a positive constant, the value of which must depend 
on the choice of «. 

Substituting the coefficients a), in series (4) by positive numbers 
which exceed the moduli | a,,|, we obtain a power series 


@ oe M 
> Sas 
usually known as dominating or major for series (4). It can readily 
be seen that the sum of series (13) is equal to 


0-0 “ 


and this latter function is known as the dominating function of series (4). 
Coefficients in the expansion of powers of (z, — b,) and (z, — 6,) are 
positive and greater than the moduli of the coefficients of apg. 
The result [14] can readily be generalized to include two variables. 
Let f(2,, 2.) be a function, regular in the circles | z, — 6, | < R, and 
|z,— b,| < &, with centres at b, and b, and let 1, and J, be the 
circumferences of these circles. On fixing any two points 2, and 2, 
inside the above circles we can obtain Cauchy’s formula 
f (2.22) = — gos | de} | — — aey. (15) 
I 


Zz — 2) (2, — 22) 
i, 


(z, — 5,)? (2, — by)? (Ri = R, —&; Ry = RR, — ), (13) 


, 
2! 


Consider the rational fraction 


es: Se 
(2) — 2) (25 — 2s) 
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As in [14] we can expand it into a series of powers of the dif- 
ferences (z, — 6,) and (z, — 65) 


1 — (z, — b,)P (22 — be)? 
ZA) ae) ee Byte, BF 


this converges uniformly with respect to z; and 23, providing these 
points lie on the circumferences /, and /,. Substituting this expression 
in formula (15) and integrating term by term, we can obtain our 
function /(2,, 2,) in the above circles in the form of a power series 


} (2,2) = S | pg (2 — P (2, — 6,)?. (16) 


p=0q 


The coefficients of this series are determined by the formulae 


eee 0S) FF (eee AU) een ee 
pq = 4x? | ae { (2; — b,)P+? (2, — b,)9F? a a 
1, l, 
— 1 oPt4 7 (1 Z2) 
pig! azP dz29 


(17) 


Thus any function f(2,, 2) which is regular inside two circles can be 
expanded inside these circles into a power series. As in [14] it can 
readily be seen that this expansion is unique, for the coefficients 
must be determined by formula (11). 

In series (4) we can group together terms which are equal with 
respect to the differences (z, — b,) and (2, — 6,), ie. we can write 
series (4) in the form 


SD 454 (zy — 01)? (@ — b,)% (18) 


s=0 pt+q=s 


Y=); %y=b, : 


where the inside finite sum includes those values of p and g the sum 
of which is s. Formula (18) gives the function /(z,,z,) inside the 
circles of convergence in the form homogeneous polynomials with 
respect to (z,— 0,) and (z, — 6,). Suppose now, conversely, that 
series (18) is given in the form of homogeneous polynomials and 
that it converges uniformly in certain circles | z,—}6,| < &, and 
|z, —b,| < R,. According to the theorem of Weierstrass the sum 
of this series will be a regular function of f(z,,2,) in these circles. 

We can also differentiate our series (18) as often as we please 
with respect to both variables. Differentiating and assuming sub- 
sequently that z, = b, and z, = 0, we obtain formula (11) for the 
coefficients @pg, i.e. these coefficients will be the coefficients of 


322 FUNOTIONS OF SEVERAL VARIABLES AND MATRIX FUNCTIONS [83 


the Taylor’s series for the function /(z,, 2,) and we can rewrite series (18) 
in the form of the double series (4); this series will converge absolutely 
and uniformly inside the above circles. We can therefore say that 
if a series given by homogeneous polynomials converges uniformly 
inside certain circles then this series can be simply rewritten in the 
form of a double series, which is the usual power series and which 
converges absolutely inside the above circles. 

If we separate the real and imaginary parts of z, = 7, + ¢y, and 
2, = 2, + ty,, then in a four dimensional space with coordinates (2,, 4, 
To, Y,) the region of uniform convergence of series (18) given by 
homogeneous polynomials, can be wider than that for series (4). 

In example (9) series (18) has the form: 


> (41 + %)% 
s=0 
and the domain of its uniform convergence is given by the inequality 
j4+%| <1, 
i.e. 
(1% + 2)? + (¥, +4)? <1. (19) 


For series (9) itself we must have A, + R,=1; its domain of 
convergence is determined by the inequality: 


[41] +]22|<1, 
i.e. Veit yi t+ Vee + yi <1, 
or 
tit yit at yt 2 Veit yiVat+yw<i. (20) 


The inequality (19) determines a wider domain than (20), i.e. if the 
numbers 2, and y, satisfy (20) they will also satisfy (19) and vice 
versa. In fact, from the inequality 


(© 1% + YyYo)? < (xi + yi) (73 + 93) 


it follows directly that the left-hand side of inequality (19) is less 
than or equal to the left-hand side of inequality (20). 

All the above arguments can be extended to include 7 variables, 
when the domain of absolute and uniform convergence of the series 
will be a set of 7 circles. 
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84. Analytic continuation. A function of two variables f(z,, z,), 
determined by a power series (4) inside the circles of convergence, 
can be regular in a wider domain; as for a function of a single 
variable the question of analytic continuation of this function arises. 
Here, as in the case of a single variable [18], the fundamental 
proposition that if two functions are regular in certain domains, 
they coincide in these domains, if at any two points z, = 0, and 
2, = b, in these domains, the values of the above functions and of 
all their derivatives are the same. 

Let us now consider once again the function /(z,, 2.) which is given 
by a power series. Let z,=c, and z,=c, be two points belonging to 
the circles of convergence. Using series (4) we can determine the 
values of the derivatives 

GP*4 f (21,22) 
Oz? Oz] 


Z=C,; %=Cy 


and construct the Taylor’s series for the function /(z,, 2,) in integral 
powers of the differences (z, — c,) and (2, — ¢,) 


> > %q (21 — 1)? (2 — ©). (21) 

p=0q=0 
It can readily be shown that such a reconstruction of the power 
series is equivalent to making the following assumptions in series (4): 


(z, — 5)’ = [(z, etn 
(2 — b,)? = [(z + (cz — by) )]?. 


We expand the brackets using Newton’s binomial theorem and group 
together terms with the same powers of (z, — c,) and (z, — c,). Series 
(21) will certainly converge and its sum inside the circles with 
centres at c, and c,, which belong to the circles of convergence 
of series (4), will be /(z,,2,). It may happen, however, that these 
new circles fall outside the old circles of convergence. In that case 
we obtain our function /(z,, 2,) in a wider domain, i.e. we extend the 
domain in which our regular function can exist. Applying the above 
process of analytic continuation by means of circles several times we 
can, in certain cases, extend the domain in which our regular 
function can exist; the whole set of values which we obtain in this 
process will give us the analytic function obtained from its element 
as given by series (4). We shall not consider here in greater detail 
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analytic continuation with regard to singularities. All that has been 
said holds for any number of independent variables. Notice that the 
paths ZL, and L,, along which z, and z, vary in the course of the analytic 
continuation of /(z,, 2,), do not determine the result of this continua- 
tion. It is important to know exactly the way in which z, and 2, 
move with respect to each other along L, and L,. This is all we are 
going to say about the general theory of functions of several complex 
variables. At present this branch of the theory of functions has 
developed widely. A more detailed description of fundamental facts 
in this field can be found in the Course of Mathematical Analysis by 
Hurse. There is also a special book by B. A. Fuchs The Theory of 
Analytical Functions of Several Complex Variables (1948), where 
extensive bibliographical references are given. 


85. Matrix functions. Preliminary propositions, We shall now 
consider the case when the argument of the function consists of 
one or several matrices; we shall start with a single matrix. Earlier 
in [III,, 44] we considered the simplest cases, viz. the polynomial 
and the rational function of one matrix. Before going on to consider 
more complicated functions we shall establish some fundamental 
propositions. In future we shall denote by m the order of the matrix. 

Suppose that we are given an infinite sequence of matrices 


Xi es: 


We say that the limit of this sequence is the matrix X if for any 
arbitrary values of the symbols ¢ and k: 


Be { Xm) ix a {X}ix ’ (22) 
i.e. the elements of the matrix X,, have as their limits the correspond- 
ing elements of the matrix X. At the same time we shall always 
assume that the matrices under consideration are of the same order. 
We shall now introduce certain new symbols which will be useful 
in future. The symbol || a || will denote a matrix, all elements of 
which are equal to the number a. The symbol | X | will denote a 
matrix the elements of which are equal to the moduli of the elements 
of the matrix X, i.e. 


(1X | Jae =1{ X find (23) 
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If a certain matrix Y has positive elements which are greater than 
the elements of the matrix | X |, we shall write this down in the form 
of an inequality 

|X|<Y. 

In other words, this inequality is equivalent to the following system 

of n? inequalities: 


[1 X}inl <{¥ ha (t, R= 1, 2,..., n). 
Consider the infinite series the terms of which are the matrices: 


ey ae 


This series is said to be convergent if the sum of its first n terms 
(matrices) tends to a definite limiting matrix Z. Such a matrix is the 
sum of the series 


Z=Z,4+2,4+... (24) 
This equation (24) is evidently equivalent to the following 1? 
equations: 


{Zh in = {Zrhin + {Zo} t --- (i, K=1, 2,..., n). (25) 


Let us suppose that in the neighbourhood of the matrix A lie 
all the matrices X which satisfy the condition 


|[xX—A|<llell, (26) 


where 9 is a given positive number. The inequality (26) is equivalent 
to the following n? inequalities: 


|{X — Adin] <e. 


Of fundamental importance in the determination of functions of 
matrices in future will be power series of these matrices and we shall 
now consider these series. 


86. Power series of one matrix. A power series of a single matrix 


has the form: 
a, + a (X —a) +a,(X—a}?+..., (27) 


where a, and a are given numbers. To simplify our notation we shall 
assume in future that a = 0. Instead of series (27) we shall then have 


a series 
ajta,X+a,X*+... (28) 
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In accordance with the multiplication law of matrices we have: 


{Xin = >> {X}is {X hon 


s=1 
and, in general 
{Xie = rig = ies LX hie {Xin ta {Rb imams {XJ jeter 


where the summation includes all symbols j, independently, from 1 to 
n. Hence the elements of the matrix given by the sum of the series 
(28) can be expressed by the series 


Aix + Om {Kh {Xbasae-- (Chiao (29) 
m=1 du dy . oodm—1 
where 6; denotes a number determined by the formula 


Owhenit#k 
1 when =k. 


ik = (30) 

The last circumstance is directly due to the fact that the constant 
term of series (28) is the number dp, i.e. itis a diagonal matrix, all diag- 
onal elements of which are equal toa,. Formula (29) shows that series 
(28) is equivalent to n? power series of a special kind with n? variables 
{X},. Notice that when m=1 the terms of the sum in formula (29) 
have the form a, {X},, and the inside sum disappears. 

Consider now the problem of the convergence of series (28). We shall 
consider, first of all, its absolute convergence, i.e. together with series 
(28) we shall also consider the series 


[ao | + Ja, |] X| + ]@,]X P+ --- (31) 


or its corresponding n? series 


|@o [Sx + > |n| DS UAT ball X fae {11a (82) 
m=1 today --+ Sma 
If these series converge then series (29) will converge all the more, 
i.e. the convergence of series (31) guarantees the convergence of 
series (28) and in this case series (28) will be absolutely convergent. 
In agreement with the definition of the matrix | X | we have: 


{|X| J = { X Jil 
i.e. expression (32) is obtained from (29) by replacing all numbers 
by their moduli. 
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We shall now explain the sufficient condition for absolute con- 
vergence of series (28). Construct a power series for the complex 
variable 


Qotaz+a,z2+..., (33) 


and let the radius of convergence of this series be equal to ng, where 
n is the order of our matrix and g is a positive number. We know 
from [14] that we have in this case the following inequality for the 


coefficients of series (33): 
ae 
(ng —«)™’ 


|@n| < (34) 


where « is any small fixed positive number and M&M is a positive 
number which depends on the choice of e. Let us now take the matrix 
|| 5 ||, where 6 is a certain number, and determine its positive integral 
powers 


{D2 Je = Ob + b+ ... +b = nb», |B? = || no? ||, 
and generally 
|| O{/" = || v7" b™ |. (35) 
Let us now suppose that 6 = 0, > 0 and take a certain matrix 
X which satisfies the condition | X | < || 9, ||. In this case we obviously 


have: 
|X|" < ||, ||", ie. |X |" < || n™-*or"]}. 


As a result of the inequality (34) 


[a ||X" |< 2 | (=e). 


et) 


If eo, < e, then by taking « are small we have 
0 Se l, 


and in this case series (31) will s convergent and series (28) will be 
absolutely convergent. If the radius of convergence of series (33) 
is infinite then it is said that the sum of this series is an integral 
function of z. It follows from what was said above that in this case 
series (28) will also be absolutely convergent for any matrix X. 
We thus obtain the following theorem. 

THEOREM. If the radius of convergence of series (33) is equal to ng, 
then series (28) will be absolutely convergent for all matrices situated 
in the neighbourhood of the origin. 


|X| < lle]. (36) 
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If series (33) determines an integral function, then series (28) will 
be absolutely convergent for all matrices. 

When considering the absolute convergency of series (28) in the 
domain (36) we can say that the sum of this series {(X) will be a 
regular function in the above domain. 

Consider, for example, the exponential function of the matrix: 


ce ee ee (37,) 


The corresponding power series (33) has an infinite radius of con- 
vergence and, consequently, series (37,) will be absolutely convergent 
for any matrix X, or, as is generally said, it will be an integral function 
of this matrix. 

Consider also the exponential function for any base 


X1 X? log? 
aX = eXtega yp 4 Sl ee ee (37,) 


where log a is a certain fixed value of the logarithm of the complex 
number a. Function (37,) is also an integral function of the matrix X. 
We shall now explain the uniqueness of an expansion into a power 
series. Suppose that we are given two power series 

s AnA™ and > Dok, 

m=0 m=0 
each one of which is absolutely convergent in the neighbourhood of 
(36); we also suppose that in this neighbourhood the sums of the 
series coincide, i.e. 


3S a,X" = 5 aX". 
m=0 m=0 


We shall now prove that in this case the coefficients aj, must 
coincide with the coefficients a,,. Notice that condition (36) is also 
satisfied by the diagonal matrices 


Deal ee ee ae 
in which |z|< 9. Hence the above assumption gives: 


Age” = SS anz™ ([z|<e). 
m=0 m=0 
We know that the expansion of a function of a complex variable 
into a power series is unique in any particular circle and, consequently, 
Ai, = Am. We thus obtain the following theorem. 
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Uniqueness THEOREM. If two power series, which are absolutely 
convergent in a certain neighbourhood (36), have in this neighbourhood 
the same sum, then all coefficients of these two series will be the same. 

If we use the self-explanatory formula 


(SXS-1)k = §X*gs-1, 


then for the function f/(X), given by the power series (28) or (27) 
we have, as in [III,, 44], the equation: 


f(SXS-) = Sf(X) 8-1. 


87. Multiplication of power series. Conversion of power series. 
Suppose that we are given two power series 


fy(XZ) = Sa,X™ and f,(X)= > baX”, 


which are absolutely convergent in the neighbourhood (36). We can 
construct a new matrix, which is obtained by multiplying their sums 


Y =f, (X) fi(X). 


The elements of this matrix will be determined by the formulae: 


(¥ Ju = 3 hs ahs Dw (38) 
where . 
{fi (X)} x = 9,4, + Pi = {X} 4 {X} ja ayes {X} ake 


{fe (X)}is = 608i, + Son 2 {Xhin {X} ian ore {Xb amis: 


Ju "9 JIB—L 


Owing to the absolute convergence of the above two series we 
can multiply them term by term, so that for elements of the matrix Y 
we have, from (38): 


{YY = Gobodn t+ SF Goda + aibm—a + ++ 
m=1 


ses Gmbo) SS {Xhin (Xba s+ {X}nve 


dives m1 
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and the matrix itself may be written in the form: 


Y = 9b,0;, + = (B.bm + Abn, +--+ + Ambo) X™. 
m=1 
It follows from this that absolutely convergent power series of matrices 
can be multiplied like the power series of numerical variables and the 
product does not depend on the relative position of factors. 
We shall now construct a function which is the inverse of the given 
function f(X), determined by a certain power series 


Y =/(X)=a,+a,X +a,X*?+..., (39) 


and we assume that in this series the coefficient a, is not zero. 
Consider the power series of the usual complex variable 


wW=4,+a,2+a,27+... (40) 


We know that there is only one power series which satisfies the 


condition a, # 0: 
z2=c¢,(w—a)+c¢,(w—a))?+... (41) 


which determines the inverse function of function (40) in a certain 
neighbourhood | w — dy| < no. If we substitute series (41) in the 
right-hand side of formula (40) we obtain: 


o oo 2 
w= 9+ Oy S og w— ag) + a,| S cel — 20) Tees 


if we now raise the series to their corresponding powers according to 
the multiplication law for series, and isolate similar terms by grouping 
together terms with equal powers of (w— dp), we arrive at the identity 
w = w. If in all the above calculations we replace z by the matrix 
X and w by the matrix Y, then all calculations involving power series 
of matrices in powers of the differences (Y —a,) will be the same as 
those in operations with power series of numerical variables (w — a,) 
and, consequently, the results will be the same, i.e. when a, # O the 
power series (39), which is determined in the neighbourhood X = 0, 
permits a unique conversion of the kind 


X= Sa,(¥ —a)', (42) 
k=1 


and this latter series will be absolutely convergent in the neighbourhood 
| ¥ —a)|<llell. (43) 
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This neighbourhood must be determined by the radius of conver- 
gence of series (41). 

The coincidence of the above formal operations between power series 
containing (Y — a,)* and power series containing (w — a,)*, is due 
to the fact that the above matrix series contains numerical elements 
and one power matrix Y — a,. In fact numbers can be commuted in 
any matrix and powers of one and the same matrix can also be com- 
muted. This gives us the above coincidence of formal operations. For 
example, for any whole positive k we can apply to the term 


(¥ — ao)" 
Newton’s binomial expansion. But, in general, this formula can no 
longer be applied to the term 
(U, + U,)*, 


where U, and U, are different matrices. 
We shall apply the above remarks to the series 


w=e*?=1 Spe tenes Ae 32 
1! 2! 


The inversion of this series gives log w and gives us, as we know, 
the power series 
_w-1l_ (w—1)}? 


log w = log [1 + (w— 1)] ag ees 


which converges in the circle |w— 1 |< 1. 
Thus the inversion of the exponential function 


aa ee xX |, x 
Y = 6 =] + li + Or -- eae 
enables us to determine the logarithm of the matrix in the form of 


the power series 


Y—1 (Y¥—1)} 


log Y=-—| Fee (44) 


which converges absolutely in the region 
|¥ —1| <=]. (45) 
The equation of the matrix 


ee (46) 
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with respect to X has an infinite number of solutions for a given Y. 
Series (44) gives one of the solutions of this equation, viz. it gives that 
solution which is a regular function of Y in the neighbourhood of a 
unitary matrix and becomes a zero matrix when Y = 1. The problem 
of the remaining solutions of the equation, both in the neighbourhood 
of a unitary matrix and outside that neighbourhood is connected 
with the analytic continuation of series (44) or, which comes to the 
same thing, with the analytic continuation of n* power series, to which 
series (44) is equivalent. We shall deal with this problem later. 

Let us now determine the power function of a matrix. It can be 
determined by means of the logarithm of a matrix as follows: 


Xo = etloe x. (47) 
If we have a numerical variable z 
ga — ealog z 
then substituting a logz in the expansion of the exponential function 


alogz a? log? z 
etlez —] 4 - a oF 


and substituting 


loge =log[l + @— oP yt ES Es 


we obtain a power series in the form: 
| 
2 = [1+ (@—)))?=14+-@-)) 4 2G Dg — 1)? + shes 


which converges when | z — 1| < 1. Bearing in mind the coincidence 
of formal operations in power series with one matrix described above 
we obtain: 


a—1) 


Xe = etleX 1 4 (KX —1) 4 AE) x14 ..., (48) 


and this expansion will be absolutely convergent in the region 


|x -11<||—]. (49) 


838. Further investigations of convergence. We have already 
mentioned above that the power series (28) is equivalent to the n? series 
(29) of the variables {X},,: consider the inner sum of series (29): 


a {X}in{X bans {2 pie (50) 


Jus veendm—a 
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Grouping together similar terms in the above sum we can obtain 
series (29) in the form of the usual power series of n? variables {X };x. 
If we replace all terms in the sum (50) by their moduli and the numbers 
Gm by | dm |, then this is evidently equivalent to substituting all terms 
by their moduli in the above power series. It follows that if the series 
(29) are converted into the usual power series of the variables {X};j, then 
the absolute convergence of these series is equivalent to the absolute con- 
vergence of series (32), i.e. it is equivalent to the absolute convergence 
of series (28). 

In general, the convergence of series (28) in the widest sense of this 
word implies the existence of a limit in the form of a succession of 
matrices 


ay + > anaA™ (51) 
m=1 


where / increases indefinitely. The addition of a term m = 1 + 1 to the 
sum (51) is equivalent to adding to the sums 


1 
M9 i + aon > {X hialX bane {% bnew (52) 
m= dys o+yJem~—1 
(t, K=1, 2,..., 2) 
a homogeneous polynomial with respect to {X};,: 


B+, ma { x bin { X Vas cara { x We (53) 


of the power (J + 1). 

Hence the convergence of series (28) in the above sense is equi- 
valent to the convergence of the n? series (29) in which all terms of the 
type (53) are collected together. We shall consider, first of all, the con- 
vergence of series (28)in a special domain, determined by the inequality 


|X|< A, (54) 


where A is a given matrix with positive elements. The inequality (54) 
is equivalent to n? inequalities 


I{X pal< {A fur (55) 


which determine n? concentric circles with centre the origin, for the 
complex variables {X},,. We can therefore assume that series (28) 
converges in the domain (54). Let 6 be any positive number less 
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than unity. It is given that series (28) will converge when X = 64, 
i.e. n? equations of the type will converge 


Aix + y) Od > { A Jind A inl She { A J ak . 
m=1 Ju coop J rme—t 
The latter series can be regarded as power series of 6 and we can 
therefore say that their convergence will be absolute, i.e. the following 
series will also converge: 


| 209ix | + S 6™ | an | > {A}in {4 bane: (4 pit 


Ji ee 


all terms of which are positive. We thus see that the series (29) will be 
absolutely convergent for the matrix 0A. They will be all the more 
convergent for all matrices which satisfy the condition | X | < 64. 
Remembering that we can choose @ as near to unity as we like, we can 
say that the series (29) will be absolutely convergent for all matrices 
in the domain (54). At the same time the series (28) will also be abso- 
lutely convergent. We thus have the following theorem. 

THEOREM. If series (28) converges in a domain of the type (54) then 
it will converge absolutely in this domain or, in other words, the n® power 
series (29) will converge absolutely in the concentric circles (55). 

Until now we investigated the convergence of a power series in 
special domains which were determined by the inequality (54) or by the 
inequality (36), which is a particular case of inequality (54). We shall 
now consider the general case of convergence of a power series and 
assume that the matrix X can be converted into the purely diagonal 
form as we did for unitary matrices and also for matrices, all 
the characteristic zeros of which were different. Our condition may also 
be formulated as follows: we shall only consider matrices with simple 
elements. Such matrices can be written in the form [II], 27): 


X=SA,, %,--., 4] 97, (56) 


where S is a certain matrix the determinant of which is not zero and 
A, are the characteristic zeros of the matrix X.To simplify notation we 
shall introduce symbols for segments of the series: 


t i 
fi (X) =a + > tmx"; hi (2) =) + > Un"; 
m=1 m=1 


and the sums of the series we shall denote, as before, by 


f(X) and f(z). 
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Substituting expressions (56) in /,(X) we have [III,, 44]: 


if 
F(X) =a) + 8(S an [AP AT... , ART) S73 
m= 
or 


fi(X) = 8 [fr (Aa)s fide)» «++ 3 f(A) S- (57) 
If all characteristic zeros A, lie inside the circle of convergence of 
series (33) then expression (57) will have a definite limit, viz. 


F(X) = S[F (Ay) f (Aa), «++ F(An)] S74, (58) 


and, consequently, the series (28) will converge. Let us now suppose 
that at least one of the characteristic zeros A, lies outside the circle 
of convergence of series (33) and we will show that (57) cannot tend 
to a definite limit. In fact, we can rewrite equation (57) in the follow- 


ing form: 
[f: (Ay), fr (Ag)s ees fi (A,)] = §-17,(X) 8. 


If f,(X) tends to a limit, then the left-hand side of the above equation 
would also have a limit, i.e. all elements of the diagonal matrix on the 
left would have a definite limit. However, this cannot be so for the 
element /,(A,), since A, lies outside the circle of convergence of the 
series (33). We thus obtain the following theorem. 

THEOREM. The power series (28) converges if all the characteristic 
zeros of the matrix X lie inside the circle of convergence of the series 
(33) and it diverges if at least one of these zeros lies outside the above 
circle, 

We proved this theorem when the matrix X had simple elements, 
i.e. when it was given in the form (56). The proof can be extended to 
include the general case but we do not intend to do this here. 

Let us now consider the general case of absolute convergence, 1.e. 
the convergence of the series (31). 

Bearing in mind that a power series of the usual complex variable 
is absolutely convergent inside its circle of convergence we can say 
that the radius of convergence of the series 


- =] 
> |@m|2" 
m=0 


will coincide with the radius of convergence of the series (33). Applying 
the theorem which we have just proved to the series (31) we obtain 
the following theorem for absolute convergence. 
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THEOREM. The series (28) will converge absolutely if all characteristic 
zeros of the matrix | X | lie inside the circle of convergence of the series (33) 
and it will not converge absolutely when at least one of these characteristic 
zeros lies outside the above circle. 

It follows from what was said at the beginning of this paragraph 
that the absolute convergence of the series (28) implies that this series 
will also be convergent in the general sense. Using this circumstance 
it can readily be shown that the maximum modulus of the character- 
istic zeros of the matrix | X | is not less than the maximum modulus 
of the characteristic zeros of the matrix X. In fact, let o, be the 
maximum modulus of the characteristic zeros of the matrix | X | and 
0, be have a similar meaning X. If we suppose that oe, > 9,, we will 
show that this brings us to a contradiction. Select in series (33) the 
coefficients a7, in such a way that this series has a radius of con- 
vergence equal to oe, where 0 satisfies the condition e, > e> 4. 
Such will be, for example, the power series obtained by expanding 


the fraction 
1 


1-2 
e 

As a result of the above theorems series (31) will, in this case, con- 
verge and series (28) diverge; this contradicts the fact that absolute 
convergence also implies ordinary convergence. 

Let us turn to formula (58). It shows that when the matrix X has 
characteristic zeros 4, and all its elements are simple then the matrix 
{(X), determined by a convergent power series, will have character- 
istic zeros f{(A;) and its elements will also be simple. This property, 
with a certain clause, can be extended to include elements which are 
not simple, viz. the following proposition holds: if the elements of the 


matrix X are 
(A — A,)P1, (A— A,)P8,..., (A—A,)?s, 


then the elements of the matrix f(X), given by a power series, will be 


[A — f(Ay)]?, [2 — F(a.) ]?*, --- 5 [A—F (As) ]?5 
providing the derivatives f’(A;,) do not vanish. Formula (58) may also be 
used for the analytic continuation of the function f/(X), when given 
by a power series. Suppose that this series converges absolutely in a 
domain of the type (54); take a certain matrix X,in this domain, and 
continuously vary the elements of this matrix by a definite law. The 
characteristic zeros 4; will vary continuously at the same time. 
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Suppose that the elements of whe matrix 3 which appears in formula 
(56), are doing likewise. The analytic continuation of the matrix /(X) 
thus involves, according to formula (58), the analytic continuation 
of the function f(A) of one complex variable. 

The analytic continuation described above is very inconvenient 
owing to the fact that formula (58) contains the matrix S, which has 
no definite connection with the given matrix X. In fact we already 
saw on the example of Hermitian matrices that the matrix S can be 
selected in different ways. In certain cases the continuation described 
above will not coincide with the analytic continuation of n? series (29). 
Below we shall explain in greater detail the problem of analytic con- 
tinuation for which we shall use a new important formula. To derive 
some auxiliary propositions for the proof of this formula we have to 
deal first with some simple formulae connected with interpolation. 


89. Interpolation polynomials. The fundamental and simplest 
problem of interpolation consists of the following: we are required to 
construct a polynomial expression with a power not higher than 
(n — 1), which would take given values at n points in the plane of the 
complex variable. Suppose that at the points 2, (k = 1, 2, ..., ”) it 
takes the value w,. Notice, first of all, that there can only be one such 
polynomial. In fact, we know [I, 185] that two polynomials with powers 
not higher than (n — 1) are identical if their values at n different 
points coincide. The solution of the problem of interpolation can be 
given by the following simple formula: 


n 


Pes (z) ni > : — 2,) (2 — 2_) «6. (2 — ZK 1) (2 — Siz) ~~» (2 — 2p) W,. (59) 
k=1 


Zu — 21) (Zy — Ze) «+» (Ze —Zpnr) (Zq — Zir)+ + (2 — 2p) 


It can be seen directly that the expression on the right-hand side 
is a polynomial of 2 with a power not higher than (n — 1). If we 
put, for example, z = 2,, then on the right-hand side all terms, except 
the first, vanish and the fraction in the first term will obviously be 
unity, ie. P,_,(2,) = w, and, similarly, P,-,(2,) = wr. 

If f(z) is a regular function in a certain domain and the points 2, 
belong to this domain then the formula 


Pi (z) = > (Z — 21) «-- (@ — 2m-1) (@ — 2-1) +--+ (2 — 2n) f (2x) (60) 


LE Fe — Fa) w+ Be — Shen) (% — Sus) «++ Fe — Fn) 


gives that unique polynomial with a power not higher than (n — 1), 
the values of which at points 2, coincide with values of the function 
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f(z). This polynomial is usually known as Lagrange’s interpolation 
polynomial for points z, and formula (60) is known as Lagrange’s 
interpolation formula. 

The general polynomial of order (n — 1) 


A paz... + a,,27* 


has n parameters as. In Lagrange’s formula these parameters are 
determined from n conditions, viz. from the conditions that at the 
points z, the values of the polynomial should be equal to /(z,). Let us 
now formulate the problem in a more general way. Suppose again that 
/(z) is regular in a certain domain and that we are given j points 2,, 25, 
..-,2inside this domain; we are required to construct a polynomial 
of order not higher than (n — 1), the values of which at the points 
2, must coincide with the values of all its derivatives up to the degree 
(px — 1), with analogous values for the function /(z), i.e. in this case 
we have for the polynomial P(z) the following condition 


P (24) =f (%)5 0225 PUWY (24) = fOWD (zy) (= 1, 2,---5 9) 


where we assume that p,+ p,+... + p,= 7%, 80 that the total 
number of conditions will again be equal to n. It can readily be shown, 
as above, that such a polynomial must be unique. In fact, if there 
were two such polynomials, then their difference would be a poly- 
nomial of order not higher than (n — 1) and z, zeros of multipli- 
city px, i.e. we would find that this polynomial with a power not higher 
than (n — 1) would have n zeros. Hence even with this new wider 
formulation the interpolation problem can only have one solution. 
We shall give the method by which the required interpolation poly- 
nomial can be constructed. Construct for this purpose the polynomial 
of degree n: 


p (2) = (2 — 2,)?#(z — 2,)P9... (2 — 2) PA 
and the function 


p (2) = 20). (61) 


This latter function has poles at points z, of order not greater 
than p,. The sum of the infinite parts of this function with respect 
to the above poles can be represented by a certain fraction in which 
the degree of the numerator is lower than the degree of the denomi- 
nator and where the denominator has the form 


(2 — 2,)™ (2 — 2)... (2— 2,)%, 
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where the integers g, are not greater than the integers p,. Multiplying 
the numerator and denominator by one and the same factor we 
can reduce the above sum of the infinite parts of the function 9(z) 
to the form: 


Pre (2) 
P (2) 


where P,,_,(2) is a certain polynomial of degree not higher than (n — 1). 
After this formula (61) can be rewritten in the form: 

f (2) _ Pn-i (2) 

pe) py +?) 
where w(z)is a certain function which is regular in the whole domain, 
including the points z,. Rewrite the above formula as follows: 


f (2) = Ppa (2) + P (2) @ (2). (62) 


The second term on the right-hand side in the neighbourhood of the 
point 2, can be written as a product of (2 — ?*z,) and a certain function 
which is regular at the point 2,, i.e. the second term on the right-hand 
side vanishes together with the derivatives at the point z, up to the 
order (p, — 1). Thus at these points the value of the polynomial 
P,-,(2) and the derivatives up to the order (p, — 1) coincide with the 
corresponding values of the function f(z), ie. the polynomial P,_,(z) 
is the required interpolation polynomial. In future we shall sometimes 
denote it by A(z, z,, ...,2,). If all values z, are different then this is 
simply Lagrange’s polynomial. If, however, there are equal values 
among the values z,, e.g. ifa certain number z, appears p, times then 
at the point 2, the values of the polynomial and its derivatives up 
to the order (p, — 1) coincide with the corresponding values of the 
function /(z). When n = 2 and 2, # 2, we have 


2— 2, 


z-—2z 


f(e,) +2=* F(a), 


h(23 2%, %) = 


and when 2, = 2, 


A(z; 2%, %)=7(%) + -— =i f' (2). 


90. Cayley’s identity and Sylvester’s formula. Let X be a certain 
matrix and 


D(X —Al)=0 (63) 
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be its characteristic equation where D(Y) denotes the determinant of 
the matrix Y. Denote the zeros of this equation by A,, A,, ..., An. The 
left-hand side can be written in the form 


(— 1h (an ayant... ta, Ata.) =(—1)"p(¥), (64) 


where the a, are simply expressed by elements of the matrix X or 
by zeros of the equation (63). Thus, for example 


Gy, = — (A tA, +... By) Gg = AA tb Ast. AA 

The expressions a, are examples of a numerical function or of a 
matrix, i.e. they represent a function which takes a numerical value 
for the given matrix X. We have already considered such functions 
[III,, 27]. Let us recall that (—1)"a, is the determinant of the 
matrix and a, is the trace of the matrix equal to the sum of its diagonal 
elements. 

Cayley’s identity consists of the following: if in the polynomial 
w(A) = An + a, An~+ + ... + ad, we replace the letter A by the matrix 
X, then we obtain a zero matrix as the result, i.e. the following iden- 
tity holds: 

p(X) = X"4+a,X14+...+4,=0. (65) 

Let us suppose that the characteristic roots 4, are different or, more 
generally, that the matrix X can be represented in the form: 


X=Sfi,, 4,..., 4,] 872. 


At the same time, as we saw in [III,, 44] we have: 
p(X) =S[y (A), v(a)s--- + v(An)] SH. 
But the zeros A, are zeros of the polynomial (z) and therefore: 
p(X) = 8 (0, 0,500, O]8. 


In the centre stands a diagonal matrix in which all elements on the 
main diagonal are zeros. Such a matrix consists of zeros throughout 
and, in general, the right-hand side of the above equation is also a 
matrix which consists of zeros, i.e. formula (65) does, in fact, apply. 
It is not difficult to extend the proof of this identity to include the 
general case when, by using the method of limit transition, we con- 
sider, to start with, matrices with different characteristic zeros. 

Consider now a certain function /(X) which is determined in the 


domain 
|X|<A (66) 
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by an absolutely convergent power series 
f(X)=a,+4a,X +4a,X2+... (67) 
Take a certain matrix X belonging to (66) and assume that the 
characteristic zeros A, are different. We now suppose that in the iden- 
tity (62) 
P (2) = (2 — Ay) (2-42) --- @—4,) = v2). 
We then have the identity 


f (2) = Py (2) + p (2) @ (2), (68) 


where P,,_,(z) is Lagrange’s interpolation polynomial for the points A,. 
Formula (68) obviously remains an identity if we replace the variable 
z by the matrix X, for in the product on the right-hand side there is 
only one matrix X, the powers of which commute and therefore a 
product can be constructed in the same way as before when 2z is 
replaced by the matrix X. In this case the polynomial »(X) coincides 
with the polynomial (65) and from Cayley’s identity we have 


f(X) = P,-, (X). 
In the expanded form we have in the domain (66) for any matrix X 
with different characteristic zeros: 


we (KX = An) (CK = Me) (K = eer) os (K-27 


. 
aga 1 Fees ere aM Fe PO Eee 


Formula (69), which is known Sylvester's formula gives the infinite 
series (67) in the form of a polynomial matriz and the infinite power 
series enter the formula through the expressions f(A,), which are ordi- 
nary power series of the complex variable. 

If among the characteristic zeros A, of the matrix X there are similar 
values then we shall have on the right-hand side of formula (69) 
not Lagrange’s polynomial but the more general interpolation poly- 
nomial which we mentioned in the previous section; we have a 
similar representation for series (67) in the form of a polynomial of 
the matrix 


(AO. 92 a ©. Gay bree Brereccemrany (70) 

For a matrix of the second order this gives us, when 4, # A;: 
X—A X—A 

P(X) = Fae PA) + aah (Ad) (71) 


and when 4A, = 4: 
#(X) =f (Ay) + (KX — A) (A). (72) 
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Thus, for example, for an exponential matrix of the second order, 
when A, # A,, we have: 


xX—A xX—A 
xX 2 oA l oA 
ies eae + fies e)- (73) 


Note that the general formula (70) which should be applied when 
there are similar zeros among the zeros A,, can be obtained from 
formula (69) by the method of limit transitions, when certain groups 
of zeros A, tend to a common value. 


91. Analytic continuation. Formula (67) which determines a regular 
function f(X) in the domain (66) is equivalent to the n* power series 
(29) which are absolutely convergent in the concentric circles: 


HX Jul<{4 fie. 

By performing analytic continuation of these n? power series we 
determine the matrix {(.X)in a wider domainand the whole set of matrices 
obtained as a result of this analytic continuation will determine the analytic 
function f(X) as given by its original element, viz. by series (67) in domain 
(66). Consider Sylvester’s formula. When the elements of the matrix X 
vary according to a definite law, its characteristic zeros A, will also vary 
continuously in a definite manner and, according to (69), the analytic 
continuation of the function /(X) will, in fact, involve the analytic con- 
tinuation of the function f(z) of one complex variable. If in the course 
of this analytic continuation some of the zeros A, coincide then instead 
of formula (69) we must turn to formula (70). If the function of the 
complex variable f(z) remains single-valued after analytic continuation 
then the only difficulty caused by using Sylvester’s formula for analytic 
continuation is due to those matrices X, the characteristic zeros of 
which contain values of 4 which are singularities of the function f(z). 
Thus, for example, on analytic continuation of the function which is 
determined in the neighbourhood of zero by the series 


f(A) H=I4XK4+ K2+..., 

those matrices will be singularities, the characteristic zeros of which 
include at least one which is equal to unity. It can be proved that in 
the case under consideration the analytic continuation by Sylvester's 
formula is fully equivalent to the analytic continuation of the above 
n* power series and that it gives all values of the analytic function. 

Let us now consider the case when /(z) is an analytic function which 
becomes many-valued in the course of its analytic continuation. In 
this case the function f(z), as we saw above, can be single-valued not in 
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the ordinary plane of the complex variable but on a certain Riemann 
surface & with several sheets; this shows that our functions are many- 
valued. When the elements of the matrix X vary continuously its 
characteristic zeros will do likewise on the above Riemann surface &. 
If we are determining the values of our analytic functions f(X) for 
a certain particular value of the matrix X, then we must know not 
only the matrix X, but also the process of analytic continuation 
of the function f(X) which produced this matrix X,, by starting with 
a certain matrix in the domain (66), in which the function was given 
by series (67). In other words, we must know not only the matrix X, 
but also the path of the analytic continuation which produces this 
matrix. Let us suppose that this path was such that Sylvester’s formula 
was used throughout the analytic continuation, but that when X tends 
to X, two characteristic zeros A, and A, tend to coincide, i.e. they tend 
to one and the same complex value A,, although they lie on different 
sheets of the Riemann surface #. In the limit, the characteristic 
zeros A, and A, of the matrix X, coincide, but the function f(z) 
in the neighbourhood of this common value A, will be determined by 
two different Taylor’s series, since the corresponding points lie on diffe- 
rent sheets of the Riemann surface £&. In general in the limit although 
A, = A, we have f(A,)#/(A,). In this case the Lagrange—Sylvester 
formula is devoid of any meaning and we assume that the matrix X, 
along the above path of analytic continuation is a singularity of the 
function /(X). It may, of course, sometimes happen that /(A,) = f(A) 
in the limit and the difference becomes apparent only in certain deriv- 
atives, i.e. for a certain s we have /(A,) # f(A,), although A, = 4,. 
In this case by moving the characteristic zero away from the common 
value A, by as little as we please, we can obtain such a value dy on 
different sheets, for which f(A,) # f(A,) although A, = A,; we assume, 
as before, that the matrix X, is a singularity of the analytic func- 
tion {(X). Hence in the case of a many-valued function certain matri- 
ces must be added to singular matrices of the analytic function f(X) 
which are determined by those paths of analytic continuation, in which 
similar characteristic zeros of the matrix X correspond to different ana- 
lytic elements of the function f(z). 

We will not explain in greater detail the above characteristics of a 
many-valued analytic function /(X). Let us investigate only one simple 
special case. Consider the matrix 


X= 8[A,, Agyness A] S7, 
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where S is a definite matrix, the determinant of which is not zero and 
whose zeros A, are different. We suppose that this matrix lies in the 
domain (66) where our function /(X) is determined by series (67). We 
shall now continuously vary the matrix X by a definite law, viz. when 
fixing S the zeros A, will vary in such a way that they will always be 
different and will never coincide with the singularities of the function 
/(z); also, in the limit, al] zeros A, will tend to the common value 4,, 
but will lie on different sheets of the Riemann surface F of the function 
{(z). Suppose, for simplicity, that on these sheets the values of the 
function f(z) at the point A, differ in pairs. At the limit we have the 
matrix 
Xo = S [Ag Aq, «++ Ag] S-2 = Ay, 


ie. simply the zero A,. The values of the function are determined in 
the original domain (66) by the formula 


S[f (Ay), F(a), ++ 7 (A,)] S~). (74) 


The problem involves the analytic continuation of /(A,) for a fixed 9. 
In this case we obtain a definite limit for the function, which must 
be equal to: 


S [lay Mas 221 My] SH, (75) 


where yu, denotes the value of the analytic function /(A,) on that sheet 
of the Riemann surface on which the zero A, lies. Notice that the final 
result (75) depends on the choice of the matrix S. By changing the 
elements of the matrix S as little as we please we also change the 
final result (75), which can be readily shown by bearing in mind that 
Hi # Uy when i # k. The fixing of the matrix S involves the choice 
of a definite law of variation of the matrix X in the course of analytic 
continuation. In doing this we obtain a definite limit for the function 
{(X) at the singularity X = X,. By slightly altering the elements of S 
we arrive at a different limit. It also follows from this that series (29) 
cannot be analytically continued over the point X = X,. This singu- 
larity is, of course, connected with the path of analytic continuation 
which brings us to that point. It can be shown generally that the 
singularities of f(X) as determined above for the case of the many- 
valued function f(z), will also be singularities in the analytic continu- 
ation of n? power series (29) and vice versa. In other words, the use 
of Sylvester’s formula in analytic continuation is equivalent to the 
analytic continuation of n? series (29). Those matrices will be singular 
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in that continuation among the characteristic zeros of which there are 
singular points of f(z) and also matrices in which similar characteristic 
zeros lie on different sheets of the Riemann surface of the function /(2). 


92. Examples of many-valued functions. The logarithm of the matrix 
Y =log X (76) 
is, by definition, the solution of the equation 
eY = X. (77) 
Let us suppose that the matrix X has simple elements: 
X=SElA,, Age ooo 4 Ag] Sm, (78) 


and that none of the zeros 4, is zero. It can readily be seen that we obtain 
the solution of equation (77) by assuming 


Y =S[logd,, loga,, ..., logA,] S"!, (79) 
for, as we saw above 
ef = § [elu 41, eles 4s, ..,, eles An] S-1 — SLA, Ay... , AQ] S71, 


i.e. the matrix (79) satisfies equation (77). We can in formula (79) take any value 
of log 4; so that we have 


Y =S [log A, + 2arji,..., log a, + 22r,)] S“, (80) 
where log 4; always denotes the principal value of the logarithm 


—n<arga, <2, 
and r;, are any integers. 

The many-valuedness of formula (80) is due to two causes. In the first place 
it is due to the freedom of choice of the numbers r; and, secondly, to a certain 
arbitrariness of the matrix S, which enters formula (78), when the matrix X 
is fixed. If, when A; = A,, we have r, = 1, then the values of log X are said 
to be regular. We will show that a regular value of a logarithm is fully deter- 
mined by the choice of the integers 7; so that it is wholly independent of the 
choice of the matrix S. In fact, let w,, w,,..., “j be different characteristic 
zeros of the matrix X and 7,, 72, ..., ry be the corresponding integers in formula 
(80). Construct Lagrange’s interpolation polynomial with a degree not higher 
than (j — 1), with the condition 


P(uy) = log uy + 2aryi (k=1, 2,..., 9). 
According to formula (78) we have: 


P(X) =S[P(4),..., P(A,)] S71, 
or 


P(X) =S [log 4, + 2arji..., logd, + Qari] S-, 
ie. P(X) = Y, from which it follows directly that the assumed value of the 


logarithm does not depend on the choice of the matrix S, for this latter matrix 
does not appear in the construction of the polynomial P(X). 
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Applying Lagrange’s formula we have: 
n 
(X — Ay) «(XK = Agr) (KX — Agar)» (% — An) 
log X = 1 log, 81 
Fear c em Hee remes Pa 1 mee 0 nea No a 


if all the characteristic zeros are different. Using this formula it can be shown 
that any matrix, in which at least one characteristic zero is zero, is singular for 
the function log X. 

Let us suppose that it is impossible to represent the matrix X in the form 
(78), ie. we suppose that the matrix has multiple elements. Using the argu- 
ments of [88] it can be shown that the elements of X are 


(A—A,)Pt, 0005 (2 Am) Pm (82) 


and that the elements of the matrix log X, which give the solution of equation 
(77), will be: 
(A — log a,)?1, ..., (A — log Ap) Pm. (83) 


If, when the values of A, are equal, we take equal values of log 4, then the 
corresponding values of log X are said to be regular. It can also be shown that 
formula (81) gives all the regular values of the logarithm in the course of analytic 
continuation and that it gives regular values only. 

Consider, for example, the simplest irregular values of a logarithm. Take as 
the matrix X a certain zero A, i.e. a diagonal matrix with elements 4. We can 
write this matrix as follows: 


X=S[4, A, ..., A]S-1 = SAS =A, 


where S is any matrix, the determinant of which is not zero. Fixing the numbers 
r;, in a definite way we obtain the value of the logarithm: 


log X = S[log4 + 2ar,i, logaA+ 2ar,t,..., logd4 + 2ar,t] $7! 
or 

log X = S[log 4, logd, ... logA] S"!' ++ S[2aryi, 2r,t, ..., 2xr,t] S$“, 
and finally: 


log X = log AI + 27S [r,, To, ---+ 5 Tq] Su. 


If the zeros r;, are not equal then the second term will essentially depend on 
the matrix S, which can be chosen quite arbitrarily. 

We saw above that formula (79) gives the solution of equation (77) if the 
matrix X has the form (78). It can be shown that in this case formula (79) 
gives all the solutions of equation (77) [S in (79) is chosen arbitrarily]. 

Consider now the square root of the matrix 


LS 
Y = X? 


as the solution of the equation (84) 


3 
\ 
D4 
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For the matrix X, situated near a unit matrix, we can represent one branch 
of this many-valued function in the form of the following power series: 


1 7) 
¥=[14+(X-NP =14+1(x—- +282) (x_yy... (85) 


This series can be transformed by Sylvester’s formula providing the charac- 
teristic zeros of the matrix X are different: 
1 
me CX = Aj) oes COR SAR SF) 6 os (X — An) 


Y=X?= ay EEE Ex GY ir Den Ghai G2 Penn Pe GEIS ane Age 86 

fet Op) os Oe = apa tea ed) Va,- (86) 

To simplify the notation we suppose that the matrix is of second order. 
Let the matrix X be of the form: 


|X =S{A, a] 87 (4, and A, #0). 


It can easily be proved that equation (84) has the solution 


S[C4VA, + ¥A]S", (87) 


where arbitrary values of the radicals may be taken. 

It can be shown that this formula gives all the solutions of equation (84) 
and that S, as in (79), is chosen arbitrarily. 

If we take in formula (87) only regular values, i.e. when A, and A, coincide 
we take equal values of the radicals only, then it can be shown in the same way 
as for a logarithm that formula (87) will give a definite solution which depends 
on the choice of the radical but which is independent of the arbitrary choice 
of S. 

If A, and A, are different, then formule (87) gives, in general, four different 
solutions of equation (84). On supposing that A, and A, are equal, we have for 
the matrix X: 


where S is any matrix the determinant of which is not zero. 
Formula (87) gives 
1 
X? = S(+ V4, +74] 8". 


If we take equal values of the radicals then this is equivalent to the fol- 
lowing: 


1 
xX? =4YA, 1. (38) 
Consider now the case when different values of the radicals are taken: 
1 
X? =/4, S[1, —1]8, (89) 


or 


1 
X? = — ya, S8[1,—1] Ss (90) 
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where S is any matrix, the determinant of which is not zero. Write out this 
matrix and its inverse in the expanded form: 


g =o Mtl. oa | 82207, = — 8D ‘|= D || 822, — 812 
Bay 822 || — 8D", 8,,D7! — 82. 
whero 
Sir S12 
D= D(8)= = 81;822 — 81292; » 
S21, S22 
Formula (89) can be rewritten in the following form: 
xi = ¥4,D7 1°" 1, 1] | cae = , 
$21, 8 — Se 
or 
— 28,,8 
= VI, (8:82 — $:28¢4)7? 811829 + Si 2s1) 11912 (91) 
Ai i sii 28218e0, — (81)82_ + 812591) I 


We can thus see that in this case the square root X'/? has an infinite number 
of values and that these values contain arbitrary elements s,, of the matrix S. 
If the elements of X are (82) then the elements X'!/? will be: 


(A —VA,)Pt, ..., (A — Vag) Pm. 
and if, when the values 4, are equal, equal values of ¥4, are taken then the 
values of X'/2 are said to be regular. 
Formula (86) gives all the regular values of X'/? in the course of analytic 


continuation. We assume that not one of the zeros 4, is zero, for the point z = 0 
is a singularity of the function yz. 


93. Systems of linear equations with constant coefficients. Suppose 
that we are given a system of linear differential equations with con- 
stant coefficients: 


Hy = Ay ,%, +, .%, +... +, Fpy 
, 
Ua, = Ay XP Ayy%y +--+ + Aophny (92) 


, 


Fy = Any %y + An, + +--+ T AnnXps 
where z, are functions of the independent variable ¢ and 2; the deri- 
vatives of these functions. 


Let us suppose that the required functions (z,, ...,%,) are compo- 
nents of a certain vector 


Eg May aes. a) 


The components x, are, in this case, functions of ¢ and we determine 
the differentiation of the vector x with respect to %, as a new vector 
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dx ,, ' 

a(t oa nls 


We lastly introduce a matrix A with elements a;,. With this notation 
we can rewrite the system (92) as follows: 


d 
=a = Ax. (93) 


Suppose that there is a solution of this equation which satisfies the 
original conditions: 


mho= 2 (k= 1, 2..., 2). (94) 

These original conditions form a certain vector which we denote by 
x0 (af), ef), 

It can readily be shown that the solution of the system (93) for the 
given original conditions (94) has the form: 


x =(1+4F++ ..)x (95) 


or, introducing the matrix 
At , Att? 
ef=IT+5-+4-+ sees 
we can rewrite the solution (95) as follows: 
x = eAty(0) (96) 


In fact, formula (95) gives 
a 
x= x) +57 Ax + 5 Atm + he 


Differentiating with respect to t we have: 


d t jo la 
= = Ax + =p A’mo + ay ABM + --- 
or 

dx t 3 

Saat farses je 
and from (95): 

* = Ax. 

At the same time the original conditions must also be satisfied, 


for when ¢ = 0 formula (96) gives x | ,_5 = x. 
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We can rewrite the system (92) by using the matrix notation in 
another form. As a preliminary we shall explain the fundamental rules 
of differentiating a matrix. Suppose that the elements of a certain 
matrix X are functions of the variable ¢. We determine the derivative 
dX/dt as a matrix, the elements of which are obtained by differentia- 
ting the elements of the matrix X with respect to ¢, i.e. [IIJ,, 83] 

dX)  d{X}x 
“dt fx dé - 

The usual law for differentiating a sum follows directly from this 
definition, viz. if X and Y are two matrices the elements of which are 
functions of ¢ then 

d(X¥+¥Y) dX, dY 
a ate 01) 

In exactly the same way the formula for differentiating a product 

can easily be proved 


d dX dY 
S(xY)=SY+x5,, (98) 


but it must be remembered that, in general, the positions of the factors 
in the above formula (98) must not be interchanged. From the defi- 
nition of the product we have: 


{XY J = D(X Jas ¥ Joe 
whence : 
tes 


d{ XY ,d {xX 

aS d{- it (Yat S (Xe 
which gives us formula (98) immediately. This formula can readily be 
generalized to include any number of factors. Thus, for example, 
for three factors we have: 


£ (XYZ) = (99) 


We shall also introduce a formula for the differentiation of the 
reciprocal matrix.Suppose that the determinant of the matrix X is 
not zero so that we have the reciprocal matrix X-! where: 


AX t=. 
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Differentiating this identity with respect to ¢ we obtain: 
d x7! 


dX y_ a 
ao Te ee HO 
from which follows the law for differentiating the inverse matrix: 
dXx~1 ge ae ae 
a = — XI “a x y, (100) 


Let us now return to the system (92). Consider n solutions of this 
system. They form a square table consisting of n? functions: 


T(t), yy (t),.--, y(t) 
Sai (by, Bag (Oy vi xis-y- (Bays (8b) (101) 


Ln (t), Tne (t),---5 Zan (t) 


Where that the first subscript of the function denotes the number 
of the function and the second subscript the number of the solution 
into which the function enters, i.e. for example 7,,(¢) denotes an ex- 
pression for the second function z, which enters into a solution with 
number 3. We therefore have: 


cu () =e Osan (t) + sag 8 + Qintnk (t) (2, k = 1, 2, ee aug n) 


and formula (92) can be rewritten in the form of the following matrix: 
“= = AX, (102) 


where X is the matrix (101). Let us recall, once again, that for 
this system of notation the matrix X gives n solutions of the system 
(93) since every column of this matrix gives a certain solution of the 
system (93). In this case the original condition will be the statement 
that when ¢ = 0 


X |n0 = X, (103) 


where X® is an arbitrarily chosen matrix with constant elements. 
In the same way as above it can be shown that the solution of the 
system (102), the original condition of which is (103) has the form 


X = ett XO, (104) 
Let us suppose that the determinant of the matrix X, which gives 


the original conditions, is not zero. We will show that in this case the 
determinant of the matrix X will not be zero for any ¢. Bearing in 
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mind formula (104) we can see that in order to do so it is sufficient 
to show that the determinant of the matrix e“! is not zero, for the 
determinant of the product of two matrices is equal to the product 
of the determinants of these matrices. 

It can readily be shown that, in general, the determinant of the 
exponential matrix e” is never zero. 

In fact, together with the matrix 


yz 
Xa 4245 fb te. (105) 
we construct the matrix 
_y _ Y Y? Ye 
e Reh Sia pag Stree (= TY ap bet (106) 


Multiplying the two series on the right-hand sides of the above 
formulae we only deal with numbers and powers of one matrix Y, 
so that the places of all factors can be interchanged. 

Thus we formally obtain the same result as would have been 
obtained had we substituted the variable matrix Y by the variable 
number 2. But, at the same time, as a result of the identity e’e~* = 1, 
the multiplication of the right-hand sides of formulae (105) and (106) 
will give unity and, consequently, in the case under consideration, we 
shall also have the following equation: 


eYe-¥ — 7, 


which holds for any matrix Y. It follows directly from this equation 
that the matrix e-* is the inverse of the matrix e” and that the 
determinant of the matrix e” is not zero. Notice that if Y and Z are 
two different matrices which do not commute, then the product e*c 
will not, in general, be equal to er tZ, 

Thus it follows directly from formula (104) and from the proved 
property of an exponential matrix that if the determinant of the 
matrix X, which gives the original conditions, is not zero then the 
determinant of the matrix X will not be zero for any ¢t. In this case 
the matrix X will give n linearly-independent solutions of the system 
(102). We shall now show that if Y is a matrix which gives any n 
solutions of the system (102) then it can be expressed in terms of 
the above matrix X by means of the formula 


Y = XB, (107) 
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where B is a certain matrix with constant elements. Formula (107) 

obviously shows that any solution of the system can be expressed line- 

arly by n linearly-independent solutions of the system. To prove formula 

(107) we notice, first of all, that from the given conditions, Y should 

satisfy equation (102), i.e. 

dY 

= AY. (108) 

It is also given that the determinant of the matrix X which satisfies 

equation (102) is not zero and consequently, the inverse matrix X-! 

exists. From the law for differentiating inverse matrices we have: 

dx-! 

dt 


~- rir 


or, bearing in mind formula (102), we obtain: 


a = XARA XA. (109) 


Let us now construct the derivative of the product 


adx7} 
di 


dy 
‘de’ 


d = ae 
S (X7¥)= S-¥+4x-1 


where, from (108) and (109) 


S. (XY) =—X-14Y 4 X-714Y, 


< (XY) =0. 


We thus see that the product X-!Y is a certain matrix B, the 
elements of which do not depend on ¢; from this formula (107) 
follows directly. 


94, Functions of several matrices. We shall now explain the 
fundamental ideas and facts connected with functions of several 
matrices. Owing to the impossibility of commuting, the theory of 
functions of several variable matrices is considerably more compli- 
cated than the theory of functions of one variable matrix; we shall 
therefore only consider the most fundamental facts of this theory. 

Let us begin with the polynomial. The general form of a homogene- 
ous polynomial of the second order in two matrices will be 


aX? +bX,X, + cX,X, + dX}. 
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A homogeneous polynomial of the second orde: in / variable matrices 
will have the form 
1 

4 By X X rs 

ik=1 
where the summation is carried out with respect to the variables 7 and 
k, which independently of each other run through all the integers, 
from unity to 1. A homogeneous polynomial of order m in / variable 
matrices will have the form: 


Dy Wieden tyisese ea (110) 


Here, as before, a,,... ;,, denote numerical coefficients. In formula 
(110) each of the variables of summation 7, takes all integral values 
from 1 to J, so that the above sum will contain 1” terms in all. Let us 
now consider that particular case when in formula (110) all the coeffi- 
cients Bjyy+ + +rjq Are unity: 

SS 2H ke (111) 
ds ooey jm=1 

It can readily be shown that the sum (111) represents a power of 
the sum of the matrix Xj, i.e. 


l 
(X,+..-+X)™= DS Xy,... Xp. (112) 
jocndact 
Thus, for example 


(X, + X)? = (X, + X,) (X,+ X,) = Xj + XX, + XX, + X}. 


Consider now a power series of / matrices. Such a series can be 
written as follows: 


‘ 


Qa) + sy > 4 Gere. Gee (113) 


Maljivicaianll aie ait 
A full investigation of the convergence of this series is considerably 
more difficult than for a power series of one matrix and we shall only 
prove the sufficient condition for absolute convergence of series (113). 
Notice that series (113), like a series of one matrix, is absolutely con- 
vergent, providing the series below is convergent 


ao l 
lanl+ = [arse gel |All (114) 


m=1 fry...) Jm=) 
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where the convergence of this latter series guarantees both the con- 
vergence of series (113) and the independence of the sum of this series 
from the position of its terms. Let us fix the integer m and denote 
by a™ the maximum modulus | a,,...,;, |, ie. 


- jal <am™. (115) 


[ay -- 


We now construct the series of the usual complex variable 
Sam", (116) 
m=1 


and let no be its radius of convergence, where n is the order of the 
matrix. Replacing the coefficients | a,,... j.| by greater coefficients, 
viz. by a‘ in series (114), we obtain the series 


co ! 
a+ Sam SF [Xpl--- [Xin], 
m=1 diay -eeJm=l 


which can obviously be rewritten in the form: 
Qo t+ S(|X,|+---+[X,])"- (117) 
m=l1 


This series can be regarded as a power series of one matrix 
G2 Asa .h ead, (118) 


and bearing in mind that the radius of convergence of series (116) is 
equal to ng, we can say [86], that series (117) will converge provided 
that 

|X, +.--+[41)<llell. 


In this case series (114) will be all the more convergent. We thus 
obtain the following theorem. 

THEOREM. If the positive numbers a”) are determined from the con- 
dition (115), and series (116) has a radius of convergence equal to no, then 
the power series (113) will be absolutely convergent provided condition 
(118) is satisfied. 

In the particular case when the radius of convergence of the series 
(116) is equal to infinity, series (113) will be absolutely convergent for 
any matrix X;,. 

Notice also that the function /(X,, ...,X,), which is defined as 
the sum of the series (113), satisfies the obvious relationship 


f(SX,S8—,..., SXS-) = Sf (X,,..., X) 8, 
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where S is any matrix, the determinant of which is not zero. We had 
an analogous property before for the analytic function of one variable 
matrix. 

We notice in conclusion, without attempting to give the proof, one 
characteristic of a power series of several matrices in relation to the 
uniqueness theorem. Here the uniqueness theorem is formulated as 
follows: if the equation 


Co I 
a+ > Pe Brees jad pres Xig = 


m=1 fi, ....Jm=l 


holds for all matrices 
Caray. & 


of any order, which are sufficiently near to a zero matrix, then by = ay 
and Djs. - +5 jq = Bir e>-s jm 

Had we omitted the conditions of ‘‘any order’’ in our formulation 
then the theorem would have been false. In a particular case a homo- 
geneous polynomial can be constructed, the coefficients of which are 
not zero 

I 
Chr eee s fatfy ees Kins 
Say esr dm=l 
which makes the identity equal to zero for all matrices of a definite 
order. 

A description of the general theory of analytic functions of matrices 
and their applications to the theory of systems of linear differential 
equations was given in the works of the late I. A. Lappo-Danilevskij, 
printed in the Journal of the Leningrad Physico-mathematica: Society. 
At present all papers remaining after the death of I. A. Lappo- 
Danilevskij are published in the works of the Institute of Mathematics 
at the Academy of Science, U.S.S.R. 


CHAPTER V 


LINEAR DIFFERENTIAL EQUATIONS 


95. The expansion of a solution into a power series. In Volume II we 
dealt with linear differential equations of the second order with variable 
coefficients and, in particular, with the solution of these equations 
by means of power series. At the time we only considered equations 
which could be formally satisfied by a certain power series, without 
proving the convergence of this series. In this chapter we shall give 
a full and systematic account of linear equations of the second order, 
the coefficients of which are analytic functions of a complex 
variable. We therefore assume that the independent variable in a 
differential equation is a complex variable and that the unknown 
function and the coefficients are analytic functions. 

Let us write a linear differential equation of the second order in the 
form: 

w" + p(2)w' + g(z)w =0, (1) 
where w’ and w” are derivatives of the function w with respect to the 
variable z. 

We are also given the following initial conditions: 


Ww | zeazq — O03 w’ | zmzy — "1° (2) 


Let us suppose that the coefficients p(z) and q(z) are regular functions 
in the circle |z — z,| < 2. We will show that there is a solution of the 
equation (1) in this circle (regular function), which satisfies the 
equations (2). By introducing a new unknown function u = w’, we 
can rewrite equation (1) as a system of two equations of the first 


order: 


du . dw 
Em Plu al2)w; ae 


For the sake of symmetry we shall consider the general case of a 
system of two linear equations with two dependent variables: 


Bod 
dz 


Vv 


=a(z)u+b(z)v; & =c(zutd(z)v (3) 


857 
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and show that this system has a regular solution in the circle 
|z—2,| < &, which satisfies all initial conditions: 


U|rerm= 8 |r = 8B, (4) 
provided the coefficients of the system (3) are regular functions in 
the above circle. 

We shall again use the method of successive approximations which 
we used earlier in Volume II. The proof will be exactly the same as 
before. Instead of the system (3) with the initial conditions (4) let us 
write the equations in the form of integrals: 


u=a+t f [a(z)u + b(z)»] de; v=B+ §[c(z)u+d(z)r] dz. (5) 
2 2% 


Consider the circle K: | z —2z 9| << R,, where &, is a positive number, 
smaller than #. At every point strictly inside this circle, the coefficients 
are regular functions and, consequently, the following inequalities 
hold: 


jJa(z)|< M; [b(z)|<M; |c(z)|<M; |d(z)| <M, (6) 


where MM is a fixed positive number. Applying the method of successive 
approximations we assume: 


Uo (2) = a; V9 (2) =8, (7) 


and. generally 


Ung, (2) = a+ fla (2) Uy + b (2) v,] dz. 
2 


z (8) 
Un+1 (2) = B + i) [c (2) Un aa d (z) vn] dz. 


At every stage the functions of z to be integrated are regular and 
in no case does the value of the integral depend on the path of inte- 
gration in the circle K. Suppose also that m is a positive number, 
satisfying the inequalities 


lal|<m; |B] <m. (9) 


To simplify the working we assume that z,=0 and integrate from 
0 to z along a straight line. In this case 


z=oe; dz=e'?do (0<e<R,). (10) 
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The first of the formulae (8), when n = 0, gives: 
e 
u, (2) —a= § [a(z)a +b (2) fle” do. 
0 


Substituting under the integral all terms by their moduli and using 
(6) and (7) we obtain the inequality 
| w, (2) — Uy (2)| < 2Mme (11,) 
and, similarly 
|v, (2) — % (2) |< 2Mme. (11,) 


The first of the equations (8), when n = 1, gives 
Uy (2) =a § [a(z) u, + b(z) v,] dz, 
0 


and, subtracting from this the first of the equations (8) when n =0, 


we obtain: 
z 


uy (2) — u, (z) = f [a (z) (uy — uo) + 2 (2) (v, — %)] de. 
0 
Replacing each term by its modulus and using the inequalities (11,) 
and (11,) we have: 


e 
| up (z) — uy (2)|< eum ere 


or 
[us (2) — % @)| < me, 
and similarly 
| v2 (2) — 2, (2) | << mS to 


Continuing in this way we obtain the icéiie results: 


2Mo)"t1 
[Uns (2) — Uy, (2) | < me 


2M, n+1 
| Une (2) — Vpn (2) | < m : 
It follows that the terms of the series 

thy + [uy (2) — uo] + [ug (2) — 4 (2) + - (12) 


in the circle | z — z,| < R, have smaller moduli than the positive 
numbers 
(2M!g)"*" 
mnt Dl? 
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which form a convergent series, i.e. the series (12) converges absolutely 
and uniformly in the circle | z — z, | < 2,. The sum of the first (n + 1) 
terms of this series is equal to u,(z) and, consequently, u,(z) tends 
uniformly to a function u(z) in the circle | z— 2,| < F#,. Similarly 
v,(z) tends uniformly to a function v(z). According to the theorem of 
Weierstrass on uniformly convergent series, these limit functions will 
also be regular in the circle K. Consider now the equations (8). In the 
first of these the integrand tends uniformly to the limit function 


a(z)u+ b(z)v. 


But we know from [I, 146] that as we can integrate any uniformly 
convergent series term by term, the integral of the limit of a uni- 
formly convergent sequence of functions is the limit of the integral; 
hence taking the limit in the equations (8) we see that the limit 
functions u and v satisfy the equations (5). Assuming in these equations 
that z = z, we see that our functions satisfy the intial conditions (4); 
differentiating equations (5) we see that they give the solution of the 
system (3). 

Let us now return to the equation (1), which is a particular case of 
the system (3). We have shown that in any circle, centre 2), which 
lies inside the circle | z — z, | < R, a solution of the equation can be 
found which satisfies the conditions (2) for every c, and c,.The functions 
p(z) and q(z) can be expanded in the circle | z — 2, | < # into power 
series 


p(z) =a, +a,(2—%)+..-; g(z)=b) +5, (2—%) +... 


The solution so obtained is also a regular function and therefore it 
can be expanded into a power series in which, from (2), the first two 
coefficients are equal to c, and ¢;,: 


W = Cy + €, (2 — 2%) + Cg (2 — 2)? + --- (13) 
Substituting this series in equation (1) we equate to zero the 
coefficients of different powers of z and this gives us, a3 we saw in 
{II, 45], equations of the type: 
2. lc, + Aly + bolo = 0 
3. 2cy + 2ayc, + a,c, + boc, + 5,cy = 0, 
whence the coefficients c, are determined successively. This shows, 
first of all, that there can only be one solution. It also follows from the 
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above proof that there must be a solution, i.e. that by substituting the 
coefficients we obtained above in the series (18) we obtain a series 
which converges in every circle inside the circle |z— z,| < R, in other 
words, it converges in the circle |z — z,| < R. We thus obtain the 
following theorem. 

THEOREM 1. If the coefficients of the equation (1) are regular functions 
in the circle | z — z,| < ER then there exists a unique solution of the equa- 
tion in this circle which satisfies the initial conditions (2) for any given 
Co and cy. 

By giving c, and c, definite numerical values we can construct two 
solutions w, and w,, which satisfy the initial conditions: 


Ww, aa = 4a;; wi [ase = By ’ 


W, pass = a); W ae = Bo . 
If 
a,B,—4,8,#40, (14) 


then any solution, regular in the circle | z—2,|< R, can be ex- 
pressed in terms of w, and w, in the form: 


w= A,w,+ A,w,. (15) 


In fact if this solution w is based on the initial conditions (2), then we 
have the following system of equations for the constants A, and A;: 


A, a, + A, a, = Cy; A, pi + A, B, = Cy, 


and this system, from (14), determines the values of A, and A,. The 
constructed solutions for w, and w,, will be linearly-independent 
solutions of the equation (1) [II, 24]. 

Note. The application of the method of succesive approximations in 
the system (3) gave us the infinite series (12) for the function uw. This 
series will not be a power series but its uniform convergence in the 
circle |z— z,| < R, guarantees the existence of a regular solution 
in that circle in the form of a power series. We can construct the func- 
tion u,(z) and the series (12) in any domain in which the coefficients 
of the system (3) are regular functions and it can be argued, in the 
same way as above, that in any such domain the series (12), and the 
analogous series for v, will be uniformly convergent and will give the 
solution of the system. The form of these series in certain cases will be 
explained below. 
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96. The analytic continuation of the solution. Let us now suppose 
that the coefficients p(z) and q(z) are regular functions in a domain B 
of the z plane. Let us take a certain solution of this equation, which 
satisfies the initial conditions (2) at a point z, in B. This solution, as we 
know from above, will have the form of a convergent power series in 
a circle, centre z,, which lies wholly in B (and perhaps also in a larger 
circle). It will be a power series of the form (13). Let us now take a 
fixed point 2 in the circle of convergence of this series and rewrite the 
series in powers of (z — 2,),as we did in the section on the analytic 
continuation of a function. We thus obtain a new series 


Sae—2)*. (16) 
k=0 


Its sum will coincide with w in the common domain of the circles of 
convergence of the series (13) and (16). Consequently in this common 
domain the sum f(z) of the series (16) will be the solution of the equation 
(1); in other words, when substituting w = f(z) in the left-hand side 
of equation (1) the latter will vanish in a certain part of the circle of 
convergence of the series (16). But in that case, as a result of the funda- 
mental principle of analytic continuation, it will also vanish in the 
part of the circle which belongs to B; the series (16) will thus give a 
solution of our equation. This solution will be fully determined from 
its initial conditions at the point z,, 


f(2,) = WwW sas f' (2) =w' ee ’ 


where w is determined by the initial series (13). 

As a result of the theorem proved in the previous section the 
series (16) is bound to converge in a circle, centre 2,, which belongs 
to that domain B in which p(z) and q(z) are regular functions. We 
thus arrive at the following theorem. 

THEOREM II. If the coefficients p(z) and q(z) are regular functions ina 
domain B, then any solution of the equation in the form of a power series 
with the centre of convergence in B can be analytically continued in any 
direction in B and this analytic continuation gives everywhere a solution 
of the equation (1). 

Let us make some essential additions to the above theorem. Notice 
that if B is a connected domain, then according to the fundamental 
principle of analytic continuation [18], w will be a single-valued regular 
function in B which, according to the given proof, will be a solution 


97] THE NEIGHBOURHOOD OF A SINGULARITY 363 


of the equation (1). If, however, B is a multiply-connected domain, 
then w will not, in general, be a single-valued function in B. 

If w, and w, are two solutions of equation (1) then we have the 
following formula [II, 24}: 


w, 


z 
— § p(z) dz 

al eer cal an 
where C is a constant. If C is not zero, then the left-hand side will 
never be zero during the analytic continuation, i.e. the analytic con- 
tinuation of linearly-independent solutions always gives linearly- 
independent solutions, and formula (15) therefore gives the analytic 
continuation of any solution in terms of the analytic continuation of 
two linearly-independent solutions. 

If, for example, the coefficients p(z) and g(z) are rational functions 
then any solution of the equation can be analytically continued in 
the plane in any direction except through the poles of p(z) or g(z). 


97. The neighbourhood of a singularity. Let us now investigate the 
behaviour of the solution in the neighbourhood of a singularity of the 
coefficients p(z) and q(z). Let us suppose that the point z = 2, is a 
pole or an essential singularity of the coefficients p(z) and g(z), so 
that these coefficients can be represented by a Laurent series in an 
annulus K, centre z, and zero inner radius: 


ie (18) 
q2)= > b(z—a)k (0<|z—a%|<R). 


k=-o@ 


Any solution of equation (1) can be analytically continued along any 
path in the annulus K, but if the path encircles the point z = z, the 
solution w may take new values, i.e. the point 2=2p, will, in general, 
be a branch-point. Let us explain in greater detail the character 
of this branch-point. Take any two linearly-independent solutions 
w, and w,.If we cut the annulus from the centre along any radius, 
then in the connected domain so obtained, our solutions w, and w, will 
be regular single-valued functions, but will have different values on 
opposite edges of the cut. In other words, after describing the point 
z = 2, the functions w, and w, will become new functions wj and wy. 
They must also be solutions of the equation, and can therefore be 
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expressed as a linear combination of w, and w,. Hence the formula, 
given below, must hold: 
we = Ay, W, + ay. WV, (19) 
Wy = Oy, Wy + A.W, 
where a,;, are constants. In other words, by describing a singularity, 
linearly-independent solutions undergo a linear transformation. It 
can readily be seen that 


14 Ag2 — Ay2 Ay, FO. (20) 


In fact, if we have a,, @. — dy. A, = 0 then the solutions wy and wz 
differ only in constant terms and are linearly-dependent; however 
this cannot be so for we saw earlier that the analytic continuation 
of linearly-independent solutions produces linearly-independent solu- 
tions. The form of the linear transformation (19) does, of course, 
depend on the choice of the solutions w, and w,. 

We shall try to construct a solution which by describing a singu- 
larity acquires a constant term, i.e. a solution which undergoes the 
simplest possible linear transformation 


wt = dw. (21) 


This solution, if it exists, should be a linear combination of the 
solutions w, and w,;: 


w=b,w, + b,w,, 
where the coefficients b, and b, must be found. We have, from (21): 
b, wt + b,wy = A(d, w, + b,w,), 
and this, from (19), gives: 
By (Gyy Wy + Byq We) + By(Gqy Wy + Agq We) = A(D, W, + byw). 


Comparing the coefficients of the linearly-independent solutions we 
obtain a system of homogeneous equations for b, and b;: 


(2,, — A) b, + a,, bg = 0, 
A195, + (deg — A) bg = 0. (22) 


To obtain values for 6, and b, which are not zero we must equate 
the determinant of the above system to zero 
Qy,—4, ayy 


—0. (23) 
Qin, Ag —A 
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This is a quadratic equation in A. Taking a zero A= A, of this 
equation and substituting this for the coefficients of the system (22) 
we obtain a solution for 6, and 6, which is not zero. Hence the zeros 
of equation (23) give the possible values of 4 in formula (21), i.e. these 
zeros are equal to the constants by which the existing solutions of equa- 
tion (1) must be multiplied when describing the singularity z, in the 
positive direction. If we take at the start different linearly-independent 
solutions, then the linear transformation (19) will be different but the 
zeros of equation (23) should remain the same, for they are fully de- 
fined and independent of the choice of the fundamental solutions. 

Consider, first of all, the case when the quadratic equation has two 


different zeros 
A=A, and A=A,. 


We then have two solutions which satisfy the conditions 
wr =A,w,; wy =A, We. (24) 


These two solutions must be linearly-independent. Otherwise w,/w, 
would be a constant and would not alter by describing the singularity; 
but, according to (24), this fraction acquires the factor A,/A, in doing so. 
Notice also that, from (20), 4, and A, must not be zero. 

Introduce the two constants 


1 
22t 


1 Jog A, (25) 


22t 


loga,;; @.= 


i 
where the logarithms are arbitrary. Construct two functions: 
(z = Z)* = ef 10g(2— 20). (z = Zy)* = ee log (z—2) : 


By describing the singularity they acquire the factors 


2ni __ plog 4. 7. ani __ plog Ag _ 
ett 2al — Pl0B AL = Q,; eta 27! — el 4s — A. 


Hence the relationships 


ww, Wy, 
——1 _ and ——2— 
(z— 2,)% (z = z,)* 


remain single-valued on describing the singularity, i.e. they are regular 
single-valued functions in the neighbourhood of the point z = 29, and 
they can therefore be represented by a Laurent series in that neigh- 
bourhood. Hence the constructed solutions can be represented in the 
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neighbourhood of the singularity as follows: 


wy = (2— a) SS cz — 2)", 
ae (26) 

Wy = (2 — 2)" SS oz — %)*. 

k=—o 
Notice that log A is accurate to the term 2mazzi, where m is any integer. 
Hence, from (25), e, and 9, accurate to integers. This is in full agree- 
ment with the formulae (26), for by multiplying a Laurent series by 
(z — 2,)", where m is any integer, we obtain another Laurent series 
and therefore 0, and o, in the formulae (26) are accurate to integers. 
Consider now the case when the zeros of the equation (23) are the 
same, i.e. A, = A,. As before, we can construct one solution of the 
equation which satisfies the condition 


Take an arbitrary second solution w, which is linearly-independent 
of w,. By describing the singularity it is subjected to the following 
linear transformation: 

Wy = ay, W, + Ay» Wy. (28) 

The quadratic equation (23) will have the following form for these 
constructed solutions 
A,—A, Ay, 

0, ad .—A 


= 0. 


It is given that this equation has a double zero 4 = A, and it follows 
that a. = A,, i.e. formula (28) must have the form 


wt = 4, w, + a, Vy. (29) 
It follows from (27) and (29) that the relationship w,/w, only acquires 
a constant term by describing the singularity 
w, \+ w a 
ile aes 
and consequently the difference 


We aay 


‘w, 2nd, 


log(z — 2) = an — alog(z — 2) 


is single-valued and can be represented by a Laurent series. Hence, 
bearing in mind that w, has the form (26) and that the product of a 
Laurent series and w, has the same form as w,, we can see that, in this 
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case, our solutions can be expressed as follows in the neighbourhood 
of the singularity: 
+m 
wy = (2—%)® > ef(z—2)*, 
k=—@ 
= (30) 
Wy = (2 — 2)" SS c4(z — Z)* + aw, log (2 — 2). 
k=—o 

We thus arrive at the following theorem. 

THeEorEM III. If z =z, ts a pole or an essential singularity of the 
coefficients p(z) and q(z), then two linearly-independent solutions exist 
which can be expressed in the form (26) or (30) in the neighbourhood of that 
point. Notice that in the second case, when the zeros of equation (23) 
are the same, it may happen that the constant a,, and the dependent 


constant 
= Gai 
277A, 


a 


are both zero and we apply formula (26) in the neighbourhood of this 
point. 

All that was said above refers to the case when 2, lies at a finite 
distance. When it lies at infinity we must replace z by a new variable ¢, 
according to the formula 


2=—;} ees 
z 


Differentiating with respect to ¢, instead of z, we have: 


d 24, @ a @ se 
ae Pa ae ae TP ae 
and equation (1) with the new independent variable takes the form 


ar t[2—*e(F)|atelzje-0. a) 


t4 


For this new equation the former point at infinity will become ¢ = 0 
and we shall now investigate the neighbourhood of this point. 

Notice that all the arguments used above were purely theoretical. 
They do not give a practical method for constructing equation (23) 
or for finding the coefficients of the expansions (26) and (30). We shall 
now consider a practical method for finding these. We can do this 
only in one case, viz. when the expansions of these formulae contain 
a finite number of terms with negative powers. 

The singularity z = z, is then known as a regular singularity, i.e. 
a pole or an essential singularity of the coefficients in equation (1) is 
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known as a regular singularity of that equation if Laurent’s expansion 
(26) or (30) contains only a finite number of terms with negative powers. 
Replacing ¢, and oe, by an integer we can, as with a regular singularity, 
always achieve the fact that the power series in the formulae (26) or 
(30) should contain no terms with negative powers and should begin 
with a constant term, i.e. for example, instead of (26) we can write 


wy = (2 — 2) S cz — a)", 
ie (c, and cy # 0) (26,) 


@ 
— a @. Yo = k 
We == (2 — 2) =, Cy(2 — 2)". 


Otherwise, if at least one expansion in the formulae (26) or (30) 
contains an infinite number of terms with negative powers, the singu- 
larity is known as irregular. We must, first of all, indicate criteria 
by which it is possible to determine from the coefficients of the equation 
whether the singularity is regular or irregular. 


98. Regular singularity. Let us suppose that w, and w, are two linearly 
independent analytic functions. It is not difficult to construct a linear 
equation for which these functions are solutions. In fact, we should 
have: 

wy + plz) w, + g(z) wv, = 0; 


ws + plz) w} + g(z) w, = 0, 


whence the coefficients of the equation can readily be determined 
[II, 24]: 


a 
wy WwW, — WW: 


a 
P(2) = — w, Ww, — ww, wv, (32) 
and. 
wy vw; 
Wa SPA (33) 


Let us suppose that the point z = 2, is a regular singularity and 
only consider the case when ¢,  g, since the formulae (30) can be 
investigated similarly. In future we shall denote by P,(z—z,) any series 
in positive integral powers of (z — z,), the constant term of which is 
not zero. In the case under consideration it is given that the singu- 
larity 2 = z, 18 regular and the solution is of the form: 


W, = (2 — 2) Py(Z— 2); We = (2 — 2p)" P2(z — 2%). 
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Hence 


Sat = (2 — 29) Pal) , 


since the quotient obtained by dividing two power series with constant 
terms is also a power series with a constant term. We have further: 
’ ’ d Ww 
A(z) = ww, — Wi w, = ut = (S) = 


== (2 — 2p)" Py(z — 29) [(2 — 2 )*—* Ps (2)]’, 


or, differentiating the product and taking (z — z,)°-*'~* outside the 
brackets: 
A(z) = (2 — 2p)*F%—! Po(z — zp) 


and differentiating with respect to z we obtain: 


A’(z) = (0, + @, — 1) (2 — 2) te? Pez — 2) + 


+ (Z — 2)etea—* Po(z — 29) . 
Hence: 
A(z) __ «l1—a—e@, P5(z — 2) 


ae A(z) — z— 2, P,(z— 2) ’ 


i.e. p(z) can have a pole at the point z = z, of an order not higher than 
one. 

By differentiating the expression for w, we find that wj/w, can have 
a pole of an order not higher than one at the point z,, and wi/w, 
a pole of an order not higher than two. Formula (33) shows that q(z) 
can have a pole of an order not higher than two at the point z,. 

We thus arrive at the following theorem. 

THEOREM I. The necessary condition for the point z, to be a regular 
singularity is that the coefficient p(z) should have at the point z, a pole 
of an order not higher than one and the coefficient q(z) should have at the 
point z, a pole of an order not higher than two, t.e. equation (1) should be of 
the following form 


w" 4 Pile) he w+ Wl) ay 0, (34) 
(z— @—2)* 
where p,(z) and q,(z) are a? functions at the point 2. 

We will now show that this condition is not only necessary but is 
also sufficient for the singularity to be regular. Let us recall that 
equations of the form (34) are similar to equations which we con- 
sidered in [II, 47] and for which we constructed a formal solution 
in the form of a generalized power series. However, before we did not 
investigate the convergence of the constructed series. We shall now 
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investigate this problem fully and show that the formally constructed 
series will be convergent and will give a solution of the equation. 
To simplify our notation we put z, = 0. 

Multiply equation (34) by 2? and rewrite it in the form: 


2w" + 2a,+a,2+...)w +(i+b0,2+...)w=0. (35) 


We shall seek a solution of this equation in the form: 


w= OS cy 2". (36) 
k=0 
Substituting this in the left-hand side of equation (35) and equating 
the coefficients of like powers of z to zero we obtain equations for the 
determination of the coefficients c,. These equations have the form: 


Cofo(e) = 0 
ey, fole + 1) + eo f,(e) = 0 
Co foe + 2) + ce, f,(@ + 1) + cofa(e) = 0 (37) 


ee 6© © © © © © © © © &© © © = © ws © © @ 8 


where, for the sake of simplicity, we introduced the following notation: 
fo(A) = A(A — 1) + Ady + 5p 
f(A) = Ady + by 


We have said already that we can assume that c, # 0; the first of 
the equations (37) gives a quadratic equation for the determination 
of po: 


(k= 1,2, ...). (38) 


fole) = e(@ — 1) + gag + bo = 0. (39) 


This equation is usually known as the determining equation for the 
singularity under consideration. Suppose that 9, is a zero of this equa- 
tion which is such that for every whole positive n we have the condition: 


fole, + 2) #0 (n= 1,2,...). (40) 
In this case the equations (37), starting with the second equation, 
enable us to determine successively the coefficients c,, c,, ... The first 


coefficient cy remains arbitrary and will play the part of an arbitrary 
constant so that we can take, for example, cy = 1. We must also 
show that the constructed series which forms part of formula (36) 
will be a convergent series in the neighbourhood of the point z = 0. 
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Let # be the circle of convergence of the series which are the coeffici- 
ents of equation (35). If #, is a positive number, smaller than F#, then 
we obtain the following result for the coefficients a, and 6, in these 
series [14]: 


m 
| ax] < Fae 3 |b] < pe» 


where m, and m, are constants. Hence 
Jay | + |B |<, 
1 
and, consequently, taking M sufficiently large, we obtain the result 
in the form: 
M 
|| + bk | < Fe - (41) 
The relationship 
Pele lel+n 
foe + 2) (@+n) (@+n—1)+ (0+) a + 5, 
tends to zero as the integer 7 increases indefinitely, for the numerator 
is a polynomial of the first degree in m and the denominator is a poly- 
nomial of the second degree. Hence a positive integer N exists such 
that 


Ife +2)|>l|e|+n when n>. (42) 
We have from the formulae (37): 
eves AOE Rd) ae 5 on MO A oo es A In 
: Aetn) 7? fi@etr eR fen) °°? 


whence 


li(@+n—1)| | f-(e + — 2) | 
len] < lfo(@ + 7) | len—a| + I fo(e + 7) | |en—al + 


| fale) | 
tet pie Fay; iol (48) 


We have further: 
fde+n—k)=h4+ (o+n—kh) ay 
[fi(@ +n — k)| << [be] + (lol +2) || 
and for this reason also: 
[fg +m — &)|<(le| +) (lax| + [ bx} - (44) 


We can always select a sufficiently large positive number P, so as 
to obtain the following result for the first N coefficients: 


(= 1,2,...,m). 


Pk 
lex | < Re (4=0,1,...,N—1). (45) 
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We now recall that we took c, = 1. We also assumed that P is 
chosen so that 


P>1+M. (46) 


For the remaining coefficients, starting with cy, we can use the in- 
equality (42). We will show by using it that if the result (45) holds 
for all c,, from ¢, to c, exclusively, then it will also hold for c,. In fact, 
from (42), (43) and (44) we have: 
Jen| < (J@,| +] 8:|) lena] + (]@2| +] 82]) | ene [+--+ + 
=r (|@,| F |b, |) | col, 


or from (41) 


M M M 
len | < Re] ena | + pe len—2| +--+ pr lool 


or, assuming that for cy, c,, ..., CG, — 1 we have the result (45): 
M is s _ M(P"-1) 1 
en] < ye (PP + Pe pee tl =—p_y Br (47) 
We will now show that 
M(P"~—1 
ae opr, (48) 


In fact, this inequality is equivalent to the following: 


Pp} _ (14 M)P"4+M>0 
or 


PIP—(1+M)]+M>0. 


This last inequality follows from (46). The inequalities (47) and (48) 
give 


Pr 
len] <r 


and our proposition is proved. 

The result (45) is therefore valid up to k = N — 1 inclusively as 
a result of the choice of P. The inequality (42) holds for later symbols; 
by using this inequality we have shown that if the result (45) holds 
up to a certain suffix & it will also hold for the succeeding suffix k +1 
We have thus proved that the result (45) holds for every suffix, i.e. 
for every n we have: 


len| < 


Ri 
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But the series 


n 
see 
RY 
n=0 


will converge absolutely in the circle | z | < #,/P. Hence in this circle, 
the series in formula (36), the moduli of the terms of which are not 
greater than the terms of the preceeding series, will also converge 
absolutely and this series can be differentiated term by term, like 
any other convergent power series. 

We have thus shown that formula (36) gives, in fact, a solution 
of our equation in the neighbourhood of the point z = 0. We will now 
show that the series (36) converges in the whole circle | z | < 2, where 
the series which are the coefficients of the equation (35) converge. Other- 
wise the function which is determined in the neighbourhood of z= 0 by 
the power series in formula (36), would have a singularity in the circle 
|z| < # in the course of the analytic continuation [18] (other than 
the point 2 = 0). But this is impossible since the coefficients of 
equation (35) are regular functions in the whole circle | z| < R, ex- 
cept at the point z= 0 and, from [97], the solution cannot have 
any singularities during analytic continuation at this point. 

If the difference of the zeros of the quadratic equation (39) is not an 
integer, then the condition (40) is satisfied for each zero; two linearly- 
independent solutions of the form (36) (9, # @) can therefore be 
constructed. 

We shall investigate the case when the quadratic equation (39) has 
zeros whose difference is either an integer or zero. 

In the second case, using the above method with repeated zero of 
the equation, we can construct one solution of the form (36) and a second 
solution will have to be found. Consider the first case. Let 0, and Qe 
be the zeros of equation (39) where 0, = g2-+ m and m is a positive 
integer, i.e. 9, is that zero of the equation, the real part of which is 
greater than that of the second zero. Condition (40) is evidently satis- 
fied by the zero g, and, by using this zero, a solution can be constructed 
in the way described above. When attempting to use the second zero 
e, for the construction of a solution we find the following obstacle: 
0, + m is a zero of the equation (39) and, consequently, if we take 
the (m + 1) equation of the system (37) 


Cm fo(@2 + ™) + Cm—afi(Q2 +m — 1) +..-+ Cofm(@2) = 9, 


then in this equation the coefficient /)(o.-+ m) of the unknown c,, 
will be zero. The sum of the remaining terms will, in general not 
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be zero and this contradicts the equation. Hence even in this case 
we have to find the second solution in another way. Notice that if it 
should by chance happen that the above sum in the Jatter equation 
is zero, then we could take any value for c,, and continue to calcu- 
late the successive coefficients c,,4,, ... Our previous results show 
that the series obtained will converge and we shall therefore also 
obtain a second solution in the form (36) for this particular case. 
Let us now establish the form of the second solution by assuming 
generally that 
=O +m, (49) 


where m is a positive integer or zero. Let us recall that for a linear 
equation 


w” + p(z) w’ + g(z)w =0 
we have a formula which gives a second solution w, of the equation 
when one solution w, is known [II, 24]: 
dz 
= —§ p(z) dz — 
w, = Cw, [oS ae (50) 


where C is an arbitrary constant. In this case 


p(2) == +a,+a,2+... 
and 
[ ple) de = loge +0, +a,24+ 5027+... 


whence 
e- §p(2) dz — 2-% P (2), 


where, as before, P,(z) is Taylor’s series in powers of z, the constant 
term of which is not zero. The constructed solution has the form 

Oy = zn P,(2) ’ (51) 
whence 

we = ge P3(2) ? 


where P,(z) is a Taylor’s series, the constant term of which is not zero. 
The integrand in formula (50) will therefore be: 


ofp) De gota Pal), 


The numbers oe, and 9, are the zeros of the quadratic equation (39) 
and therefore: 
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Hence, from (49): 

— a — 20, = —@—1l1=—(l+m), 
i.e. the integrand in formula (50) can be expressed as: 


l = "Y_(14m) y- 
= d 
e~ 5P@) “a =? G+™) Pilz) = ptm ee tt - + VotN2+--- 


(Y¥—-c+m) # 9). 


Integrating this expression we obtain one logarithmic term y_, log z 
and a series which begins with z2~™. Multiplying this by the expres- 
sion for w, given by formula (51), we finally obtain the following: 


Wy, = 2-™ P.(z)- 2% Po(z) + y_, W, log z, 
and from (49): 
W, = 2% P.(z) + y_, W, log z, (52) 


where P,(z) isa Taylor’s series with a constant term. The expression (52) 
has the same form as the second of the expressions (30) and in formula 
(52) the Laurent series has no terms with negative powers. Notice 
that the constant }'_, is, in general, not zero but in isolated cases 
it can be zero. This will be so in the case described above. Hence in 
that case we also obtain a characteristic second solution for a regular 
singularity, ie. we have the following theorem. 

THEOREM IJ. In order that the point z = z, should be a regular singu- 
larity it is sufficient that the coefficient p(z) in equation (1) should have 
a pole at the point zy of an order not higher than one and the coefficient 
g(z) a pole of an order not higher than two. 

The necessity of this condition has been explained above. 

Notice that it may sometimes happen that at a regular singularity 
neither solution has any peculiarities. This will be so when g, and op, 
are positive integers and when the second solution does not contain a 
logarithmic term. Thus, for example, the equation 


a a ee 


has the following two linearly-independent solutions: 
W=2; w= 2. 


Notice also that, when 0, = @, the constant y_,in formula (52) will 
not be zero; this follows from the above calculations when m = 0. 


376 LINEAR DIFFERENTIAL EQUATIONS [99 


99, Equations of Fuchs’s class. The first systematic investigation of 
regular singularities was undertaken in the middle of the nineteenth 
century by the German mathematician Fuchs. We shall now investi- 
gate equations, all the singularities of which are regular singularities. 
Such equations are usually known as equations of Fuchs’s class. Let us 
write our equation in the form: 

w" + p(z)w' + g(z)w =0. (53) 


On putting the independent variable 
2=-—, 
we obtain, as we saw above, the equation 
d? w : ] dw 1 
“oe t+ [20 = ?p(>)| q (+) w=0. (53,) 


It is given that the point ¢ = 0 is an essential singularity of this 
equation. Bearing in mind that, after dividing by i‘, the coefficient 
of dw/dé cannot have a pole of an order higher than one at the point 
t = 0, we have for p(1/t) the following expansion: 


p(z)=at+aet..., 


i.e. near z = oo the function p(z) can be expanded as follows: 
1 1 
P(2)=4,-+ 4,74... (54) 


Similarly, bearing in mind that the coefficient (1/t*)q(1/t) cannot have 
a pole of order higher than two at the point t = 0, we obtain: 


1 739 , 
a(+) HG P+ a P+..., 
and, consequently, we have for q(z) the following expansion near z = °° 
po , 1 
q(2) = d, > +43 +--+ (55) 


i.e. if the point at infinity z = © is to be a regular singularity of the 
equation (53) it is necessary and sufficient that p(z) should have a 
zero at the point z = co and q(z) a zero of order not less than two. 
Notice that if in the expansion (54) d, = 2 and in the expansion 
(55) dg = d3= 0, then the point t = 0 is not a singularity of the 
equation (53,). In this case the equation has the following solution in 
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the neighbourhood of z= -~: 
waco +—+...4+ 4H eee 


where the coefficients c, and c, are constant. 

Let a,,...,a@, be the singularities of our equation within a finite dis- 
tance. The function p(z) can have poles of the first order at these points 
and, according to (54), it must vanish at infinity, ie. it will be a 
rational fraction of the form 


P,(2) 
(2 —a,)...(2—a,) ’ 


p(z) = 


where the order of the numerator is at least by one unit less than 
the order of the denominator. Similarly, from (55), we can see that 
q(z) must have the form 


qi(2) 
(z — a,)?...(2 —a,)* ’ 


q(z) = 


where the order of the numerator is at least two units less than 
the order of the denominator. Converting the rational fraction into 
partial fractions we obtain the following general expressions for the 
coefficients of the equations of Fuchs’s class: 


ple) = Sat, 


k=1 


nr 2B C eo 
1) = Sl eaoy tas |: 


=1 
We have from (55): 
zq(z) > 0 a8 zoo, 


and the second of the expressions (56) shows that the constants C, 
satisfy the condition 


CFG, A AO (57) 


The expressions (56) and the condition (57) are the necessary and 
sufficient conditions for the equation (53) to be an equation of Fuchs’s class. 

Let us now construct the determining equation for the singularities 
z =a, and for the point z = o. For the point a, the coefficient of 
(2 — a,)-1 in the expression for p(z) is equal to A, and the coefficients 
of (2 — a,)~? in the expression for g(z) is equal to B,, so that the deter- 
mining equation at that point will be 


oe—1)+4,0+B,=0 (k=1,2,...,2). (58) 
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Let us now consider the point z = ©, i.e. the point ¢ = 0 for the 
equation (53,). The coefficient of t-! in the expression 


lee (4) 


must be determined as follows: 


rane pee 1 
lim —, [2# —#2(7)| 
or 
. 2 rt : 
lim cd [= — = Pe)| =2— im zp(2) . 
Bearing in mind the first of the equations (56) we obtain the follow- 
ing expression for the coefficient: 


es SA, 
ie 


Similarly the coefficient of t-? in the expression 


will be 


But from (56) and (57): 


s B, Lae | Cc 
12)= Sear t De a 
k=1 k=1 


Zz 
" ¢ a,C aed 
= Gogh tote te 
hence 
n 


lim 2? g(z) = 3S (By + an Cy) . 


2—> co k=l 


Finally, the determining equation will have the following form when 


gi OO: 


ole — 1) +02 — SA) + S(Bet Cy) =0. (59) 
k=1 k=1 


Bearing in mind (58) and (59) it can readily be shown that the sum 
of the zeros of the determining equations at all singularities will be 
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equal to 


n—SAy + 34,-1=n-1, 

k=l k=1 
i.e. this sum will be equal to one less than the number of singularities 
within a finite distance. 

If we should wish to construct an equation of Fuchs’s class with one 
singularity then we can always assume that this point lies at infinity so 
that there will be no singularities at all within a finite distance. In the 
formulae (56) we would have to assume that all coefficients A,, B,and 
C;, are equal to zero, when we obtain the uninteresting equation w” = 0. 

Let us now consider an equation of Fuchs’s class with two singu- 
larities, one of which can always be assumed to lie at infinity. In that 
case the sums in the formulae (56) should consist of single terms and, 
according to the condition . 57), we obtain: 


B 
(a)? 


w=0, 


where a is the only eae at a finite distance. 
This equation is Kuler’s linear equation [II, 42] and we know that 
by a simple substitution 


t = log (z — a) 


it can be converted into an equation with constant coefficients. 

In the following section we shall investigate in detail equations of 
Fuchs’s class with three singularities. 

Let us recall the Bessel equation [II, 48] 


22w" +2’ + (2— p*?)w=0. 


This equation has a regular singularity at the origin z= 0. The 
coefficient of w in the neighbourhood of infinity does not satisfy 
the condition (55) and therefore the point z = °° will be an irregular 
singularity of the Bessel equation, i.e. the Bessel equation has two 
singularities: the regular singularity z= 0 and the irregular sin- 
gularity z= ©. 


100. The Gauss equation. Consider now an equation of Fuchs’s 
class with three singularities. Using a bilinear transformation of the 
plane of the independent variable we can, without loss of generality, 
assume that these singularities lie at the points 


z2=0; 2=1 and z=o0. 
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We denote the zeros of the determining equation at these points as 
follows: 


@y, 2; By, Bas Ya» Y2- 
We obtain the following expression for the coefficients of the 
equation: 


A A 
P(z) = =e 2 : 1’ 
B B C Cc 
q(2) = 2 (z =D a a z = : 
where 
C; + C hod 0 . (60) 


It is given that the equation 
e(@—1)+ 4,;e+ B, =0 


has the zeros a, and a,, whence it follows that 
A, = 1-— (a, + 4,); B, =a, 4). 
Similarly, from the determining equation at the point z= 1 we 
obtain 
A, = 1— (B, + fy); B, = B, B,. 


The determining equation at the point z = °° has the form: 


ee —1) + (a4, +a,+8,+ fe +aa,+8f+C,=9. 


Substituting one of its zeros 9 = y, we find an expression for C,: 


Cy = — Vivi — 1) — (a, + ag + By + Be) 11 — (21 82 + B, Ba) 


and the condition (60) finally gives C, = —C,. It thus appears that 
in the case of three singularities the coefficients of the equation are fully 
determined by the zeros of the determining equations at the singula- 
rities. It follows from the above calculations that the zeros at the 
points z = 0 and z = 1 can be chosen arbitrarily but at the point 
2 = 0° only one zero can be chosen arbitrarily. The second zero is 
fully determined from the condition that the sum of all six zeros is equal 
to unity (one less than the number of singularities at a finite distance). 

The solutions of the constructed equation are sometimes denoted 
by the following symbol: 


0, 1, «© 
Pia, By, vii 2 (61) 
a2, Bo, 2 

which was introduced by Riemann. 
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We shall now introduce an elementary transformation of the 
function w, so as to simplify the form of this equation. Notice that if we 
replace w by a new unknown function wu, according to the formula: 


w=2(z—1)¥u; u=2-2(z—1)-Iw, 


we obtain another equation for the new function with three singulari- 
ties: at z= 0, z= 1 and z = ©, but instead of the zeros a, and a, 
of the determining equation the presence of the factor 27? (z—1)~¢% 
will give at the point z = 0 new zeros a, — oe and a, — g. Similarly 
at the point z = 1 the new zeros of the determining equation will be 
fi, —q and f, — q. By choosing p = a, and g = f, we can require 
one of the zeros of the determining equation to be zero at the points 
z = 0 and z = 1; we shall assume this to be so in future. 

We shall now introduce some new symbols. We denote by a and f the 
zeros of the determining equation at the point z= °°. We have one zero 
at the point z = 0 which is equal to zero and the second zero we 
denote by 1 — y. Finally, at the point z = 1 we have one zero equal 
to zero and the other zero is determined from the condition that the 
sum of al] six zeros is unity; hence it will be equal to y — a — £. Thus 
instead of the general symbol (61) we can investigate the particular 
case 

0, 1, co 
P| 0, 0, a2 (61,)} 
1 — 1a i ae B, B 


The coefficients of the equation are determined from the above 
calculations, if we assume that 


a,=0; a=1l—y; 6, =0; 8B, =y—a— 8; y=; »,=8. 
We thus obtain the following equation: 


ny ~yt(i+a+A)z_, aB = 
This equation is known as the hypergeometric differential equation 
or the Gauss equation. We shall now construct its solutions in the 


neighbourhood of the singularities. 


101. The Hypergeometric series. Let us construct, to start with, 
the solutions of the equation (62) in the neighbourhood of the singula- 
rity z = 0. These solutions have the form: 


P,(2); 27’ P,(2), (63) 
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where P,(z) and P,(z) are McLaurin’s series with constant terms. Let 
us find, first of all, the first of the above solutions. To do so rewrite 
the equation (62) as follows: 


2a(z—1)w7+[—y+(l+a+ A)zlw’ + afw=0, 
and in its left-hand side put 
wW=1l+eq2+e,2+... 


Using the usual method of undetermined coefficients we finally 
obtain a solution in the following form: 


w, = F(a, B,y; 2) = 1+ ap ee aca Ge ce ep 


iy 21 y(y + 1) 
ofa + 1)...@+n—DpG+1)..-B+2—-D on 
a ni yy +1)...(y+n—1) wees (64) 


where F(a, 8, y; z) denotes the infinite series on the right-hand side. 
Owing to the fact that the singularity nearest the origin is the point 
z= 1 we can maintain that the above series must converge in the 
circle | z| < 1. This series is usually known as the hypergeometric 
series. When a = Bf = y = 1 the terms are in a geometric progression. 
We investigated this series earlier in [I, 141] 

To find the second solution of (63) we shall use the elementary 
transformation of the function described in the previous section. We 
replace w by a new unknown function, according to the formula 


I 
zi? 


w=2)-a; w= 2 w= WwW. (65) 

For this new unknown function the zeros 0 and (1 — y) of the deter- 
mining equation at the point z = 0 become (y — 1) and zero. The zeros 
0 and (y — a — f) at the point z = 1 remain unchanged and, finally, 
from the second of the formulae (65), the zeros a and # at the point 
z= c© become (a + 1 — y) and (6 + 1 — y) respectively. 

In fact, before the transformation, the expansions in the neighbour- 
hood of z = © were of the form: 


m= [S) Pitz) ond = (E) Pa (2)- 


After the transformation these expansions became 


ne QlrAG) oa a= lag) 


z 
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Hence the new unknown function will be described by the follow- 
ing symbol: 


0, Is oo 

Pi) 0, 0, a+l—y;2z]. 
y—l,y—a—8, B+1-y 

Comparing this Riemann symbol with the symbol (61,) and denoting 


the parameters (a, 8, y) which correspond to this new Riemann symbol, 
by a,, 8, and y, we obtain: 


I-y,=y—1, q=a+1—-y; fp =b+1—-y¥, 
1.€. 


a,=a+1—y; Bp=P+1—-y; y=2—-y. 


The solution of the new equation, which is regular at the origin 
z= 0, will, therefore, be as follows: 


u= F(a, 8,73 2)=Fat+1l—y, B+1—y, 2-7; 2), 
hence, from (65), we obtain: 
we=2’F(a+1l—y, B+l—y, 2—y; 2). 

This will, in fact, be the second of the solutions (63). 

Let us now try to find the solutions of the equation (62) in the neigh- 
bourhood of the singularity z = 1. To do so let us introduce a new 
independent variable, according to the formula 

2=1-—z2. 


The point z = 0 becomes 2’ = J] and the point z = 1 becomes 2’ = 0; 
finally z = co becomes z’ = oo, Thus this new independent variable 
also satisfies a Gauss equation and the function w will be described 
by the following symbol: 


0, iF co 
£ 0, 0, a; - ’ 
| a ae B, 1—¥y, B 
whence we obtain the following values for the parameters (a, B, y): 

a,=a; Bj =B8; y,=1+a+f—y. 
In the neighbourhood of z’ = 0 we have two solutions: 
F(a,B,l+at+Pp—y; 2’); 
zv—a—B Fy — B, y— a, 1+y—a—8; 2’), 
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or returning to the former independent variable, we obtain the follow- 

ing two solutions in the neighbourhood of z = 1: 

wy= F(a,B, 1+a+fp—y; 1—2); 

Ww, = (1 — zr? F(y—B, y—a, 1+y—a—Bf; 1—2). 
To construct the solutions in the neighbourhood of z = © we per- 

form the transformation of the independent variable: 


(645) 


, 


1. 
eS 5 4 C= 


after which the point z = 1 remains in its former place and the positions 
of the points z= 0 and z= oo are interchanged. With this new 
variable the function w is described by the following symbol: 


0, 1, co 
Pia, 0, 0; 21. 
B, fa B, iS Y. 

Continuing further the transformation: 
w=2"u;, U=arU, (65,) 


we obtain the Riemann symbol for the function uw, which corres- 
ponds to a Gauss equation: 


0, I, co 
P 0, 0; a; 2 ; 
B—a y—a—f,1l+a—y; 
The parameters of the Gauss equation will be: 
aj=a; By =1l+a—y; y,=1l+a—B8, 


and we have the following two solutions of the function wu in the 
neighbourhood of z’ = 0: 


u,= F(a, lta—y, l+a—§B; 2’); 
u,=2--F(B, 14+8—y, 14+6—a; 2’), 


whence, bearing in mind (65,) and the fact that 2’ = 1/z, we obtain 
two solutions of the equation (62) in the neighbourhood of z = ©: 


ws =(=)" F(a, lta-—y, lt+a-—f; =), 
1\é8 ] (645) 
we=(=) F(6, 1+6-y, 14+8-4; =). 
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We thus see that all six solutions obtained in the neighbourhood 
of each singularity are expressed by hypergeometric series. We 
assumed in all above calculations that the difference of the zeros of the 
determining equation is not an integer. Bearing in mind the expansions 
in the neighbourhood of the singularities we can maintain that the 
formulae (64,) holds when |z—1 | <1 and the formulae (64,) 
when |z| >1. Notice that the solution (64) also has a meaning when y 
is an integer. 


In (I, 141] we investigated the convergence of a hypergeometric series when 
x = 1 and showed that it will converge provided the following condition is 


satisfied: 
y—a—f>0, (66) 


where a, f and y are real. In this case, according to the second of Abel’s theorems 
[I, 149] we have F(a, 8, y; x) > F(a, 8, y; 1) as x 1— 0 and 


1 
F(a, By; 1) =1+ e. + wee ) 


ee 


We shall prove the formula 


I(y) Py — a — B) 
Fy — a) I(y — B) © 


Comparing the coefficients of x” it is easy to prove the relationship: 
wy —1—(2y —a— 8 — 1) 2] BGG, B, y; x) + (y — 2) (vy — B) cP (a, 8, y +1; 2) = 
= yy — 1) (1 — 2) F(a, 8, y — 1; 2) (|a| <1) 


F(a, B,y; 1) = (67) 


or 


yy — 1— (2y —a—f— 1) x) F(a, 8, y; x) + (y — a) (y — 6) cF(a, By +1; 2) = 
=v —V[L+ 2X n— %a) 2], (68) 


where v, is the coefficient of x" in the expansion of F(a, 8, y — 1; x). From 
the condition (66) we will show that it follows that v, — 0 asn— o. 
We have (I, 141]: 
lenl yg YoO—B Oy 


| n+ | n n>" 


where the modulus of w, is bounded as n > co. Let p be a positive integer 
which is such that p(y — a — 8) > 1. We can then write: 


| n |? Siero) 1 On 
| nat |? n n® 


where the modulus of w,, is bounded. From this equation and from the in- 
equality p(y — a— f)> 1 it follows that the series, which is the sum of 
the terms | v,|? converges (I, 141] and therefore v, + 0 as n > oo. If in the 
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formula (68) x tends to unity, then using the second of Abel’s theorems we obtain: 
y(a + B — y) F(a, B,y; 1) + (vy — @) (vy — 8) F(a, B,y +1; 1) =0, 


y— 4) (y — B) 
yy —a— FB) 


Using this relationship several times we can write: 


1.0. 


F(a, B,y; 1) = F(a, B,y +1; 1). 


me (y—a—k) (y—B +h) ; 
F(a, By; y=[ 7 By ene EE) | Fle By +m; 1). (69) 


As m — oo the product in the square brackets has the limit [73]: 


Py) Ty — a — B) 
Py — a) (vy — B) 


We will now show that F(a, 8,y-+m;1)—+ 1 as m-— co. Denoting by 
u,(a, B, y) the coefficient of x” in the expansion of F(a, 8, y; x) we can write: 


| F(a, 8, y +m; 1)—1| < 2 | unla,Bry +m) i. 


In the numerator of the expression u,(a, 8, y+ m) we replace a and £ by 
|a| and | 8| and the sum y + m by the difference m—|y|, where m> | y| 
to obtain: 


| F(a, B, y +m; M)— 1] < 2 wallal [Bl m—I yl), 


where the series on the right-hand side is composed of positive terms. Taking 
|a||8\|(m—|y|) outside the brackets and replacing m! by (m — 1)! we 
have: 


jel lel § 


| F(a By +m; 1)—1< apps A walla + (BL +1 m—ly| +1). 


When ™ is sufficiently large the arguments a,=—|a|]+1, 6,=|8|+1 
and y, = m—|y|-+ 1 satisfy the condition (66) and the series on the right- 
hand side of the above inequality converges while its terms, and therefore the 
sum on the whole, decrease as m increases. The first factor | a|| 8| (m—|y|) —>0 
asm-— co and, therefore, F(a, 8, y + m;1)—+ 1, as m— oo, Formula (69) 
finally brings us back to (67). 

Using the formula (67) we can express the solution w, in terms of the linearly- 
independent solutions w, and w,. All these solutions hold in that domain of the 
plane common to both the circles, centres z = 0 and z = 1 and unit radii. We 
have: 


F(a, 8, y; x) =C, F(a, 8, l+a+fp—y; 1—z)+ 
+C,(1 — 2)¥~*-8 Fly —a, y—B, 1+ y—a—8; 1-2). 
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Assuming that a, # and y satisfy the inequalities: 1 > y > a + 8 we can also 
assume in this equation that x = 1 and x = 0 and thus determine C, and C,. 
Using the formula (67), the equation (122) from [71] and the formula given 
below which can easily be proved 

sin xa sin 78 = sin x(y — a) sin x(y — 8) — sinazysina(y — a — 8), 


we arrive at the following equation: 


I(y — a) Py — B) (a) (8) F(a, 8, y; 2) = 
= F(a) PB) Py) Py —a — 8) F(a, B, l+a+B—y,1l—2)+ 
+ Ty) Py — 8) Pa +B —y)(l—ayr2F x 
x F(iy—a,y—8,1+y—a—8;1—2). (70) 


We have proved this formula for 1 > y > a + £. It can be shown that this 
formula will hold in all cases when (y — a — #) is not an integer. 


102. The Legendre polynomials. Let us now consider a very impor- 
tant form of the hypergeometric series. To start with let us establish 
a general transformation for linear equations of the second order, 
Let us consider the following equation of the second order: 


a(z) w” + b(z)w’ + c(z)w=0. (71) 


We can find a factor /(z) which is such that when the first two terms 
on the left-hand side of (71) are multiplied by it they become deriva- 
tives of a product, i.e. 


a(z) f(z) w” + 6(z) f(z) w’ = = [a(z) f(z) wv’). 
W here we must have: 


b(2) fz) = S[a(z) fl2)], 
whence 


a(z) f(z) + [a’(z) — 8(z)) f(z) = 0 


#2) , ae) bz) _ 
ie) ' “az) ~~ ay ~~? 


or 


i.e. we can take 
i 6(z) ‘<e 
f2)= are“ , (72) 


a(z) 


from which we have: 
b(z) dz 42) 4 
pi(z) = az) f(z) =e” “5 g(2) = o(2) fle) =e”  , (78) 


a(z) 
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and the equation (71) takes the form: 
d ’ 
* [p,(z) w'} + qy(2) w = 0. (74) 


Performing the above operations with the Gauss equation (62) we 
obtain it in the form: 


[ee — 1)*8*-7 w'] + afar (2 — 1)" w = 0. (75) 


We shall now try to establish a general formula for the hyper- 
geometric series. Differentiating the series (64) » times we obtain: 


a(a + 1)...(a+n—1)AB+D...(B+n—1) 


(n) 
oA vy +1)...(y -n—N) x 
(a-+n)(B +n) 
x [1+ iy + 7) z+] 
or 
wi) = aa+1)...da+n—1)P(B+1))...(B +n — 3) y 


v(y+1)..-y+n—1) 
x Fiat+n, Btnytn; 2) (76) 


i.e. the nth derivative of the hypergeometric series (64) is equal to 
a factor multiplied by the hypergeometric series with the parameters 
atn,B+n and y+ n. Hence the function w will satisfy the 
equation (75) if we replace a, 8 and y init by a+n, B+ 7 and 
y +7, i.e. 


ae [22 ates 1 a aes a aa 
+ (a + n) (B + n) 2?-t4m(z — 1)248-747 Wh) — 0. 


Differentiating this identity n times we obtain the new identity: 


n+1 
ar [ene = Lyrae tare | = 
Zz 
n 
= = (a+ m) (Bn) 2 [artine — 1yetovtn i], 
We shall write out this identity for the values nm = 0,1, 2,...,k—1 


and multiply term by term the identities so obtained. The left and 
right-hand sides of this identity will contain similar factors and after 
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simplification we arrive at the required identity: 
k 
dz* 
= (— 1)fa(a+1)...(a+h#—1) x 
xX B(B+1)...(B +k — 1) 27-2 — 1)*t8-v yw, (77) 
(BH 1, 2,- 3) ssn) 


favtk-li(z —_ 1)2t Fr +k aft) a 


Let us recall that in this identity the symbol w, denotes the hyper- 
geometric series (64). 

Notice that a hypergeometric series generally ends abruptly and 
becomes a polynomial when either a or 8, which are symmetrical in 
the hypergeometric series, is a negative integer. We shall now consider 
one particular case when this is so, viz. we shall take the hypergeo- 
metric series 


F(k +1, —k,1; 2) (a=k+1,pf=—k,y=1), (78) 


where k is a positive integer or zero. The function (78) will simply 
be a polynomial of degree k and the coefficient of the last term 2“ 
of this polynomial will be 


(k +1) (ke +2)...2k(—k)(—k+1)..(-1) (— 1) 2k! 
kt 1.2...k a 


On supposing in the formula (77) that w, = F(k + 1, —k, 1; 2), ie. 
a=k+1, B=—k and y=1 we obtain ow? = (—1)* 2k!/d 
and performing the obvious simplifications we have: 

(= 1) ak 


fete]. (79) 


Fie +1, —k, 1; 2)= 


Let us now replace z by a new independent variable x according 
to the formula 


1— 
z=. (80) 
The points z= 0 and z= 1 become x = 1 and x= —1. Put 
1— 
P,(z) = F(k + 1, —k, 1; =). (81) 


Substituting (80) in (79) we obtain the following expression for the 
polynomial P,(zx): 
] 


a* ‘i 
Sak ae Liz = 1)*"): (82) 


P,{z) = 
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These polynomials P,(z) are usually known as the Legendre poly- 
nomials. We shall use them in future in connection with spherical 
functions. 

We shall now explain some of their fundamental properties. The 
function (79) satisfies an equation which can be obtained from the 
equation (75) by writing 


a=k+1; Bp=—-k y=l1, (83) 


i.e. the function (79) satisfies the equation 
&_ [22 — 1) w'] —k(k + 1)w=0. 


Replacing the independent variable, according to the formula (80) 
we can see that Legendre’s polynomials P,(x) are the solutions of the 
equation 

d dP, 
= [a — x2) oe | + k(k + 1)P,(z) =0. (84) 
Let us now consider a more general equation in the form: 
d d 
| —27)-e] + aw =o, (85) 


where / is a parameter. Both zeros of this equation are equal to zero 
at the singularities 2 = +1. This can easily be seen from the form 
of the equation and it also follows from the condition (83). We have 


y—1=0; y—a—fB=0. 


Hence at the point = -++1 we have one regular solution and another 
solution containing a logarithm; thislatter solution will have the fol- 
lowing form at the point z= 1: 


P,( — 1) + P(x — 1) log (x—1), 


where P\(x — 1) and P,(2 — 1) are Taylor’s series with constant 
terms. It follows from this that the solution containing the logarithm 
will, in any case, become infinite at the corresponding point. Notice 
that when both zeros of the determining equation are the same, 
the coefficient y_,, mentioned in [98], cannot vanish, i.e. when the 
zeros of the determining equation are the same there must be a 
solution containing a logarithm. 

Let us now return to the equation (85) and take one of its solu- 
tions y,, which is regular at the point z = —1. In the process of 
analytic continuation of this solution along the line — l1<z< +1 
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we obtain a solution which will, in general, be logarithmic at the 
point x = 1 where it becomes infinite. For certain exceptional values. 
of the parameter A in the equation (85), the solution, which is regu- 
lar at the point x = —1, will also be regular at the point z = +1, 
i.e. we obtain a solution of the equation (85) which is finite in the: 
whole interval (—1, +1), including its ends. Such exceptional values. 
will be the values given below 


= k(k +1), (86). 


for which the equation (85) has a solution in the form P,(xz). It can 
be shown, but we shall not do so here, that the values (86) include 
all values of the parameter A, for which the equation (85) has a finite 
solution in the interval (—1, +1), including its ends. 

We shall now explain some other properties of the Legendre: 
polynomials. Let us consider the equations of two different Legendre: 
polynomials: 


S_[(1 — 2) Pin(2)] + dm Pra(t) = 0 
(n # m) 
£_[(1 — a) Pa(a)] + A, Pals) = 


Multiplying the first of these equations by P,(z) and the second. 
by P,,(z), subtracting and integrating over the interval (—1, +1) we 
obtain: 


= J {Pm(@) go Ll — 2°)Pa(e)] — Pyle) [1 — 2%) Pi(e))| de - 


Integrating the first term on the right-hand side by parts we obtain: 


I 


| Plz) ep (1 — 2°) Pa(z)] da = 


-1 


x=1 I 
= (1-2?) P(e) Pa(e)|  — [ (1 — 2) Pia(x) Pr(z) de 


or 
Jato [(1 — 2?) Py (2)] dx = — | (1 — a?) Pt,(x) P(x) da. 


-! 
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Similarly 
f Pale) => (1 — 2") Pr(z)] dx = -fo — 2%) Pi,(x) Pa(x) dar. 


We thus obtain: 
(Am aa A,) i) Pn(2) P,(z) dz =0 


-1 
-or 
1 
§ Pm(z) P(x) dx = 0 (m#n), (87) 
-1 
ie. Legendre’s polynomials are orthogonal in the interval (—1, +1). 
If we were to attempt the integration of the square of the Legendre 
polynomial 
1 
: § Pa(z) dz, (88) 
“1 
we would find that the integral is not unity. Legendre’s polynomials 
form an orthogonal but not normal system of functions. Bearing in 
mind (82) and using Leibnitz’s formula we can write: 


, Aa—1)k ) k d(a+1)* eee 1)* 


1 
eer ee ee ee 
Prt) = {(e a ar aed la dak ee |. 
We therefore have: 
ake — 1)* a*-S(z — 1)* 
cea) = Kl Se KO —1,2,...,8), 
: and oka? ae (s ; ) 
from which follow the equations 
P,{1) =1. (89) 


Let us evaluate the integral J,. Using the formula (82) we can 
write 
1 
n n Rn n 
= 1 [Te _aet- 0" a 
(mi)? 27" dx" dx" 
-1 
Integrating by parts we obtain: 


= 1 a" Ya®— 1)" d%(ax? — 1)" 
al (n!)? 2°" | da”! dz" 


x=1 


x=-l, 


1 

n—1 _ 7\4 n+1 _7\" 

(4 (a? — 1)" | ata? — 1)" dx. 
dx"! dat 

-! 


102] THE LEGENDRE POLYNOMIALS 393. 


The polynomial (2? — 1)" has zeros z = +1 of order n. Differen- 
tiating it (rn — 1) times we obtain a polynomial which also has zeros. 
x= +1 (of order one). Hence in the above formula the term 
outside the integral vanishes. Continuing the integration by parts. 
we obtain in every case a zero term outside the integral and we thus. 
arrive at the formula: 


af {= 1)” a 2 n d?"(a? ae 1)" 
Sree ) dz = oa | (@* — 1)" See 
—t 
We have further 
d?"(22 zo 1)" _ a2" 
da?" dx 
and consequently: 


f Pie) de = (— yp SNE a ae Ge 1" dx. 


n! gen 


Putting z = cos ¢ we obtain: 


on 
— 1)"dz = (— 1)? feint d sin?"t1 dg ,. 
pap = pap 
-1 
i.e. [I, 100]: 
; 2-4...2 
. 2 a a *4...47 
Je 1)" dx = (— 1)" 2 a -3—ea py ° 
and the above formula finally gives: 
. 2 
1 


Using the expression (82) and applying Rolle’s theorem it can: 
easily be shown that all zeros of the polynomial P,(x) are different. 
and lie in the interval —1 <2< +1. In fact, the polynomial 
d(x?— 1)"/da of the (2n — 1)th degree has zeros x = +1 of order (n — 1);. 
according to Rolle’s theorem there is still another zero z = a in the- 
interval (—1, +1). There are no more other zeros. The polynomial. 
d?(z?— 1)"/daz? of the (2n — 2)th degree has the zeros x = + 1 of order 
(n — 2); also, according to Rolle’s theorem, it has two more real. 
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zeros, one in the interval (—1, a) and the other in the interval (a, +1). 
Continuing in this way we can see that P,(x) has n different zeros in 
the tnterval (—1, +1). 


103. Jacobian polynomials. Legendre’s polynomials are only one 
particular example of polynomials obtained when a hypergeometric 
series ends abruptly and becomes a polynomial. We shall now 
investigate the general case. Let us introduce the following notation: 


y—-l=p; atP-—y=q (91) 
and suppose that p and g are fixed numbers, greater than (—1); 
we shall always assume that the parameters a, 6 and y are real 
numbers. If a hypergeometric series is to end abruptly and become 


a polynomial of degree k we must assume that either a or f is equal to 
(—k). Without loss of generality we can, for example, assume that 


8 = —k and determine a and y subsequently from the equation (91). 
The polynomial so obtained we denote as follows: 
QP D2) =O,F(p+qt+k+il, —k p+; 2), (92) 


where C, is an arbitrary constant. 
Applying to the above hypergeometric series the formula (64) we 
can see that the coefficient of 2“ in the polynomial (92) is equal to 


(— {yee ee a ie) 0 
(p+1)(p+2)...(p+k) ke 


Applying the formula (77) to the polynomial (92) we have: 
M(ptg+tk+l1)(p+q+k+2)... 
..-(p+q + 2k) 2P(z — 1)9 Qtr 9(z) = 


ay fe pecan Me A De eed do Bn 
(p+ 1)(p+2)...(p +) 


k 
x Cy, [ert (2 — 1st]. 
dz 


The constant C, is determined from the formula 


Giz (p+1)(p+2)...(p +k) 
k— ki =. 


In this case we obtain the following formula for the constructed 
polynomial: 
(p,4) (—1)F a ee +k 
aP(a — 18 QP (2) =“ Sy Les — 
2 z 
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If we replace z by z, according to the formula (80), we obtain poly- 
nomials in z which are known as Jacobian polynomials: 


(1 — 2)? (1 + x)? PY O(a) = = a St 


(1—ayPt*(1 + 2)eth]. (98) 


When p= q=0 these polynomials are the same as Legendre’s 
polynomials. When k = 0, P?)(x) = 1. 

It follows directly from the determination of C;, that the coefficient 
of 2“ in the polynomial (92) is equal to: 


(— ijt tk tD Otath+ 2). +at2h) 
kl , 


and in the polynomial P,”(zx) the coefficient of z* is equal to: 


— Prgtktl(ptatkht2)... (P+a+ 2k) © 


a 
a kt 2k 


In the case under consideration we have: 
a=pt+qtk+1, p=—-k, y=p+l, 
and the function (92) is a solution of the equation 
lhe — Itt] — Wp +g tk + 1) Ale — Iw =0. 


Replacing the independent variable according to (80) we obtain 
the following equation for Jacobian polynomials: 


d dP, 
= ja — g)Pt1(] + x)att oe] + 


+ kp tq +h+1)(l— 2)? (1 + 2) PP %(x) = 0. 


In this case the Jacobian polynomials (93), when p and g > 0, are a 
solution of the following limit problem: what is the value of the 
parameter 4 for which the differential equation 


(94) 


male — 2)P+1 (1 + aot ra +A(1—2)P(1+2)1y=0 (95) 


has a finite solution in the interval (—1, +1), including its ends. 
The values of this parameter are 


= k(ptq+k+h), (96) 


and the corresponding solution is given by Jacobian polynomials. 
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Using the equation (94) for Jacobian polynomials it can readily be 
shown that, as for Legendre polynomials, the following equations 
hold: 


( (1 — x)P(1 + 2)9 POE Max) PPO a)dx=0 (mAn). (97) 


-1 
The properties (97) can be expressed as follows: Jacobian poly- 
nomials are orthogonal in the interval (—1, +1) with the weight 


r(x) = (1 — x)P(1 + 2)9. (98) 
As with Legendre’s polynomials, we can deduce from the formula 
(93), that 
PPO) = (p +k) err 1)..-(p +1) (99) 
Let us now evaluate the integral: 


Iy= { (L—a)P (1 + 2)" [ PP Oa)? de. 


Using the formula (93) we can write: 


ia a [re es e [(1 — x)Pte (1 + x)et*] de. 
—1 


Integrating by parts, as in [102], we obtain: 
1 
1 
l= he fl — rt (1 + ye 


<1 


da* 


since the terms other than the integral vanish when p > —1 and 
q > —1. Denoting as before the coefficient of z* in the polynomial 
P'P)(x) by a, we obtain: 
1 
I, = oi (1 — a)P+* (1 + xt da. 


—! 


Introducing a new variable of integration ¢ = (1 — 2)/2: 


Ly = ay QPp+qt+kt+1 Want = t)atk dt, 
i) 
i.e. [72]: 
Ty, = ay 2PtI+k+1 Bip +k+1, q+k+ 1)= 


= a, QP+gtk+1 Pipt+k+1)rq+k+)1) 
I(p + q+ 2k + 2) : 
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or, substituting the above expression for a, and using the formula 
(120) from [71]: 


sie as Fiptk+Fiqt+kt+)) 


Le = Boge Rye MPp+q+tk+1) ; 


i.e. the formula holds: 


1 
fa — 2)? 0 + 2) [PP Oe] de = 
—1 
alii Fntpt+)in+¢q+)) 


Oyama = mee ae (| 
2n+pt+qtl nine peer y et ). (100) 


When n = 0, owing to the fact that ['(x + 1) = x I(z), the latter 
expression has the form: 


9pt+qti ip +) P(q+)) 
Pip +4 2) 


Notice another particular case, viz. when p = g = —1/2. We shall 
introduce special symbols for these polynomials. 


T(x) = sane ee (101) 


where C;, is a constant. 
They are determined, from (93), by the following relationship: 


1 1 
7 aac i (— 1)*C, a* | - eo) 

We shall now introduce another expression for these polynomials 
i.e. a differential equation which they must satisfy. These equations can 
be obtained from the equation (94) by assuming that p=q=—1/2. 
We have for 7',(x) the following equation: 


ji —[yi-2 So) | +227 (x) =0. (103) 


The zeros of the determining equation at the singularity z = 1 
will be z and 1/2. The first zero corresponds to a solution in the form 
of a polynomial, but the second solution will not be a polynomial. 
To find a polynomial in a convenient form which would satisfy the 
equation (103) we replace x by a new independent variable according 
to the formula 

x= cosp. (104) 


Differentiating with respect to g instead of x we have, according 
to the differentiation law for complicated functions: 


gO ta 
dz dp * 


Substituting this in the equation (103) we obtain 


d? T,.(cos ¢) 


Tor + ke Ti(cos gp) = 0. 


The latter equation has the following solutions 
coskp and sinkg, 


and for the equation (103) we obtain solutions in the form 
cos(k arc cos x) and sin(k arc cos 2). 


Using the formula from [I, 174] 
| ee (5) k—2 » sin? 
cos Kp = Cos" p — |] cos®“ @ sin Pt. 


we can see that the first of these solutions is a polynomial in 2 and, 
consequently, except for the arbitrary term, the polynomial which 
gives the solution of the equation will be 


T(z) = cos(k arc cos 2), (105) 


and this polynomial is known as T'schebyshev’s polynomial. When 
g = 0 we have x= 1 and, consequently, 7,(1) = 1; on the other 
hand, from the formula (99): 


(-3--3) 1-3...(2k — 1) 
Px (1) = —s7a 3k 


whence the constant term in the formula (101) can easily be deter- 
mined. 


eed oat 
4..,2k pi 2” a 


2. 
Til”) = 13k 


x). (106) 

104, Conformal transformation and the formula of Gauss. We shall 
now try to explain the connection between the equation of Gauss and 
a certain problem of conformal transformation; we shall again assume, 
as in the previous paragraph, that the coefficients a, 8 and y are 
real. We will prove, first of all, that the solution of the equation of 
Gauss (62) cannot have multiple zeros in the plane of the complex 


variable, except at its singularities. For suppose we have at a point 
gz = 2, a zero of order higher than one, i.e. 


w(Zo) = w'(a) = 0, 


then it follows from the equation (62) that w’(z)) = 0. Differentiating 
the equation (62) and putting z= z, we obtain w’(z,)=0, ete. 
However, it is well known that if all the derivatives of an analytic 
function vanish at a certain point then the function is identically 
zero; but we assumed that w gives a solution which does not vanish. 
The above proof is also valid for any linear equation of the second 
degree with analytic coefficients. The result obtained can also be 
deduced directly from the existence and uniqueness theorems [95]. 

Let us now consider the quotient of two solutions of the equation 
of Gauss: 


__ w,(Z) 
n(2) = ee. (107) 

When this function is analytically continued it can only have 
singularities at the points z = 0, 1 and ©, as well as at points at 
which the values of z are zeros of the solution w,(z). These values 
of z will be simple poles of the function (107). If w,(z)) = 0, we can 
say that w,(z,) 4 0. In fact, if we had 


W,(%) = 0, 
then our two solutions would be determined from the initial conditions 
W,(2o) = 0; wiz) = a | 


a and B#0, 
w,(%) =0; wiz) = 8 | re 


and, according to the existence and uniqueness theorems, we would 
have had 


i.e. the solutions w,(z) and w,(z) would be linearly dependent; we are 
given, however, that the numerator and the denominator in the 
formula (107) are linearly independent solutions. 

Consider the upper half-plane of the complex variable z. In this 
connected domain B the analytic functions w,(z) and w,(z) have no 
singularities in the course of analytical continuation and, con- 
sequently, are single-valued regular functions of z. The function (107) 
will also be single-valued in the upper half-plane, where its only 
singularities are simple poles. We will now show that the derivative 
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of the function (107) cannot vanish except at the poles. We have, 
from [II, 24], the following expression for this derivative: 


d (=| nee °: @ §Pe) dz (108) 


“dz Vw,(z) J ~~ wiz) : 


where C is a constant and p(z) is the coefficient of w’ in the equa- 
tion (62). 

Our hypothesis follows directly from the formula (108). Bearing 
in mind that conformity is not impaired at a simple pole, we can 
say that the function (107) gives a conformal transformation of the 
domain B into a new domain B,, in which there are no branch-points. 
We shall now determine the contour of the new domain B,. 

When the point z, in the upper half-plane approaches a point 2, 
on the real axis, which is not one of the singularities 0, 1 or ©, the 
function (107) tends to a definite limit and, moreover, it will remain 
regular at the point 2,; it will also be regular on each of the following 


three lines: 
(— 0, 0); (0, 1); (1, ©) (109) 


on the real axis. We will now show that the function (107) will also 
tend to a definite limit even though z tends to one of the singularities. 
Consider, for example, the point z = 0. 

To start with let us explain one circumstance which will be 
important in what follows. Suppose that instead of w,(z) and w,(z) 
we had taken two other independent solutions of the equation, viz. 
wi(z) and w$(z). These can be expressed linearly in terms of the 
former solutions: 

wt(z) = a,, W,(2) + a, w,(z) , 


W9 (2) = pW (2) + G2 w2(2) , 


where 
Qj, Ayg — Az Ap, #0. 


Let us construct a new function 7*(z) using these new solutions: 


*( ) _ Wz(Z) gy Wy (Z) + gg w,(2) 
7 ~ WHz) ayy Wy (2) + Gy W,(2) 


or 
(>) — Ger + Fee 0(2) 
0 Ne Qy, + Ay, (2) ” 
i.e. when choosing different independent solutions in the formula (107) 
the corresponding functions 7(z) will be simply connected with each 
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other by a bilinear transformation, the determinant of which is not 
zero. 

We shall now investigate the function (107) in the neighbourhood of 
the point z= 0. We select the independent solutions as follows: 


w,(2) = F(a, B, y; 2); 


(110) 
w,(z)=2-’F(a+1l—y, B+1—y, 2—y; 2), 
Also 
_ ay» Fat+tl1—y,bB+1—y, 2—47; 2) 
n(z) = 2! (ioe <1 Blane aay © ae (141) 


This latter formula must be interpreted as follows: in the neigh- 
bourhood of z = 0 the function 7(z) is determined by the formula 
(111); in the half-plane B this single-valued function can be determined 
by analytic continuation. It follows from the formula (111) that, for 
example, 


n(z)—>0, if z>0 and yl. 


If we choose any other solutions, the new 7(z) will be expressed 
by (111) as a bilinear transformation, and, consequently, it will also 
have a definite limit as z— 0. 

We will now show that the function (107) transforms the lines (109) 
into circular arcs. For example, let us consider, the line (0,1) and 
take a point z, on this line. We shall determine the solutions w,(z) 
and w,(z) at the point z, from the initial conditions; we select these 
conditions so that w(z,) and w’(z,) are real. Bearing in mind the 
fact that the coefficients in the equation of Gauss are also real 
we obtain for w,(z) and w,(z) Taylor’s series with real coefficients in 
the neighbourhood of the point z,. The analytic continuation of 
these solutions along the line (0, 1) will evidently also lead to Taylor’s 
series, in other words, for this choice of solutions the function 
7(z) will have real values on the line (0,1), i.e. it will transform 
this line into another line on the real axis. For any other choice of 
solutions the new function 7(z) will be obtained from the former 
function by the bilinear transformation which transforms the line 
on the real axis into the arc of a circle. Therefore the function (107) 
will, in fact, transform each of the lines (109) into the arc of a circle. 

Let us again consider the case when the fundamental solutions 
w,(z) and w,(z) are real on the line (0, 1). Applying the formula (108) 
to this line we can see that the derivative of the function »(z) does 
not change its sign on this line, ie. the function »(z) is a monotonic 
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function of the variable z on that line. In other words, if the point 
z moves along the line (0, 1) in a definite direction, the point 7(z) 
always moves along the corresponding line in the same direction. 

Notice that the point 7(z) can also pass through infinity, so that the 
line, described by the point 7(z), can be infinite. In certain cases 
this line can overlap itself. In the general case, when the independent 
soutions in the formula (107) are chosen arbitrarily, the point z 
moves along the line (0, 1) in a definite direction and the point 7(z) 
moves along the arc of a circle always in one direction; in certain 
cases it is not an arc of a circle but a full circle overlaping itself which 
corresponds to the line (0, 1). 

From what was said above we obtain the following result: the function 
(107), ¢.e. the quotient of two independent solutions of the equation of 
Gauss, conformally transforms the upper half-plane into a domain bounded 
by three circular arcs or, in other words, into a circular triangle which 
contains no branch-points. Let us now determine the angles of this 
circular triangle. Take the apex A of the triangle which corresponds 
to the point z = 0. Select the fundamental solutions by using formula 
(110) and assume that y <1. Turn to the formula (111). In the 
neighbourhood of the point z = 0 we have 7(z) > 0, when z > 0 and 
we assume that arg z=0. Describing the point z=0 from the upper 
half-plane we obtain arg z and, consequently, arg z1-” = xa(1 — y); 
the fraction in formula (111), when 2 is close to zero, will be real 
and close to unity. Hence assuming that y < 1, we obtain two straight 
lines in the plane 7(z); one of these goes from the origin in the direction 
of the positive part of the real axis and the other makes an angle of 
a(1 — y) with this direction. If y > 1, then instead of the relationship 
(111) we must take the inverse relationship. Thus for the given 
choice of fundamental solutions we have in our circular triangle an 
angle z|1— y| at the apex corresponding to the point z = 0. For 
any other choice of fundamental solutions we obtain another triangle 
which can be obtained from the former by a bilinear transformation. 
We know that this transformation conserves the angles and therefore 
we obtain, in general, the angle z|1— y| at the apex A. The pro- 
cedure is similar when we determine the other two angles of the circular 
triangle, which correspond to the points 2 = 1 and z = o°. We obtain 
then two angles equal to x| y — a — f | and a| 8 — a| respectively. 
The direction in which these angles are measured is determined, as 
always in conformal transformation, from the fact that when the point 
moves along the real axis in the positive direction the corresponding 
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point moves along the contour of the circular triangle so that this 
triangle lies to the left of the moving observer. 

The above result can be formulated as follows: an angle of the triangle 
in the 7(z) plane is equal to the product of x and the modulus of the 
difference of the zeros of the determining equation at the corresponding 
singularity of the equation (62). We notice, without going into the proof, 
that this will still be so when the difference is equal to zero (the 
arcs of the circles touch), or to an integer. 

It can be shown conversely, that any circular triangle, even one 
with several sheets but without branch-points either inside or on 
the sides, can be obtained from the upper half-plane as a result of 
the conformal transformation by the quotient of two solutions of the 
equation of Gauss, when the parameters a, #8 and y are suitably 
chosen. In particular the usual triangle with straight sides can be 
taken: this is a particular case of a triangle bounded by circular 
arcs. In this case we can express the function which performs the 
conformal transformation more simply, viz. by means of Christoffel’s. 
formula. 


105. Irregular singularities. We shall now deal with the problem 
of obtaining a solution in the neighbourhood of an irregular singul- 
arity. By performing a bilinear transformation of the independent 
variable we can always achieve the fact that this singularity should 
lie at infinity and we shall assume in future that this is so. Consider 
the equation 


w" + p(z)w’ + g(z)w=0. 


lf p(z) and g(z) have the following expansions near infinity: 
pe) = S45 a= SF. (112) 


then, as we know from [99], this point will be a regular singularity. 
We now assume that the coefficients cannot be expanded in accordance 
with (112), but that the expansions of p(z) and q(z) near infinity do 
not contain positive powers of 2, i.e. we consider an equation of 
the type: 


w" + [ay + Sit St 4 ...)u't (bo +h +2+...Jw=0, (113) 
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where at least one of the coefficients a), 5b, and 6, is not zero. This 
equation must be formally satisfied by an expression of the form: 


w= 2(otear+.--), (114) 


where c,# 0; substituting this in the left-hand side of the equation 
we obtain a single term which contains 2°, viz. a term of the form 
‘bo¢ 2”. Hence it will not be possible to satisfy our equation formally 
by an expression of the form (114) if b, ¥ 0. To eliminate the coefficient 
‘6, we replace w by a new function uw, according to the formula 


w= ey. 
Hence 


w =eu' + ae%u; w= eu" + 2ae%u’ + areu, 
and, substituting in the equation we obtain a new equation 
w+ (2a+a,t+ + 2+4...Ju'+ 
+ (a? + aay + by + “rt ao ts + a Ju=0. 


The constant a now remains to be chosen from the condition 
a? + ad) + by = 0. (115) 


As a result we obtain an equation of the form: 


u" + (2a+ a+ +24. ju 4 (% ae ee de. ..Ju=0 (116) 
(bj, = aay + by), 


where a is a root of the equation (115). This equation can be formally 
satisfied by an expression of the form (114). Let us suppose that 


u=2v, 
hence 


uo =v’ + ext-ty; wu” = xy” + 2oze1y’ + o(o — 1) 22 v. 
Substituting in (116) we have for the new function v the following 


equation 


v" + p,(z) vo’ + 9,(z)v=0. (117) 
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where 
p(2) = 2a + ag -+ BEM 4 24 4. 


(2a + ay) @ + bi ee V+ met bs 
4 


q,(2) = + + (118)! 


bs b; 
+ PFs 4 Ot, 


We will now determine g from the condition that the coefficient. 
q,(z) must not contain a term in 27}, i.e. 
’ aa + b 
(2a + dy) 0 + 5; = 0; OS" oar (119). 
If we assume that the equation (115) has different zeros, it follows. 
that 2a + a, # 0. 
The new equation for v will be: 


of + (2a +a, + AF +... J or + 


+ (LEE Meth , ety .Jo=0. (120) 


22 


This equation can be formally satisfied by the series 
vc t+. (121) 


Differentiating, substituting in the left-hand side of the equation: 
and equating coefficients of like powers of x to zero we obtain a. 
system of equations from which ¢,,¢,, ..., can be determined suc- 
cessively and where c, will be an arbitrary factor. Let us write the 
first of these equations 

— (2a + ap) ¢, + [9? + (@;—1)e +8] =9, 
Hence 
e + (a, —1)e+aa,+b, 
2a +a, 
We finally obtain for equation (113) a solution of the form: 


¢, = Co. (122) 


wet (c++ e+...). (123) 


If the quadratic equation (115) has different zeros then by using 
every zero we can construct by the above method two expressions. 
of the form (123). It appears, however, that the infinite series in 
the expression (123) will, in general, be a divergent series for every 
value of z. 
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We will show this to be true in one particular case. Consider the 
equation 


w" + (ay +)! + ew =0. (124) 


In this case we can assume that a = 9 = 0 and, substituting in 
the left-hand side of the equation (124) a series of the form (121), 
we obtain the following formulae for the determination of the coef- 
ficients: 


[n(n + 1) — na, + b,]¢, — (2 +1) adoen4, = 0. 


Consider the relationship of two successive terms of the series (121). 
Using the above formula we obtain the following formula for this 
relationship: 

nu. on __ n(n+1)—na,+, i 


ziti © pn (n+1)a, z” 


from which it follows that for any given z the above relationship 
tends to infinity together with nm and, consequently, the constructed 
infinite series cannot converge for any value of z. 

The divergence of the series in the expression (123) at first sight 
appears to make the above relationship devoid of meaning. Jt becomes 
evident, however, that this expression can be used to give the solution 
of the equation (113). To explain this circumstance we must introduce 
a@ new concept, viz. the concept of the asymptotic expansion of a 
function. 

We shall lastly consider the case when the equation (115) has a 
double zero. In this case 2a + a, = 0 and the equation (116) becomes: 


ut + (4 +..)u'+(P++...Ju=o. 


Replacing z by a new independent variable t = Vz we obtain the 
equation: 


d?u 2a, —1 2a, 2a, du 
di? +( ns t6 +...) 


+ (4+ 4B ..Juno. (125) 


For this differential equation the quadratic equation (116) becomes 
a” + 4b; = 0 and, provided bj 4 0, we have for the equation (125) 
the case of the different zeros which we considered above. If, however, 
6; = 0 then ¢ = © is a regular singularity of the equation (125). 
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106, Asymptotic expansion. Let us suppose that we are given an 

infinite series 
oe (126) 


and denote by §,(z) the sum of its first n terms: 


Crt 
gil ° 


Sp(2) = G+ — es 


The convergence of this series is equivalent to the existence of a 
limit J,(z), as 2 increases indefinitely. We shall now consider it diffe- 
rently viz.: we suppose that 7 is fixed and z tends to infinity along a 
definite straight line L. In future we shall assume that this straight 
line is the positive part of the real axis, ie. z > 0. 

We now suppose that a function f(z) is determined on ZL, so that for 
any fixed n the difference 

i (2) —8s n(2) 
as z+ °°, represents an infinitely small quantity of an order 
greater than (1/z)"—', ie. the difference f(z) — S,(z) is an infinitely 
small quantity of an order higher than the last of the terms in the 
expression S,(z). The above conditions can be written as follows 


lim [f(z) — S,(z)]2"-1 = 0 (on ZL). (127) 


We usually say that the series (126) gives the asymptotic expansion 
of the function f(z) on Z and it can be written as follows: 


f(2) 0+ 4 24, (on LZ). (128) 


Bearing in mind that ate 0 a8 z->0co we can, instead of 
the condition (127), write the following equivalent condition: 


lim [f2) — (+ +...+ 22) ]e-t =o. (129) 


Za 


Consider, for example, the function which is determined when z> 0, by 
the integral 


f(z) =J et e* de. (130) 
x 
Performing successive integrations by parts we can write: 


dt. 


__ 7\"'-21 _ - xt 
fey= =- + -.¢ EPP m[ S 


tntt 
x 
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Construct the series 
: ; 131 
———~ + — — — le athe ( ) 


On considering the relationship of two successive terms it can readily be shown 
that this series will diverge for every value of x. We will show that it gives the 
asymptotic expression of the function (130). We have in this case: 


= x-t 
f(z) — Spu(z) = (— 1)" nf a de, 


x 


whence, since t > x, the factor e*-! lies between zero and unity, and we obtain: 


| {(2) — Sqy(a) | <n! if 2 


get 1 


1 
= ae ae 


x 


from which the condition (129) follows directly and, consequently: 
o 


frteta~lt-t+3 34... (132) 


x 


Suppose that we are given the asymptotic expansion (128). When 
n = 1, the condition (127) gives 
lim [f(z) — ¢] =0, 
z—>o 
i.e. 
Co — lim (2) . 


Za 


Furthermore the same condition, when n = 2, gives 


whence 


and in general we have: 


c, = lim |f2) — (6 op +o. + Sey] 2, (133) 

Zo 2 Zz 

These formulae determine in a unique way the coefficients of the 

asymptotic expansion when this expansion exists. It follows that 
a given function can only have one asymptotic expansion. 
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x 


Consider the function e~* on the straight line z > 0. We know 


that for every n we have: 

lim e-* 2" = 0, 

xo 
i.e. the asymptotic representation of the function e~* on the straight 
line x > 0 will be e-*->0. Hence, for example, if a function f(z) 
can have an asymptotic expansion along the straight line x > 0, 
then the function f(z) + e~* will have the same asymptotic expansion. 
We can see in this case that the addition to the function /(z) of 
the term e ~ which decreases more rapidly than any whole negative 
power of x, does not change the asymptotic expansion of the function. 

From the definition of the asymptotic expansion the laws of term 

by term multiplication and term by term integration of asymptotic 
expansions can be proved, viz. when: 


flz)~ SH and g(z)~ S%, 
k=0 * k=0 2 
then 


f(z) p(2) ~ we CK Ay H+ Char Ty +--+ ey Uy 


Similarly, when 


then 
i, a 
i f(z) dz — (k mas 1) 2*-} i 
Zz 


We shall not give the proofs of these laws, which follow directly 
from the definition of the asymptotic expansion. 

It can be shown that the infinite series in the expression (123) 
gives the asymptotic expansion of a certain function, viz. a solution 
of the equation (113) exists for which the following asymptotic 
expansion holds on the straight line z > 0: 


a c ¢ 
w(z) e—%? z 7 i rg ars Ta 


We shall prove this for a particular case of the equation (113) viz. 
for the case when both a, and b, vanish for k > 2. We shall use 
in this proof a special method for integrating the equation (113), 
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viz. we shall give the solution of this equation in the form of a con- 
tour integral. To start with let us try to solve the problem of inte- 
grating the equation by means of a contour integral. 

Above we found that the condition (127) is satisfied when z lies 
at infinity with reference to a straight line L. If this condition is 
satisfied when z moves to infinity along a certain sector then it is 
said that the asymptotic representation (128) takes place in this 
sector. 


107. The Laplace transformation. Consider the equation 
” ' b 
w" + (a + )w’ + (by) + +) w= 0 
or, multiplying by z 


zw" + (ay 2-+4 a,)w’ + (bb2+0,)w=0. (134) 
We shall try to find the solution of this equation in the form: 
w(z) = { v(2’) e dz’, (135) 

i 


where v(z’) is the required function z’ and / is the required path of 
integration which is independent of z. Differentiating with respect 
to 2 we have: 


w' (2) = { v(2’) 2’ edz’; w"(z) = { o(2’) 2'2 0” dz’. (136) 
i i 
Multiplying by z and integrating by parts we obtain: 


dv(z’) 
dz’ 


zw(2) = f v(2’) de®’ = [v(z’) e”’], — e”’ dz’, 
! 


i 
where the symbol 
[e(2’) I 


denotes the increment in the function ¢(z’), when 2’ has described 
the contour J. Similarly we have 
zw’ (z) = [v(z’) 2’ e*’], — i 2] "dz! 
i 
and 


zw"(z) = [v(2’) 2’? e”"], — pee e”’ dz’. 
i 
We must, first of all, make the condition that 
[v(z') (2? + ag2’ +b) e7'],=0. (137) 
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Substituting the above expressions in. the left-hand side of the 
equation (134), the terms outside the integral will vanish, as a result 
of (137), and we can write this equation in the form: 


A[v(z’) 2’2] Stoe}e') 2’] ot do(z’) 
[{Ag +4 Tee 
t 


— a,2' o(z’) —b, v(2’)} e*’ dz’ = 0. 


This equation will certainly be satisfied if we determine the function 
v(z’) from the equation 
aad 2’) + dy 


see Zz aoe) ) 


“] +a) — a, 2’ v(2’) — b, o(2’) = 0. (138) 


Consider the quadratic equation 
zZ2+a2°+b,=0, (139) 
which is the same as the equation (115), and assume that it has two 
different zeros a, and a,. The equation (138) gives: 
1 dv (a, — 2) z’ + (b, —a,) 


» dz’ (z’ — a,) (z’ —a,) 


or, converting the fraction into partial fractions: 


1 dv p-l q—1 
yD dz’ = z’—a, + 2’ —4a, ’ (140) 
where 
_ (a, —2) a, + (6, — a) + (a, —@,) , 
P aoe a, — a, ar 
_ (a, — 2) a, + (0, — ay) + (a, — 2,) 
7 = a, — a : 


On the other hand, we obtain from the quadratic equation (139): 
a,+a,=—-Q, 


and the above expressions for p and q can be transformed as follows: 


_ 44+ , = a, a, +b, 
P=" aaa, a tea, (141) 


Comparing this with the formula (119) we can see that 
P=—-03 I=—@, (142) 


where ¢, and @, are two different values of 9 which correspond to the 
two different zeros a, and a, of the equation (115). 
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On solving the equation (140) we have 


v(z’) = C(2’ — a,)?-3(2' — a,)t-!, (143) 
and, consequently, the solution of the equation (134) will be 
w(z) = cs (2’ — a,)P—1 (z’ — a,)9—1 oe” dz’ , (144) 
i 


where C is an arbitrary constant and the contour |, as a result of (137) 
and (143), must satisfy the condition 


[(2" — ay)? (2’ — a,)e”'], = 0. (145) 


108. The choice of solutions. On choosing the contour J, which 
satisfies the equation (145) in different ways we can obtain 
different solutions for the equation (134). This equation, like the 
Bessel equation, has a regular singularity at 2 = 0 and an irregular 
singularity at z= oc. The determining equation at the singularity 
z=0 will be 

o(e—1)+a,e=0, 


and its zeros will be g¢, = 0 and e, = 1 — a,; we assume, for simplicity, 
that 1 — a, is not a positive integer. Hence one of the solutions of 
the equation (134) will be a regular function at the point z = 0 and 
this solution can be represented in the z plane by the series: 


l+e,z+e,27+... (146) 


We shall first of all, indicate a choice of the path of integration / for 
which the formula (144) gives this solution which is regular at the origin. 

The integrand in the expression (144) has singularities at the points 
2’ =a, and 2’ =a,, which will, in general, be branch-points, since 
p and q will, on the whole, not be integers. When circumscribing 
the point z’ = a, in the positive direction the above integrand will 
gain the factor e@—)?*/ — e??* and when circumscribing the point 
z’ =a, it will gain the factor e@—»?"' — ee?" In future we shall 
assume that the numbers p and g are fractions. 

Consider a finite point 2) other than a, or a,in the plane and denote 
by J, and J, closed contours which originate at z, and encircle the 
points a, and a,. 

We denote the symbol by (i,, /,) the contour which consists of the 
following successive circuits: the circuit along J, in the positive 
direction, the circuit along J, in the positive direction, the circuit 
along J, in the negative direction and the circuit along 1, in the negative 
direction. On completing the first circuit the function (145) gains 
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the factor e”’”. After the second circuit is completed it gains ‘the 
factor e?*"; after the third circuit the factor e~’?” and, finally, 
after the fourth circuit the factor 2-””. Thus when we finally return 
to the point z, we have on the left-hand side of (145) the same branch 
as the one we took by starting out from z,. Thus by taking for J the 
contour (I,,1,) we satisfy the condition (145) and formula (44) gives 
the solution of the equation. Notice that had we taken for the contour 
1 a closed contour which did not encircle the singularities a, and a, 
of the integrand then this function would, of course, also have returned 
to the initial value but, according to Cauchy’s theorem, the integral 
round this closed contour would not have been equal to zero and 
we would have obtained the solution of the equation (134). In this 
case we have chosen the contour (J,, l,) so that by describing the 
singularities we have, nevertheless, returned to the initial branch 
of the function. 
We therefore have the solution 
w(z)=C i} (2’ — a,)P—1 (z’ — a,)9—1 e””’ dz’ . (147) 
(hy A) 
The variable 2’ lies on the contour consisting entirely of finite 
points and we can therefore write the expansion of the series 


zt wee k 
zZf \," f 
er = Sar?" 
k=0 
which is uniformly convergent on the contour of integration. Sub- 
stituting this series and integrating term by term we can write our 


solution in the form: 


Cs) k ai 
woz) =C SZ | eMz —a,)P-2 (2 —a,)4de", (148) 
k=0 (hy i) 


where C is an arbitrary constant, i.e. the constructed solution happens 
to be a solution which is regular (at the origin). It must, however, be 
remembered that this solution is not identically zero; this can occur 
only in exceptional cases, when p and q are positive integers. 

It can readily be seen that the value of the integral in formula 
(148) is independent of the choice of the initial point z). This can 
be shown, for example, by applying Cauchy’s theorem but it must 
be remembered that the complete contour (l,,2,) must be closed, for 
when describing it fully we return to the starting branch of the function 
and, therefore, the use of Cauchy’s theorem is permissible. 
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We shall now consider the particular case when the real part of the numbers 
p and q is greater than zero. We shall assume that the point z, lies on the straight 
line a, a, near the point a,, that J, is a small circle, centre a,, and that J, consists 
of a straight line 2,2, and a small circle, centre a,, where the above straight 
line must be described twice. We will show that when the radii of the above 
circles become indefinitely small the integrals round these circles tend to zero. 
Consider, for example, the circle, centre a,, and assume, for simplicity, that 
p is a real number which, from the given conditions, must be greater than zero. 
Let « be the radius of the circle. On this circumference we have the following 
inequality for the integrand: 


{2*(z” — a,)P“1 (2’ — a,)?? | = | 2” — a, [Poh e” — a)? < PIM, 


where JV is a positive constant. For the whole integral over the above circum- 
ference we have the inequality: 


| f 2 (2? — a,)P7? (2’ — a,)99 dz’ | < 6?“ M2ne = &? 22M, 


from which it follows that the integral tends to zero together with ¢. For the 
complex power p = 7p, + ¢p,, where p, > 0, we have: 


(er — @,)P-HY = fells — 1) + trad log (e” — a) | _. 9 (Pa — 1) 10g 2’ — a1 — Prarg (e — 2) 


or 
\(2’ = a,)P7! — invl, e 7 aarg (2’—a) 


and the result will be the same. 

Hence using the above method of integration we can, in the limit, neglect 
the integration round the circle; we then have the path of integration 7, and 
we must integrate along the straight line a, a, encircling the point a, and 
returning to the point a, along that same line. 

Bearing in mind the factors which the integrand gains by describing the 
points a, and a, we obtain the following formula for the solution (147): 


Wy (z) _ OeP2*t el Del eft) f (2’ = a,)?—} (2? — a,)?—} ee’ dz’ ne 


a 
+ C(e?*_ 1) s (2! — a,)?-} Qs a,)?—? e’ dz’ 
or 
w,(z) = — O(eP?*! — 1) (e#! — 1) f “(e? — a,)P} (2 — a,)?2 ode’. 


a, 


If we suppose that p and gq are not integers and reject the constant factor 
we can, in this case, write the solution of the equation (134) which is regular 
at the origin simply in the form of an integral along the line a, a,: 


w,(z) = 0 f (2’ — a,)P—1 (2’ — a,)f—* e* dz’, (149) 


aq 
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This last result can also be obtained directly. If the real parts of p and q 
are greater than zero, the expression (145) must vanish when z’ = a, and 
z’ == @;, 80 that we can simply take the line a, a, as the path of integration J. In 
this case we are not using the fact that p and q are not integers. 


Let us now return to the general case. Notice that if we take for 
the path of integration only one contour J, or /, then the value of the 
integral will, in general, depend on the initial point z, and we 
ghall not obtain a solution of our equation. However, the point z, 
can be so chosen that we can, in j 
fact, obtain a solution of the y 
equation. 

We shall assume in future that 
z is @ positive number and notice 
that the expression 

(2’ — a,)P (z' — a,)4e*” (150) 
tends to zero as 2’ tends to 
infinity, so that the real part of 2’ 
tends to (—°°) and its imaginary 
part remains bounded. We shall say 
that 2’ tends to (—°°). If we chose 
for the contour 7; a contour the 
ends of which are at the point (—°°) and which circumscribes a,, 
then at the ends of this contour the expression (150) will vanish 
and the condition (145) will be satisfied; consequently the integral 
round this contour will give a solution of the equation (134). We 
obtain a second solution similarly by taking for the path of integra- 
tion /; a contour originating at (—°°), which circumscribes the point 
a,in the positive direction. We thus obtain two solutions for the equa- 
tion (134): 


Fig. 68 


w, (2)= i) (z’ — a,)P~? (z’ — a)?" e* dz’, 
i 


(151) 
W, (2) = ff (2 — ay)? (2' — ay)? e* dz’, 
ty 


The integrand has branch points at z’ = a, and z’ = a,. To make 
this function single-valued we must cut the plane from these points 
to. (—°°) and, assuming that the imaginary parts of a, and a, 
are different, we cut the plane along straight lines parallel to the 
real axis (Fig. 68). In the cut plane we select that branch of the 
integrand for which arg (z’—a,) = 0, when z’ — a, > 0, i.e. the 
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continuation of the first cut, and arg (z’ — a,) = 0, when 2’ — a, > 0. 
The contours 2, and /, are situated as shown in Fig. 68. The 
above conditions fully determine the solution (151) when z > 0. 

Notice that the exponential function e” tends to zero as 2’ —» —°o 
not only for positive values of z but for any value of z, the amplitude 
of which lies within the limits 


— > <argz< ; (152) 


In fact, assuming that z = x + yi we have, at the same time, z > 0. 
Also 2’ = 2’ + yi, where z’-> —co and | y’| remains bounded. 
Thus the real part of the product 
zz’, which is equal to x2’ — yy’, 
will also, in this case, tend to 
(—°o) and the function (150) will 
vanish at the ends of J; and J). 
Hence formula (151) gives the 
unique solution for all z2’s in the 
sector (152). 

We shall now establish the con- 
nection between the solution (151) 
and the solution (134) which is re- 

Fic. 69 gular at the origin. Bearing in mind 

further applications of the Bessel 

equation we shall restrict ourselves 

to the case when p = g. To obtain a solution regular at the origin 
we can take as the contour of integration not the contour (i,, J) 
which we mentioned above, but a simpler contour, viz. a contour 
from a point 2), which describes the point a, in the positive direction 
and the point a, in the negative direction. On completing the first 
circuit the integrand gains the factor e°*” and on completing the 
second circuit the factor e-?? — e-??"! so that we return to the 
initial value and the condition (145) is satisfied. As before the con- 
structed solution is independent of the choice of the point z,. Let 
us remove this point, without affecting either of the points a, or 
a,, to (—°°) for example, along the lower edge of the cut 7, which 
goes to the point a, (Fig. 69). The completion of a circuit around 
the point a, will then give the solution w,. On completing this circuit 
we shall find ourselves on the upper edge of the above cut and we 
shall then have to complete a circuit round the point a, in the negative 
direction. Had we completed this circuit from the lower edge of the 
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cut 7,, we would have obtained the solution (—w,). However, by 
coming onto the upper edge of the cut, from where the circuit round 
the point a, is being described, the integrand acquired the factor 
e?! and therefore the completion of a circuit round a, in the 
negative direction gives (—e”**' w,). We finally obtain the following 
rule: when p = q the regular integral obtained by integrating round the 
contour shown in Fig. 69 can be expressed in terms of the solution (151) 
in the form: 
w, (z) — eP?*! w, (2). (153) 
109. The asymptotic representation of solutions. We shall now 
deduce the asymptotic expansions for the solutions (151) for large 
positive values of z. Let us recall that we have determined these 
solutions for values of z in the sector (152). We begin with the first 
solution. Replace z’ by a new variable of integration ¢, according 
to the formula 
2’ —a,=t, (154) 
and assume, to simplify the notation, that 8 = a, — a,. The first solu- 
tion will then have the form: 


w, (2) = f tP—-1 (t + B)t-1 e%1*9 dt, (155) 

I, 
where J, is a contour which goes from ¢ = —oco and surrounds the 
origin. The points t=0O and ¢=-—f are branch-points of the 


integrand function. Instead of the cuts shown in Fig. 68 we cut 
the ¢t-plane in two places, viz. from (—°°) to the points ¢= 0 and 
t = —B =a, —a,, respectively; here argi=0O when ¢ > 0,while 
arg (t+ 8) =0 whent+ f> 0, i.e. on the continuations of these cuts. 
Using Newton’s binomial expansion we have, when |¢| < | # | 


(t+ prs pf +2)" = Sat (156) 
k=0 
where 
dy, — pa po" a= 1) (9 —?): + —*) (do pa B7-}) : (157) 


From the above condition for the amplitude of (¢ + ) in the¢-plane 
with the cut from (— °°) to (— £8), we can assume that in the expression 
B1-| which is equal to the function (156) when t = 0, the amplitude of 
B lies within the limits 

—a<argp< x, (158) 


and we assume that f is not a real negative number. 
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When |¢| >| £8| we cannot use the formula (156) and in this 
case we can simply write: 
(t+ By =dy+d,t+...+ 4,04 RB, (0, 
where 


R,, (t) = (¢ + B)** — (dg + d,t+...+4, 0). (159) 


Using the above formulae we can write: 


n 
w, (z) =e Sd, [ et tP+k-1 dt + e%7 ( ott?! R, (t) dt. (160) 
k=0 i, i, 
Consider the sum on the right-hand side. Replacing ¢ by a new 
variable of integration t, according to the formula 
at =—_— t = ne 
we can obtain the integral in the form: 
S et pptk—1 dt = e— Pi (— 1)* 2—P—k ) e7t qPtk—-1 dt. 
I 
where the path of integration 2 is along a cut from t = +00 and around 
t= 0 in the positive direction. Owing to the fact that 2t = e-** 
we have t = ze™t, where we assume that z> 0 and arg z= 0, 
i.e. the t-plane is obtained from the t-plane by rotation about the 
origin by an angle 2, so that the lower edge of the cut /, in the ¢ plane, 
where arg t = — 2, becomes the upper edge of the cut A in the t plane; 
as a result of the above formula we must assume on this upper edge 
that arg t = 0. 
Remembering the connection between the above contour integral 
and the function F(z) we have [74]: 


je tP+k—-] qt — @—7Pi (_ 1)k z—P—* (e(P+*) 20 __ 1) P'(p + bh), 


and formula (160) gives: 


wy (2) = er 2-P (0%! — 1) ol S(— 1) Ip +h) 2-* + 


k=0 


+e? ( oP R, (t) dé (161) 
ly 


or 


om 2? wy, (2) 0-77" (0%F! — 1) $*(— 1d Tp +b) 2 + 
k=0 


+ 2? ( e tP-1 RB, (t) dt. (162) 
>, 
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We will show that the infinite series 


e~7Pi (e2"P = 1) > (— 1)4 I(p aad dy (163) 
k=0 2 


represents the asymptotic expansion of the function e-*2?w,(z) 
when z > 0. 

To prove this we must show that the product of z” and the last 
term of the formula (162) tends to zero, i.e. 


2a 


lim 2"+P af e tP—1 R(t) dé = 0. 
A 


Consider the following path of integration: the line (— °°, —r) of the 
real axis, a circle, centre ¢ = 0 and radius 7 and the line (—r, —°o) 
of the real axis, where 7 is a positive number. 

We will show, to start with, that the expression 


zp [oi R, (t) dt (164) 


tends to zero as z-» -+- °°. The same thing must also apply to 
the integral along the line (—r, —°%9), since only the factor e?—1)?*! 
is added on describing the point ¢ = 0. 

Returning to the formula (159) we can see that a sufficiently large 
positive number WN can be found such that 


an |+0 as t{—> — co, 
t 


and therefore the modulus of the quotient F,,(t)/t’ will be bounded 
along the whole path of integration, and we can write the inequality 


|R,()|<m|\N (-2<t<—n), (165) 


where m is a fixed positive number. Let ¢ be a small positive number. 
Remembering that an exponential function increases more rapidly 
than any power function and bearing in mind (165) we can write 


?—* Ry (t) 
a 


— 0 as t{— — c 


or |t?—1 R, (t)| << m,e—* (—-co<t< —7), 


where m, is a positive constant. 


420 LINEAR DIFFERENTIAL EQUATIONS [109 


We therefore have the following inequality for the expression (164): 
—r —-r 
|2"*? 5 e7! P—1 F(t) dt | < |z"*?| s m,e@- dt  (z> 0), 


e., integrating 


[aetP e e# ¢P-1 F(t) de | eee ila m,e—@—)", 


It follows that the expression (164) does, in fact, tend to zero 
as z—>-+oco. This will be so for every fixed r. It now remains 
to be shown that the expression given below also tends to zero 


zap Ai e* 1 R(t) dt, 
c 


where the path of integration C is the circle, centre the origin and 
radius r. We assume that 7 is very small, for example, 7 < (1/2) | 6 |. 
We can then use Newton’s binomial expansion (156) on the circum- 
ference |f| =r. 

According to Cauchy’s inequality we have the following inequality 
for the coefficients of the expansion d, 


al <agae 


where m, is a positive number. We now assume that | #| — « 
is equal to, say, @ = (1/2) | 8 |. We have further: 
R,, (8) = dag, + dig, t+... 


The above inequalities give 


1 —k 1 
Jail <m([6l) 3 l=r< bl 
and, consequently, 
t nati 
[Bn (| <[ena |"? + ldngal te? +. < a — (166) 
where 


6=— <1. 
Q en 
This inequality for &,(¢) is also valid when |t| < 7, i.e. when ¢ lies 


in C. We again replace ¢ by a new variable of integration t, according 
to the formula z# = —t, and we obtain the following expression: 


males t?-1 R(t) dt = (— 1)? alee PR (- = ar, (167) 
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where the path of integration C’ is a circle, centre the origin and 
radius rz. According to Cauchy’s theorem we can deform this contour 
and take for the contour of integration any closed contour, which 
originates at the point rz of the real axis, encircles the origin and 
lies in C’. In this case the corresponding contour in the ¢ plane will 
lie in C and the inequality (166) will be valid. We can, for example, 
take for the contou of integration C” the following path: the segment 
of the real axis from 72 to a point ¢ which lies to the right of the origin, 
a circle, centre the origin and radius c¢ and, again, the part (c, rz) 
of the real axis, where c is a fixed positive number which is indepen- 
dent of z. 

We suppose at first that p is real. Using (166) to find an upper 
bound of the expression (167) we obtain [4]: 


Me jt? 


gaye 1a 


(ona form Zac 


where ds is the differential of the arc of the contour. We will show 
that the coefficient of 1/z will remain bounded as z increases inde- 
finitely. In fact, integration round the circle with radius ¢ gives an 
expression which is independent of z. Let us now also consider the 
integral along the line (c, rz). This gives the following coefficient of z-}: 


12 
TMs J —t n+p 
—_—_ e "Tt dt. 
et? (1 — 6) 

c 


As z increases indefinitely this last integral tends to the finite 
limit: 


c~ =] 
j et r"tP dr, 


e 


where the existence of the above integral is fully assured by the 
factor e~* in the integrand. Hence our proposition is proved for a real 
p. When p is complex, i.e. p = p, + tp,, we only have to use the 
usual property of a complex power, viz. 


TP = elPitipslogr — e(Pitipelogit| +iargt) 


whence 
\zP| —_ |zjPs -e@ P2arer | 
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We can therefore say that the series (163) gives the asymptotic 
representation of the function e-°"z?w,(z) when z > 0: 


e777 Pw, (2) ~~ e—7Pl (e2P! a 1) > (— 1)* I'(p 5 k) dy ; (168) 
k=0 
where 
—1 —2)...(q—k 
d;, =(a, — a,)?-1-* (g—1) (9 x (q — k) (169) 


(dy = (a, — a,)*"; —a<arg(a, —a,) <2). 
We will not consider the case when in the formula (168) p is an 
integer. 
Similarly, for the second of the solutions (151) we obtain the asymptotic 
representation : 


m8 of a, (2) ome (Pmt — 1) S(— yk TUEDE (170) 


k=0 
where 
d, = (a, — a,)P-i-* fo=Nip~ 9).-ip— 8 (171) 
(dj = (a, — a,)?-!; —a< arg (a, — a,) <2). 


For the powers z’ and z* it must be assumed that arg z = 0 when 
z> 0. 


110. Comparison of results. We now return to the calculations 
in [105]. In that section we constructed the following solution of 
the equation (113): 


et (4 +4—-+.-.), (172) 


which formally satisfied this equation. Let us compare the expression 
(172) which we obtained at the time with the expression determined 
by the asymptotic formula (168), i. with the expression: 


412 4—p —*pl ( 2npi__ | yk Lie +) de 173 
emit 2 P "Pl (6 Ps ae vie) 


and let us show that these expressions are exactly alike except for 
the constant factor which enters formula (172) in the form of the 
arbitrary Co. 

Comparing the equation (134), for which we deduced the asymptotic 
formula (168), with the equation (113), we can see, first of all, that 
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we must assume that a, = 6,=0 when k > 2. The exponential 
and power factors coincide in the formulae (172) and (173) since the 
equation (139), from which we obtained a,, coincides with the equation 
(115); also, from (142), we have p = —9Q,, where 9, is the value of 
o determined by the formula (119) when a = a,. The equivalence of 
the power series in the formulae (172) and (173) remains to be shown; 
for this purpose it is sufficient to show that the coefficients of these 
series satisfy the same relationships from which they can be deter- 
mined. 

The series in the formula (172), obtained as the formal solution 
of the equation (120) satisfies the following differential equation for 
a, = by = 0, when k > 2: 


u" + (2a, + ay + SE) w’ + tra Ne y=, (174) 


Remembering the form of the equation (115) we can write: 


y+ G,= — Gy; 2a, + a) =4,—4,; 2a, +) = a, — Gy, 
whence 

Pe Na ens mc — _ 22% th, 2,4, +0, 

1 2a, + a, a,—a, ’ C2 2a, — a, a,—a, ’ 


and therefore 


0 +4,=—e; of + (Q,— la = — 010: — O. (175) 


The equation (174) has the same form as (124) and we obtain the 
following relationship for the coefficients cp: 


[n(n + 1) — n(2e, + @) + ef + (A, — 10] Og = 
= (n + 1)(2a, + do)en41 
or, from the equation a, + a, == —d, and from (175): 
[n(n + 1) — n(o, — @2) — 01 2 — C1] On = (2 + 1) (@y — Gg) Ong (176) 


If we denote by c, the coefficients of the infinite series in the 
formula (173): 


Ch = (—1)"d, p(p+1)...(p +2 — 1) Ip) =(— "4, LP (pt a), 


whence 
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or from the formula (169): 


Chit (q—n—1) (p+) 


C,té<‘“‘é‘wM ‘A*Y(Y—@) 
or 


(n + 1 — q) (n+ p)e, = (n+ 1) (a, — Op) Ca41- 


Bearing in mind that p = — 9, and qg = —o, we can see that the 
above relationship is the same as (176). We can thus see that formal 
solutions of the equation (134) which are constructed by the methods 
given in [105] give the asymptotic representation when z—> +o, of 
solutions determined by the formulae (151) except for the constant term. 


111. The Bessel equation. Let us apply the above theory to the 
Bessel equation [II, 48]: 
22 w" + zw’ + (22 — n*?)w = 0. (177) 
Replacing w by a new unknown function u, defined by the formula 
w= 2" 4, 
we can obtain the equation (177) in the form: 
zu” + (2n+1)u' + 2u=0, (178) 
and this happens to be an equation of exactly the same type as the 
one we have considered above. In this case we have: 
a,=0; 4,=2n+1; B=1; 6,=—0. 


The quadratic equation (139) will be 2#-+1=0, so that we 
obtain: 
a@,=%; a, = — i, 


and, similarly, from the formulae (141) we have: 


_ Qn4+1 . — &n+1 
Ag Se sd 2a 
The final solution (151) will, in this case, have the following form: 


2n-1 2n—1 


ay = f (274+ 1)? ede’; Uy = { (22+ 1.2 edz’, (179) 
h I 


where the contours /, and I, originate at the point —°o and surround 
the points 2’ = 7 and 2’ = —i 
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These solutions are given by the formulae (179) where 
—n/2+e< argz< 2/2 — «. From the condition in [108] arg (z’ + 7) =0, 
when 2’ + 7 > 0, and arg (z’ — 1) = 0, when 2’ — i > 0. It follows 
that arg (2 + 1) = arg (z’ + 7) + arg (2’ — 7) = 0 when 2’ is real. 

For the first of the solutions (179) we have, from (168): 


] 
1 Br ee. : r{ o4k)d 
ecitg Fy Ae {n+ 3) (e720 +i _ 1) v(— 1)* or 2 a } k 
1 =, in ios 
Remembering that 
e7(2n+1)i —~j=— (1 + er7ni) 


and the expression (157) for d; 
n— 1K | rege? pee th 
d,= (28) ? (? : )= (2%)? | 2 


(-= <arg2i<2” or arg2z =+). 


i.e. 


k 


we obtain the following asymptotic representation: 
1 x h,. 
ats — 5la—s}k . as 
e—izz ” Ue noe 3( 3) (1 + 97/)2 zy 


‘ al} (++ +#)(z)- (80 


Similarly, analogous calculations give the following formula for 
the second solution (179): 


1 


3 1 
nti Sai n- <= 


e@z ?ur~e > * (L4+er*ni2 ?x 
o 1 - \k 
af am—- > 1 % 
x S| a \rett+aay. (181) 
where the only difference is in the coefficients d’,, which are expressed 
by the formula 
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Let us recall that the symbol (;) for an integer k > 0 denotes the 
following: 


({) = Sea BO EEY ona (3) =1. 


Remembering the expression (153) for a solution of the equation 
(178), which is regular at the origin, where the letter w replaces the 
letter u, we can replace the solution u, by a new solution u3: 


For this new solution we obtain the asymptotic representation 
1 


Oa oy open 2" ay 
ae |r (n+ + k)(— ale (182) 


= 
2 
uk ~e 


n+ 
2 


The correeponding solution of the equation (177) can be obtained 
from w = z" u, by adding the factor 2”. 

The solution (179) is sometimes written in a slightly different 

form, viz. 2’ is replaced by a new variable of integration t, according 

to the formula: z’ = it =e™!? z; this corresponds to 

the rotation of the 2’ plane through an angle (— 2/2): 


“, = if (1 — 7). 2 girs dr, 
. (183) 


-_ 


Uy if (1 _ 7)" * eld, 

=4 4 where A, and A, are contours which originate at the 
point t = + 7 © and surround the points t = +1 
and t = —1 (Fig. 70); arg (1 — t?) = 0 when f is 
purely imaginary, which corresponds to a real 2’ or, 
which comes to the same thing, arg (1 — +”) = x when t > 1. Assum- 
ing that 1 — 7? = e™ (x2 — 1), we obtain in place of (183): 


Fia. 70 


u = a - M6 (x2 — 1) ? ef dr, 


(184) 


1 
Uy = 5. i a) i (72 — Vs ? gize dt, 
ba 


beg THE BESSEL EQUATION 427 


where 
arg (t?— 1)=0 for t>1. (185) 


The corresponding solutions of the equation (177) will be: 


x (n— 5) n-5 
wW,=8 iat J (t2—1) “el dr, 


(186) 


n (a— 3) n- ; 
Wy = 0 izt J (x?—1) “edz, 
3 


and the asymptotic representation of these solutions for large positive 
values of z will be obtained from the above formulae by the addition 
of the factor z" to the right-hand sides. Replace the second solution 
by wy = e@"t}¥! y,, 80 that 


1 
al on 


1 
an+ 3) i = 
eet i) iz? § (x2 — 1)" * elt dr. (187) 
Ay 


The difference u, — uz gives the solution of the equation (178) 
which is regular at the origin z = 0 and, similarly, the difference 
w, — wy gives the solution of the Bessel equation which has the 
following form near the origin: 


2” > By 2. 
k=0 
We know already that this solution of the Bessel equation is given 
by the following series [II, 48]: 
22 24 
C2"|1 ~~ Q(2n + 2) + 2-4-(2n4+2)-(Qn4+4) °° | : 


When 7 is a positive integer or zero then, as we said before, we 
select the constant C equal to 1/2"! where, as always, 0! = 1; 
with this choice of the constant we obtain the Bessel function of the 
first kind: 

= _— 1\F g \nt+2k 
J,@)= 3" (4) 


k(n +k)! 


or, using the function I’(z): 


Z — {( 1*) z \n+2k 
Jn) = Srepnreaseey (s) 
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When 7 is not an integer the constant C is equal to 


1 


v= 2"Tin +1) 


and we arrive, similarly, at the solution 


Se 
= Kin +k) (n+k—1)...n4+)F(n+1)) (+) 


or, from the fundamental property of the function I'(z): 


oa —.1)* 2 \n+2k 
Tnl2) = 2, Te + Te + k +1) (+) a) 

The Bessel function of any variable is thus determined. The 
difference w, — w} will not give the exact value of the Bessel function; 
it will differ from it by a constant factor which we shall now attempt 
to find. We must, therefore, take in place of the solution (186) a new 
solution which differs from the one above only by a constant term; 
the latter is so chosen that the difference of the new solutions should 
give the exact value of the Bessel function J,(z). Introducing the 
minus sign in the second solution we shall look for a constant a from 
the condition, that half the sum of the solutions 


pont 
H® (z) = bw, = az” (2—1) *e dr, 


1 
am-s | 
H® (z) a bw* ae ae(2n+3)xi gn f (7? = 1) 2 giz dr (189) 


1). 
ain——]t 
aay 
gives the Bessel function. 
In all the above calculations we have assumed that (n — 1/2) is 
not equal to an integer m > 0. This latter case we shall investigate 
in the detailed treatment of the Bessel function. 


112, The Hankel function. In the above method of choosing the 
constant a the formulae (189) gave two solutions for the equation (177) 
which are known as the Hankel functions; they are denoted in the 
same way as in the formulae (189). We saw earlier [108], that by 
adding the solutions (189) we obtain one integral along the path of 
integration C which will have the form of the figure eight, as shown 
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in Fig. 71. Let us recall that this figure can be obtained from Fig. 69, 
when a, = 7 and a, = —1?, by rotation about the origin through a 
right angle in the clockwise direction. 

Bearing in mind the fact that half the sum of the functions (189) 
should give the Bessel function (188) we have: 


-_ 


yrn".(290) 


1 n 2 dames ee ae _ ee u)" z 
a2 } (t?7—1) “e d= & ret )TaPksh) & 


Simplifying both sides by dividing by 2” and assuming subsequently 
that z= 0 wearrive at an equation which gives a: 


1 


Sa (TS) 
2" Fn +1) 


I 
a fae- 1) 2dr 
c 
and the integral on the left-hand side only re- 
mains to be evaluated. Assuming that 7 is real and 
that (n — 1/2) is greater than(—1)we can, asin * 
[108], transform the path of integration C so that COS) 
it runs along the straight line (—1, +1); we must 7a 
integrate along the lower edge of the line from Fig. 71 
(—1) to (+1) and along the upper edge of the 
line from (+1) to (—1). We said above that arg (x? — 1) = 0 when 
t > 1, from which follows that arg (t? — 1) = 2 on the upper edge 
of the line (—1, +1) and arg (r? — 1) = —z on the lower edge of this 
line, i.e. 


AS tn (n- 5) n— 5 
(?—1) “=e “(1 — 1?) (on the upper edge), 


1 
Aa—- 


1 
—in(n—<= 
(27-1) ?=e ( Dg — 12) ? (on the lower edge); 


and, finally, adding the integrals, we obtain: 


1 1 I 
n—> P3 
[ (x? —1) *dr=—2i sin(n — +) me — 7) “dr, 
é -1 
where 
n—} (n- 3) log(1—t*) 


(1 — T°) =e (1 —t?> 0). 
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Bearing in mind the fact that the integrand is an even function 


Wwe can write 
1 1 


1 — 1) ?@de= — 4isin (n -+) xfa — 1?) "3 de, 


or, substituting t by a new variable of integration z, according to the 
formula t? = 2: 


1 1 1 1 
n=—- _— — n=—- 
fe—-y "de = — 2ésin(n — >) x [x 21 —2) ?dz. 
Cc 0 
But we saw earlier that 


1 


ea = Ip) F(@) 
xP—1 (1 — x)§ 1 dz = = "7, 
J I'(p + 4) 


so that the integral in the equation (191) will be 


1 1 
Mies yee — 2isin(n — >} rales) = 
1 1 
= 2an(o tp 


But we had earlier: 


Pz) Pa — z) = —2— and r(s)=h. 


sin 72 


whence 


P (n ++ )sin(n + =)2 = —*— (192) 


z r(-—») Tin +1) 


We deduced this formula on the assumption that n is real and 
that n — 1/2 > —1. Bearing in mind the fact that both sides are 
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analytic functions of n, we can say that this formula will hold 
for every value of n. Formula (191) thus gives us the following value 
for the constant a: 


QW i 


Substituting this value in the formula (189) we obtain an expression 
for the Hankel function: 


1 


1 
H®) (2) = ea) = (4) f (2-1) edz, 
i, 


3 
4 
(193) 
1 
riz—n n n- : 
H® (z) = — Es) ential (+) f (~2—1) elt dr. 
nai ay 


We assume in both integrals that arg (rt? — 1) = 0 when r> 1. 
If we assume in the second integral that arg (rt? — 1) = 22 when 
t > 1, we can write: 


1 
H® (2) = aes) (4) i) (72 — ie dr, 
ni ay 
; (193,) 
H® (z) = — er es za (4) [ (<2 — i hia dr. 
ae i 


When t—> +i © the real part of iz t tends to (—°°) provided the 
real part of z is greater than zero; formula (193) thus determines the 
Hankel function to the right of the imaginary axis. Let us remind 
you that we have assumed that n — 1/2 is not a positive integer. 

The Hankel function H(z), as given by the formula (193), differs 
from the first of the functions (186) by the factor 


a) 
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Taking the asymptotic expansion (180) and bearing in mind that 


w=2"u, we obtain after performing elementary transformations: 


petite 1 l 
: 2°e r (+n) sin(n+—)a 
ez" HY) (2) ~ — ————__——_, x 
a 
x n> P(nt+ + +a)(Z) 
5| k 2 22 


or, from (192): 


ed mp) ~(E) 
r 


H® 2) ~ (4). 


Similarly, we obtain: 


A sf 2 _ 7) ~ 
mo~(3 a S(F rer t)(- dy. 
2 


The latter formulae can be written as follows: 
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where 0(|2z|~*) denotes a number which is such that the product 
| 2 * o(| 2 |-*) remains bounded as | z| increases indefinitely. In the 
expression (2/mz)/? it must be assumed that arg z= 0, i.e. the 
positive radical must be taken. 

We proved the above asymptotic formulae for the ray z> 0. 
It can be shown that these formulae will be valid in certain sectors, 
viz. formula (195,) holds in the sector: 


—ru+e<cargz< 2% —e, 
and formula (196,) in the sector: 
—2n+e< argz<2x—e, 
where « is any small positive number. 
113. The Bessel function. Substituting the expression we found 


for a in the formula (190) we can represent the Bessel function J,,(z) 
by the integral 


1 
Jn (2) = deme (4) (2 — ra dr. (197) 
Qn? i c 


This formula, like formula (193), holds for all values of n except 
for values of the form m -+ 1/2, where m is an integer > 0. 

If the real part of n is greater than (—1/2) then integration in the 
above formula can be reduced to integration along the double line 
(—1, +1) and, using the same arguments as above, we arrive at the 
formula: 


aes area] (=) J (=a) Fede 9g 
If we put t = sin » we obtain: 
2 
2 


x [cos(z sin gy) + isin (zsin ¢)] dy, 
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or, bearing in mind that the coefficient of 7 is odd: 
I a 
Jn (2) = ———~ [+] f cos" p-cos(zsing) dp (199) 


(in) >— =), 


which can also be written as follows: 


2 
J, (2) = 2 (+) | cos" qcos(zsing)dp (200) 
6 


(2[n} >— =). 


Taking half the sum of the asymptotic expansions (195) and (196) 
we obtain the asymptotic representation for the Bessel function. 

For simplicity we shall only consider the ray z > 0. In this case 
the modulus of the factor e*” is unity. Taking half the sum of the 
expressions (195,) and (196,) and bearing in mind that 


(=) ee ay Olz-")=O(2 7) ~~ (z> 0), 


we obtain: 


Jn (2) = -[ HO (2) + HO @)| = 


id ee 


k 
(— 1) cos (2 — 3% — Beer 
c — 2 r) +0(2 P , (201) 
(2.15 sin ( _ 3 +) 


where the first expression in the braces refers to the even k and the 
second to the odd k. 
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Considering only the first terms of the asymptotic representation 
we can write: 


Hp = (2y oF 9a + o¢e-m, 


HY (2) = (ayea FH oder 


Me 


(202) 


1 


and for the Bessel function 


d 3 


2 ne 
J,(2) = (4) cos (z -_3- +) +O(2 *) (2>0). (203) 

The difference in the asymptotic expressions for the Hankel and 
Bessel functions plays an essential part in solving problems of mathe- 
matical physics in infinite domains which include the point at infinity; 
we shall deal with this later. 


114. The Laplace transformation in more general cases. The Laplace trans- 
formation can be applied to equations of a more general type than the equation 
(134). Consider, for example, an equation the coefficients of which are poly- 
nomial expressions of the second degree: 


(2) 2? + az + Gg) w” + (by 2? + bz + B,) w’ + (cg2? + 6,2 + C2) w =D, (204) 


where we assume that a, # 0. If we divide the above equation by the coefficient 
of w*, then the coefficients of w’ and w will lie in the neighbourhood of z = o, 
and they will have the same form as in the equation (113). We shall again try 
to find the solution of the equation (204) in the form: 


w(z) = f v(2’) eo dz’. (205) 
i 
Using the same arguments as in [107] we obtain for v(z’) a differential equa- 
tion of the second order in the form: 
d 


P z d 
(1_2"* + Bye” + 0) ae + P(e) Ger tale’) 0 = 0, (206) 


where the coefficients which are omitted are polynomials, the degree of which is 
not greater than two. Construct the quadratic equation 


a,a%?+b,a+¢,=0 (207) 


and assume that it has different zeros a = a, and a = a,. The equation (206) 
has regular singularities at the points z’ = a, and z’ = a,. At each of these 
points the determining equation has one zero equal to zero. Denote by (p — 1) 
and (¢q— 1) the second zeros of the determining equation at the above points; 
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we assume that p and g are not integers. At each of the above singularities 
there is one regular solution and the second integral has the form: 


0, (2’) = (2’ — a,)P~* g, (2’); vz (2’) = (2’ — a,)*—* p, (2’), (208) 


where 9;(z’) is regular at the point z’ = a, (k = 1, 2). The contour J in formula 
(205) should be so chosen that the increment of the term outside the integral 
vanishes on integration by parts, as in [107]), round lJ. This will be so if the 
following conditions are satisfied: 


Ajo? = 
Bolu Sa ae, fas : (209) 
de” m=0, 1, 2 


Take for v(z’) the integral »,(z’) and for J the contour J; shown in [108]. 
We thus obtain, as in [108], two linearly independent solutions of the equa- 
tion (204): 
Wy (2) = f oy (2’) 0% dz’ (z > 0) (k =1, 2). 
Ik 


These solutions will have the following asymptotic representation as z— + o: 
a,24—- AI 
w, (z) = e%* 2 P(g +--+...) 
a,27,—-9 d, 
We (Zz) = e%**2 a aa See 


which are the same as the expansion in [105] except for the constant terms. 
The Laplace transformation can be applied in cases when the coefficients of 
the equation are polynomials of degree m. We then obtain for v(z’) an equation 
of the mth order, the coefficients of which are polynomials of the second degree. 
As before this equation for v(z’) has at the singularities z, = a, and 2’ = a, 
(the zeros of the coefficient of d"v/dz”) unique solutions of the form (208). 
The remaining solutions are regular at the above singularities. Otherwise the 
arguments used are exactly the same as before. 


115. The generalized Laguerre polynomials. Investigations of the 
condition of an electron in the Coulomb field and some other problems 
of modern physics lead us toa linear differential equation of the second 
order in the following form: 


sg? 


w" + —w' + (e+ 2 — Z)w=0. (210) 


Here s is a given real positive number and ¢ is a real parameter. 
The problem involves the finding of those values of the parameter 
for which the equation (210) has a solution which remains bounded 
along the whole line 0 < z < +9 on the real axis. 
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Let us consider, to start with, the region of negative values of the 
parameter « and replace z by a new independent variable z, given 


by the formula: 
x= 2) — 8 (211) 


and replace the parameter « by a new positive parameter A given 
by the formula: 


(212) 


After these transformations the equation (210) will have the form: 


d? w dw 2 


This equation has a regular singularity at the point z= 0 and 

the determining equation at this point will be of the form: 
g? 
a(o — lI) +o—-=-=0. 

This latter equation has zeros o = + 8/2. Bearing in mind the 
condition that the solutions must be bounded at the origin we 
take the zero o = 8/2, i.e. we must isolate the factor a'*| and our 
solution will have the following form near the origin: 


w=x > b,2* (by #0). (214) 
k=0 


At infinity we must, according to [105], try to satisfy formally 
the equation (213) by an expression 


emt ae yk (Cy ¥ 0). 
imo 


The quadratic equation for a will be 


ed 


Be 0: 


It gives the values a = -++ 1/2 and the corresponding values of the 
constant ga will be [from (119)]: 


a=—( +3); g=A—=. 
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Bearing in mind the condition that the solution must be bounded, 
we must take that solution which has the following asymptotic repre- 
sentation at infinity: 

wee gb gs 
i 3 


e 7x Peg (215) 


k=0 
The problem thus involves the determination of those values of 4 
for which a solution in the form (214), after analytic continuation 
along the line (0, +°°), has the form (125) at infinity. 
The above considerations naturally bring us to the conclusion 
that w should be replaced by a new function y, according to the 
formula 


ee! 
w=e *z*y. (216) 
Substituting in the equation (213) we obtain for y the equation 
d? d 1 
Sh + (s+1—a) e+ (a— AF Jy =0. (217) 


This equation happens to have the same form as the equation 
(134) which we investigated before. Bearing in mind our former consid- 
erations we should be able to find a solution of the equation (217), 


which is regular at the origin and is of the order 2‘ “+” at infinity. 
If we suppose, for briefness, that 
sti asp, (218) 
then the equation (217) can be written as follows: 
d? d 
a—# + (s+1—-2) =) —py=0. (219) 


We shall attempt tofind a solution of this equation, which is regular 
at the origin, in the form of the usual power series 


y=1+6,24+6,27+... 

Substituting in the equation (219) and using the usual method of 
undetermined coefficients we obtain the solution in the form of a 
series, very similar to the hypergeometric series; thus if we denote 

= Oi og, CGN) 2 
ia,yit) = Lees or Wye) 2 Sree (220) 
then the solution of the equation (219), which is regular at the origin, 


will be 
y = CF(p,s +1, 2), (221) 
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where C is an arbitrary constant. Notice that the series (220) conver- 
es for every value of z; this follows from the form of the equation 
(219) and can readily be proved by the d’Alembert test. It is evi- 
dent that the series (200) ends abruptly when a is either zero or a 
negative integer and in this case our solution will satisfy the neces- 
sary condition at infinity. We thus obtain from (218) the following 
equation for the determination of the parameter A: 


sft jg, =n (n =0, 1, 2,...), 
whence 
4=tt iin (n= 0, 1, 2,...). (222) 


For this value of the parameter the required solution of the equation 
(219) will be 


F aaa n x 
Q, (2) =C, F(—n, s+1;2)=0,[1 — Fy + 
i ne a 
+a @enery tt ” aie oe 


To eliminate the letter s from the denominator we choose the con- 
stant C, as follows: 


Fi 1 
Cr =(8+1)(5+2)..-(¢ +n) = eee , 


which finally gives us the following solution for the equation (217) 
in the form of a polynomial in z and s: 


Q(x) = Tee F(—n, s+1;2), (223) 


or 
Q9 (2) = (— yar 2 (e - myar + 


4 BOK (9 +n) (s+ n—l)et? 4... 


+ (—1)"(s +n) (s+ n—1)...(8+ 1)|. (224) 


These polynomials are known as the generalized Laguerre polynomials. 
We shall deal with them in greater detail later. 

It can be shown that formula (222) gives all the values of the 
parameter for which our problem has a solution which satisfies the 
given conditions at the points z = 0 and x = +. 
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Using the same arguments as in [102] we can deduce a simple 
expression for the generalized Laguerre polynomials. The series (220) 
is the solution of the equation: 


d? d 
x —% + (y — 2) G4 — ay =0. (225) 


If we differentiate this series m times we obtain the series: 


aja+1)...(a+m—1) 


waa ane  ee  ee) 


and, writing F(a, y; x) = y, we can see that the derivative of the 
mth order: 
yr = FM (a, ¥; 2) (226) 


is the solution of the equation (225) in which a and y are replaced 
by (a + m) and (y + m), ice. 


d?y(m) dy(™) 
ee re) a ee 


yrm—1.—-x 


Multiplying both sides of this equation by z e-” we can 
rewrite it in the following form [102): 


d dy(™ 
ae jenn e7* is | a5. (a 4. m) gvtm-—-1 e-* yf™ —Q. 


Differentiating this identity m times we have: 
arti 
da™t} 


(m) o 
er" e-* ai = (a+ m) a [art ™—1 @-* yf”) 7 


On constructing similar equations for m=0,1,...,k—1, multiply- 
ing them term by term and simplifying the results we have: 
k 
a vtk-] e—x yl) — a(a + 1)...(a +k — 1) a’-1e-* y,. (227) 
Let us suppose that a is a negative integer a = —k, so that the 
series (220) is a polynomial of the kth degree and yi) is a constant, then 


(bk yen) — MEMO REINA +2). (Hk R-1) 
Beye = vy + (vy +2)..-(y+k—-—)) _ 
kt 


ay ee er 
Area Avy +1). rk— VN” 


116] POSITIVE VALUES OF THE PARAMETER 441 


Formula (227) gives 
(— 1)* eas 5D he Fe ee a (2? +k—1 e-*) = 
wy t+1)---(y+k—1) dak 


= (— 1)*klar-te-* F(— k, y; 2), 


so that we finally obtain: 
. _— x? & a‘ Y+K—1 p—x 
EV Sy ee ae ee eee 
We thus have, from (223), the following expression for the generalized 
Laguerre polynomials (vy =s +1; k=n): 


it 
Qe (x) = 2-8 ec (28+ @-3), (229) 


116, Positive values of the parameter. Let us now consider the 
equation (210) for positive values of the parameter e. For this purpose 
we replace z by a new independent variable z, according to the formula 


LY, = zy 8e 
and the parameter e by a new parameter ,: 
1 


= 55 


The equation (210) thus becomes: 


dw dw x 3° =a 


This latter equation is obtained from equation (213) by the follow- 
ing change of independent variable and parameter: 
x= 12,; 4=—iA,. 
We thus replace w by a new function y,, according to the formula 
itt, 58 
we ny, (231) 
and we obtain for y, the equation 


d? . \ ayy ; 
Ly at (s + 1 — iz,) ae (4, — + (s + 1)| Y,=0. (232) 


Comparing this with the equation (134) we can see that in this case 


a, =~ i; a, =8+1; b= 0; b,= 4, —4 (841). 
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The quadratic equation for a will have the form: 


a? — ia = 0, 
this has two zeros 
a,=0; a, =—4, 
and the corresponding values of p and gq are [107]: 


br ] ‘ 
ie aa a ae 


(s+1) +4 — e+) 


1 . 
In the case under consideration we therefore have the following two 


solutions for the equation (232): 


1 l 
. > (s—1 )+ iA rt (s—l)—1A, 
yD — C, j 2"? (2 ze i 2 ex27/ dz’ 
4 (233) 
1 1 
= (s—I)+iA, 5 (s—)—1, 
y = C, fz” (z’ — 4)" en?’ dz’, 
ty 
where J; and /3 are contours, with ends at the point 2’ = —°, which 


surround the points z’=0 and z’=i. According to the formulae 
in [109] these solutions will have the following asymptotic expres- 
sions for large positive values of 2,: 


— ; (s+1)—iA, @ 


Ck 
Cs ae 
k=0 “1 
sO+N+ 
F ~ 3 » | ind Ch 
ix 
Cie 12, eT ee 
k=0 “1 


where C, and C, are constants. Using formula (231) also we can see 
that the corresponding solutions, w, and w, of the equation (230) 
tend to zero as 2,—»-+°0. Consequently the same can be said 
about every solution of the equation (230) and in particular about 
the solution which, near z, = 0, is represented in the form 


w= x,° > zt (bo # 0), 
k=0 


t.e. for every real i, the solution of the equation (230) vanishes at both 
ends of the interval (0, -+°). 
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117. The degeneration of the equation of Gauss, Let us consider 
the general case of an equation, the coefficients of which are poly- 
nomials of the first degree: 


d2u d 
(Pot + P:) ge + (Got +o) Z- + (rot +7,)u=0, (284) 


where we assume that p, 4 0. We will show that this equation can 
be obtained in the form (225). Replacing ¢ by a new independent 
variable z = p,t + p, we can obtain the equation (234) in the form 
(134): 
d? d 
2s + (a2 + a) + (b)2 + b,)u=0. (235) 


If we now assume that wu = e“z?y and replace z by a new variable 
xz = kz, then with a suitable choice of the constants p and k we 
arrive at the equation (225). We will now show that this latter equation 
can be obtained by a limit transition from the equation of Gauss: 


d?y 


si +t [-y t+ (l+a+ B)z]-Sb + afy =0. 


z(z—1) 


Replacing z by a new variable x = az we can rewrite this equation 
in the form: 


x (= —1) S44 [-y +24 PEPE) & + py =o. 
If we assume in the above equation that a tends to infinity we obtain 
the equation (225) which, as we have shown, is connected with the 
equation (234) by a simple replacement of variables. As a result of 
the above limit transition, two of the regular singularities of the 
equation of Gauss coincide and form one irregular singularity at 
infinity while the other regular singularity remains. 
Connected with the above is Whittaker’s equation: 


f t J 
d?w 1, &k 4.” 
dz? = = 4 + Zz si 2? ae 230) 
If we replace w by a new function u, where w= 2"''? yu, we 


obtain an equation in the form (225): 


d? d 
2 + (1+ 2m) < +(-=- +k)u=0. 
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Constructing a solution in the form of (151) for this equation, we have: 


1 1 1 

m+ 5 m—,+k 1 \a—ee" 

w=Cz . [ ( = | . (2 + =] . e77' dz’, 
1 


where J is a contour which goes from (—°°) and surrounds the point 
z’=—1/2. Replacing the variable of integration as follows: 


2 = — I sh 
2 


Y 


we obtain: 


1 1 1 
—=2 m—-—k m—-z+k 
w=C,e ” zt | (— t) ? (1 + =) 2 e-tdt, 
where J, is a contour which originates at (-+°°) and surrounds the 
point = 0 in the positive direction; we are assuming that the 


point ¢ = —z lies outside this contour. Choosing the constant C, in a 
deliberate manner we obtain the functions deduced by Whittaker: 
Wim (2) = (237) 


1 1 1 
=—gsl(kitt+ m)e eli ; Ke i: +)" aN ot de. 
In this formula it is assumed that z is not a came that arg z has 
principal values, that |arg(—t) | < « and arg (1+ ¢/2) tend to zero 
as t—> 0 and when they lie inside the contour /,. Formula (237) 
becomes devoid of meaning when (k—1/2—m) is a negative integer. 

When the real part of (k — 1/2 — m) is not positive and (k — 1/2 — m) 
is not an integer, the expression (237) can be transformed to: 


1 
k-s+m 


wath ef ey er cs 


and this formula also determines wy ,_(z) when (k —1/2— m) is a 
negative integer. . 
Using the results from [109] it is easy to write the asymptotic 
expression for the function w, »(z): 
1 


—-2z 


Wym(2)=e 2 zk x (238,) 


aE Pe il deo ae =H) bst ay] 
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It holds in the sector | arg z | < a — e¢, where « is an arbitrary positive 
number. 

Equation (236) does not change when k and z are simultaneously 
replaced by (—k) and (—z) and, as a result of this the function 
w_k,m(—2z) will be a second solution of the equation (236), other than 


the solution (237). The linear independence of the two constructed 
solutions follows from the asymptotic expression (238,). 


118. Equations with periodic coefficients, Consider a linear differen- 
tial equation of the second order, the coefficients of which are periodic 
functions of the independent variable. The theory of such equations 
resembles in many instances the theory of equations with analytic 
coefficients which we described above. Let us suppose, for the moment, 
that both the coefficients and the independent variables are real. We 
are given the equation 


y" (x) + plz) y" (x) + 9(z) y(z) = 9, (239) 

where p(x) and g(x) are real continuous functions of the real variable x 
with the real period o, i.e. 

P(t +o) = plz); g(x + w) = Q(z). (240) 

The continuity of the coefficients guarantees that any solution of 
the equation (239), determined by some initial conditions, exists for 
all real values of x. Let y,(x) be one solution of the equation, i.e. we 
have the identity 

Yi (2) + P(X) Yi (Z) + 9(%) y; (2) = 9. 
Replacing x by x + w, we can write: 
yi (w+ @) + p(x + ©) yy (z+ ©) + oe +)y, (x + @) = 0 
or from (240) 
Yi (x + w) + p(x) yi (x + w) + g(a) y, (e+ w) = 0. 

It follows that y,(z + w) will also be a solution of this equation. 
Let us now consider any two linearly independent solutions y,(x) and 
yo(z) of the equation. The functions y,(z + w) and y,(z + w) must 
also be solutions of the equation (239) and, consequently, they can be 
expressed linearly in terms of y,(z) and y,(z), i.e. 

Y, (+ ©) = 4,9; (X) + Ay. Y (2), (241) 
Yn (% + W) = Ay, Y, (X) + Ay» Y2 (2). 
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where a,, are constants. We can see that if we take two linearly inde- 
pendent solutions of the equation (239) and add to the argument the 
period, this will be equivalent to the linear transformation (241). Similarly, 
when considering equations with analytic coefficients we saw that 
by encircling a singularity, the linearly independent solutions are 
subject to a linear transformation and we can use the same arguments 
as in [97]. Let us give the results. The table of the constants a;, 
depends on the choice of the linearly independent solutions, but the 
coefficients of the quadratic equation in 9g: 


714 —@, Ay —¢ (242) 
| Gy, &gn — @ 

will be the same for every choice of solution. If the equation (242) 
has two different zeros 0, and g, then two linearly independent 
solutions exist which will be multiplied by 0, and 0, when x is re- 


placed by x + a, i.e. denoting these solutions by »;(z): 
1 (% + w) = 0,7, (2); 72 (% + &) = @2 7 (2). (243) 


If the equation (242) has equal zeros, i.e. 0, = e, then, in general 
only one solution exists which acquires the factor 9, whenz is re- 
placed by z+ m, and in that case we have instead of (243) the linear 
transformation: 


Ny (% + @) = 0,7, (2); 72 (" + w) = ay, 7; (Z) + 0,7 2(2). (244) 


Let us also recall you that the equation (242) cannot have a 
zero which is zero, i.e. a determinant composed of the numbers aj, 
will not be equal to zero. 

Having recalled these results, we shall now try to determine 
the form of the solutions in different cases. Consider, first of all, 
the case (243). Let us look at the two functions 


where we take definite values for log 0, and log e,. When replacing 
x by x + these functions acquire the factors 9, and 0, and there- 
fore the quotients 7,(z): o%/” and 7,(x) : 03° must be periodic 
functions with a period w; consequently, in the case (243) we can 
write 

x 


My (%) = 01 Y,(%); 4, (%) = of Pz (2), (245) 


els 
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where ¢,(x) and ¢,(x) are periodic functions with a period w. In the 
case (244) we have a similar expression for »,(z). To investigate 
n(x) we shall consider the quotient 7,(z) : 7,(z). We have, from (244): 


N2 (z+) — Me (x) — 22 
never ery? Ose) 

i.e. the quotient acquires the term c when z is replaced by x + w. 

The elementary function (c/w) x acquires a similar term and, conse- 

quently, the difference 72(x)/7,(z) — (c/w) xz is a periodic function 

y,(z). Thus, in this case, taking into account the expression for 


n(x), we have: 
ny (at) =" Ps (2t)5 Me (2) = Sam, (22) + 9y(@) 1 (2) 


or 
x 


ny (t) = 08 @ (2); My (22) = 0? [py () + 2s (2)], (246) 


where 9,(2), (x) and 9,(xz) are periodic functions. If the constant 
happens to be zero, then the second solution will also have the form 
(245). 

In this case we do not, strictly speaking, have a general method 
for constructing the quadratic equation (242). We will, nevertheless, 
note some of the properties of this equation and of its zeros. Let us 
determine the linearly independent solutions from the following 
simple initial conditions: 


yi (0)=1; y1(0)=0; y,=90; y2(0) =1. (247) 


Owing to the fact that the initial conditions and the coefficients of 
the equation (239) are real these solutions will be real when z is real. 
Assuming in the identity (241) that z = 0 and bearing in mind the 
initial conditions (247) we obtain a,, = y,(m) and a,, = y,(w). Thus 
for the given choice of the linearly independent solutions the quadratic 
equation (242) can be written in the form: 


Y (w) —e@, Yi (@) = 0, (248) 
Y2(@), ¥2(%)—e 


and it follows that the coefficients of this equation are real. 
Let us investigate in greater detail the particular case when ‘the 
term ¥’(z) is absent in the equation (239), i.e. when the equation has 


the form: 
y” (z) + (x) y(z) = 0. (249) 
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Consider the Wronski determinant 
A(x) = yy (&) yo (%) — yz (&) y; (2). 
We obtained for it the following formula [II, 24]: 


— §'p(x) dx 
ee 


A(x) = A(0) 


and therefore in this case, when p(x) is identically zero we have 


where C is a constant. When the solutions satisfy the initial conditions 
(247) this constant must be unity. Let us now turn to the quadratic 
equation (248). The constant in this equation is equal to the Wronski 
determinant when x = a, i.e. to unity. Therefore, finally, if we take 
independent solutions of the equation (249) which satisfy the initial 
conditions (247) then the quadratic equation for @ must be of the 

form: 
oe? — 2490+ 1=0, (250) 

where 
24 = y, (@) + Y2 (@). (251) 
If the real number A satisfies the condition | A | > 1, then the 
equation has different zeros, the product of which is unity, i.e. the 
modulus of one of the zeros will be greater than unity and that of the 
second smaller than unity. When | 4| < 1 the equation (250) will 
have conjugate complex zeros, the moduli of which are unity. 
Finally, when A = +1, the equation (250) has a double zero +1. 
The values of A have a decisive influence upon the behaviour of the 
solutions when the variable 2 increases indefinitely. We shall now 

investigate the different cases mentioned above. 

In the expressions (245) the factors 9,(z) and ¢,(z) are periodic 
functions and therefore remain bounded as z increases indefinitely; 
the character of the solution depends essentially on the first few 


factors: 
x 


or 


x 


~ Io 
om a EQ: 
2 


=e (252) 


~ loge: 

—— e” ; Q 
The real part of log 0 is, as we know, equal to log | @| and, con- 
sequently, when | A| > 1, this real part will be positive for one of 
the zeros, say for g,, and negative for the other zero; hence the 
modulus of the first of the functions (252) will increase indefinitely 
as z—»>+°c while the modulus of the other will tend to zero. 
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Returning to the solution (245) we can say that the first solution 
will not remain bounded as z—>-+ cobut the second will tend to zero. 
In this case the general solution of the equation: 


Ci, (%) + Cyn, (x) (253) 


(C, # 0) will, in general, remain bounded (the case of non-equilib- 
rium). When | A | < 1 the real parts of log g, and log g, are equal 
to zero and the moduli of the functions (252) will be unity for all 
real values of x. In this case both solutions (245) and the general solu- 
tion (253) remain bounded as x—» +09. If the initial conditions 


y(0) =a; y'(0)=6b 


are determined by the numbers a and b, the moduli of which are suffi- 
ciently small, then the constants C, and C, will also be small and there- 
fore the modulus of the solution will remain small for every small 
positive xz (the case of equilibrium). 

The particular case when A =-+1 and the equation (250) has mul- 
tiple zeros remains to be investigated. Suppose, to start with, that 
A=1, ie. 9, = Q, = 1. We can, in this case, take solutions which 
have the following form 


1) (X) =, (%); Ng (X) = Py (X) + TH, (x), (254) 


where 9,(z) are periodic functions. The first of the above solutions 
will be purely periodic and the second will, in general, be unbounded 
owing to the factor z. Only in the exceptional case, when 9,(z) is 
identically zero, will the second solution also be purely periodic. 
Finally, when A = —1, ie. 0, = 9, = —1 we can take log 9, = zi 
and we then have in place of (254) 


mx AX 


ny (a) =e” 9, (2); g(t) =e * [py (2) + 29s (2). 


The first solution will, in this case, be purely periodic with a 
period 2w while the other solution will, in general, be unbounded, 
as before. 

Let us consider as an elementary example the equation with a 
constant coefficient 


y” (x) + gy (x) = 0. (255) 


This constant coefficient g can be regarded as a periodic function 
with an arbitrary period w. Suppose that the constant q is positive. 
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Writing g = k* we obtain the following two solutions of the equation: 
ns (2) = 0; ny (x) = oH. 


On replacing x by ++ these solutions acquire the factors 
o, =e" and oe, =e”, the moduli of which are unity. This corres- 
ponds to the case when | A| < 1. If the constant q in the equation 
(255) is negative then writing g = —k*, we obtain the following two 
solutions of the equation: 


n, (%) =e; n, (x) =e. 


On replacing x by x + these solutions acquire real positive 
factors 9,=e“” and e,—e and this corresponds to the case 
when | 4| > 1. Analogous circumstances also hold when the coeffi- 
cient q(z) in the equation (249) depends on x but does not change its 
sign. Suppose of all first that g(x) < 0. Let y,(z) be the solution of our 
equation which satisfies the initial conditions y,(0) = 1 and y,’(0) = 0. 
Integrating the equation (249) and remembering the initial conditions 
we can write 


yi (2) = — { ale) yy (2) dx. (256) 
t) 


When the values of z are positive and close to zero and when 
y,(z) is close to unity, since g(x) < 0, y,’(z) > 0, ie. y,(z) increases. 
It follows from the relationship (256) that yj(x) could only become 
negative after y,(z) has become negative. But, on the other hand, 
if y,(z) is to become negative it must decrease to start with, ie. 
this is necessary if y,’(z) is to become negative. We thus arrive at 
a contradiction and we can say that for every zt > 0, y’(z) > 0 
and y,(z) > 1 and, in particular, y,(w) > 1. Let us now consider 
the solution y,(z) which satisfies the initial conditions y,(0) = 0 
and y,’(0) = 1. Integrating the equation (249) we have: 


yi (2) =1 — fF glx) yp (x) de. (257) 


For values of xz close to zero y3(z) will be close to unity and it will 
therefore be positive; for this reason y,(x) increases and must be grea- 
ter than zero, since y,(0) = 0. Formula (257) shows that (x) can 
become negative only after y,(x) has become negative. But, on the other 
hand, y¥,(z) can become negative only if it decreases to start with, 
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je. only after y,’(z) has become negative. This contradiction shows 
that for every positive z we have y,(z) > 0 and y5(x) > 1 and, in 
particular, that y3(w) > 1. The inequalities for y,(w) and ¥;(w) give 


2A = y;() + 92(@) > 2, 


and we thus arrive at the following theorem; when in the equation 
(249) g(x) < 0 then A > 1 and, consequently, the numbers 0, and 
are different and positive. 

To correct somewhat the above arguments we could have sub- 
stituted the condition q(z) < 0 by the condition g(x) < 0 where it is, 
of course, understood that g(x) is not identically zero. 

The case when g(x) > 0 presents greater difficulties. We shall only 
give the result here, the proof of which can be found in the work of 
A. M. Liapunov: The General Problem of The Equilibrium of Movement. 
When q(z) > 0 and when the function also satisfies the condition 


w { g(a) de <4, (258) 
0 


then 9, and @, are complex conjugate numbers the moduli of which 
are unity. This theorem gives the necessary conditions to show that 
| A| <1. 

A detailed and extensive investigation of linear (and non-linear) 
equations with periodic coefficients was undertaken in the above 
mentioned work by A. M. Liapunov and in a series of his later works. 
With reference to the equation (249) we can mention his work: ‘‘One 
series in the theory of linear differential equations of the second 
order with periodical coefficients’ (Notes of the Academy of Science, 
physico-mathematical section, 8th series, 1902, vol. XIII). 


119. The case of analytic coefficients. Let us suppose that p(x) and 
q(x), with a real period w, are regular functions of the complex variable 
xin a band which contains the real axis of the z-plane. Assuming that 
= 2, + ix, we can maintain that this band is defined by the 
inequality —h < 2, < +h. We can divide it into similar rectangles, 
w in width, by straight lines parallel to the imaginary axis. In every 
rectangle the values of p(x) and q(x) will be similar owing to their perio- 
dicity. Take, for example, the rectangle defined by the inequalities: 


0< 24, <a; —h<eu<h. 
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We now replace z by a new variable z according to the formula 


z=e , (259) 


In the z-plane, instead of a rectangle, we obtain a circular annulus 
bounded by the circles, centre the origin and radii e**° and e772; 
this annulus will be cut along the radius in the direction of the real 
axis; the opposite edges of the cut correspond to the sides z, = 0 
and x,=w of the above rectangle. Owing to their periodicity our func- 
tions have equal values along the cut and, consequently, the same 
can be said about their derivatives of all orders. 

In other words, the functions p(x) and g(x), which are functions of z, 
will be regular and single-valued in the above annulus where they can 
be expanded into a Laurent series: 


+o +o 
pit) = Saaz, g(z)= > bz. 
s=—-@ s=-—@& 
We have from (259): 
eG: A cc 
dz o *@2? “Gt ~~ ot % Get ar * a? 


and we obtain instead of the equation (239) the following equation: 


4n? , d? . 2x gS 4n? d 
eT St +[iSe Ps a,o — 2 |-gh + 
s=—o@ 
+o 
+ PA bay = 0. (260) 


s=—@ 


The change in z along the section w of the real axis corresponds 
to the completion of a circuit inside the annulus in the z-plane. 
In the course of this the solution of the equation (260) undergoes a 
linear transformation. If p(x) and q(x) are integral functions of 2, 
which frequently happens in practice, then the Laurent series in the 
coefficients of the equation (260) will converge for every finite z 
except, of course, z= 0. But in this case the equation (260) has, 
in general, an irregular singularity at z = 0 since the above Laurent. 
series contain terms with negative powers of z. 

Returning to the equation (239) we notice that, as a result of 
the regularity of its coefficients at the point z = 0 we can construct 
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its solutions y,(z) and y,(x) in the form of power series to satisfy 
the initial conditions (247): 


yi (%) = 1+ ana? + age? +..., Y(t) =er+ Px? + f,25+... 


These series will converge when |2z|< h and, when p(x) and gq(z) 
are integral functions, they will converge for every value of z. When 
h > w, we can use these series for the evaluation of y,(@) and y;(@) 
in the quadratic equation (248). 


120. Systems of linear differential equations. Previously we considered one 
linear differential equation of the second order. This is a particular case of 
a system of two linear equations of the first order [95]. In general, one linear 
equation of the nth order can be represented by a system of linear equations 
of the first order if the derivatives are accepted as the new unknown functions. 
We shall now deal with the general case of systems of linear equations of the 
first order of the form: 


v1 = Pur (L) Yr, + Dar (LT) Ye +--+ Pm (2) Yn | 
Y2 = Pro (L) Yi + Paz (T) Ys +--+ Pas (Z) Yn 


Yn = Pin (©) YW + Pen (©) Yo +--+ Pan (Z) Ya 


(261) 


where y; are the unknown functions, y; are their derivatives and p;,(z) ure the 
table of the given coefficients where, in contrast to the former notation [93], 
we assume that the first symbol indicates the unknown function of which it is 
the given coefficient and the second symbol indicates the equation in which 
tnis coefficient appears. We shall apply the method of successive approximations 
described in [95] to the above system and, consequently, all corollaries obtained 
as a result of using this method will also hold. Let us recall these corrolaries. 
If all the coefficients p;,(x) are regular in a circle |x —a| <r then the system 
(261) has a unique solution which satisfies at the point x = aany previously assumed 
initial conditions: 
Yr (4) = 43.--3 Yn (@) = 4p, 

and thie solution will be regular in the above circle |x —a| <r. This solution 
can be analytically continued in any direction except through the singularities of 
the singularities of the coefficients p;(x) and, in the course of this continuation, 
at always remains a solution. 

The solution of the system (261) consists of 2 functions. Suppose that we have 
n solutions for the system (261). These solutions form a square table of functions 


Yrrr Yievs > +s Yin 
Y = || Yar Yao---> Yan 
Yar Yna-+-> Yan 


where the first symbol denotes the number of the solution and the second 
the number of the function entering the solution. We can now say that the 
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solution of the system is a square table of the above type consisting of 7 solu. 
tions; we shall denote by P a table consisting of the coefficients p;,(r) and by 
Y a table determining the solution. Using the multiplication law for matrices 
we can write the system of linear equations as follows in the same way as we 
did in [93}: 
dY 
a = YP. (262) 
Notice that in this case we have used a different notation for the symbols 
han in [93] and for this reason we have obtained a different sequence of factors 
on the righthand side of the formula (262). Denoting, as usual, the determinant of 
the matrix A by D(A) we can prove the following equation for the determinant 
D(Y) of the solution Y: 


D(Y) = D( Y) ner op Pu (x) + Pas (Xx) +..0+ Prin (x)} dx : (263) 
where 6 is an ordinary point for the system (261), i.e. a point at which all the 
coefficients p;,(z) are regular. Formula (263) is usually known as Jacobi’s 
formula and is the generalization of the formula we obtained earlier for the Van 
der Monde determinant. 

Bearing in mind the fundamental definition of a determinant as the sum 
of the products of its elements, we can say that when differentiating a deter- 
minant it is sufficient to differentiate separately every column and to add sub- 
sequently all the determinants so obtained, i.e. 


dD(Y) _ a 


= Yin Yiez 
dz dz 


Y21> Yoo 


Yi» Yie 
Yo Yoo 


| Ya Yi2 
Yar Y22 


where, to simplify notation, we have assumed that n = 2. Replacing the deriv- 
atives by their expressions from the equations of the system we have: 


dD(¥) a |PuYiuPat Vier Yiz be Pro Yir + Poe Yiz : 
dx Pur Yat Par Yeo Yor Yor Piz Yar + Pas Yo2 


Expanding the determinants into the sum of determinants and taking 
Pi, Outside we can see that certain terms consist of zero determinants since 
they have similar columns, so that the former formula gives 


dD(Y) Yip Yia 


1 
= Yi Yre 
dx on | ve Yoo 


Yoru Yaz 


+ Poe 


or 


dD(Y 
et) = (pu + Pn) D(Y), 


from which Jacobi’s formula (263) follows. This formula shows that if at a point 
a = b the determinant D(Y) is not zero then it will not be zero for any x which 
is an ordinary point of the system (261), i.e. at a point where all the coef- 
ficients of the system are regular. If this is so we say that the solution Y is 
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the general solution corresponding to n linearly independent sol 
as we know 


form Y. We can then also consider the inverse matrix Y~! where, 
[93]: 


a¥7! ye AF oy, 
dx dx 


whence, from (262), we can see that it satisfies the system 


or = — PY-1, (264) 


Let Z be a solution of our system (262), i.e. 


dZ 
—— =ZP. 265) 
dx ( 
Construct the matrix 

A=ZY"-1. 


On using the usual law for differentiating @ product [93], and also the 
equations (265) and (264) this gives: 


i.e. the matrix JA is a constant matrix C, the elements of which are independent 


of z. Hence 
Z=CY 


or, in other words, any solution of the system can be obtained from the general 
solution by multiplying, on the left, by a constant matrix. Conversely it follows 
from the form of the equation (262) that by multiplying the solution, on the 
left, by any constant matrix we can also obtain the solution. Bearing in mind 


that 
D(Z) = DC) DY), 


we can see that D(Z) # 0 and this will be so then, and only then, when D(C) # 0, 
i.e. multiplying on the left the general solution Y, by the constant matrix 
C we obtain the general solution when, and only when D(C) # 0. It also 
follows from the formula (263) that in the course of analytic continuation of 
the general solution Y it always remains the general solution; we have already 
mentioned this above in the definition of the general solution. Notice that 
with the system of notation used in [93] we would have had to multiply by a 
constant matrix not on the left but on the right so as to obtain another 
solution. 

Let us suppose that + =a is a point in the plane which is 
an essential singularity of the coefficient p;,(z). When describing 
coefficients will return to their former values but the solution Y, in general, 


urse of analytic continuation, which can be 
y a constant 


either a pole or 
this point the 


will become a new solution in the co 
obtained from the former solutions by multiplying, on the left, b 
matrix V: 


Let us call this matrix V an integral matrix when describing the point x = a. 
Bearing in mind that 
D(Y*) = D(V) D(Y) 


and that in the course of analytic continuation a general solution always 
remains a general solution we can say that the determinant of the matrix V will 
not be zero. The matrix V depends on the particular solution Y considered. 
If, instead of Y, we take another general solution Z = CY, where C is a cons- 
tant matrix, the determinant of which is not zero, we have: 


Z =CVY =CVC'Z, 
i.e. the integral matrix of the new solution will be a matrix, similar to the matrix 


V. In other words, different complete solutions have similar integral matrices, 


121. Regular singularities. We shall now consider a singularity of a system 
which is a pole of the coefficients of an order not higher than the first. To 
simplify our notation we assume that this point is at the origin x =0, when 
we can write our system as follows: 


ay} = Qin (L) Yy + Ger (Z) Yo +--+ + Gar (2) Yn | 


TY2 = Que (L) Yr + Gee (L) Yo +--+ + Gn (©) Yn (266) 
Tun = Qin (@) Yo + Gen (2) Ys to +Gnn (©) Ys 
where g,,(x) are functions regular at the point z = 0: 
Qi (2) = Oi + aint + Aina? +... (267) 
We shall try to find the solution of the system (266) in the form: 
y =e (O4 Mxrt...), (268) 


Substituting in the system (266) and comparing the coefficients of z® we 
obtain a system of homogeneous equations for the determination of the coef- 
ficients c\: 

(ay, — a) GY + ay, of +... + aq, of = 0 
F120 cf 1 aa — @) ef +..-+ Gp. of" y=0 (269) 


Fino of + Fon of? +..-+ (@nn — @) of) = =0 


and, subsequently, comparing the coefficients of x*¢+* we obtain a system of 
equations for the coefficients ci when the former coefficients c\, where 
m <k, are known: 


(44, —@— kK) +a, +... +n of =H 
20h? oe ReneS aah ote 2) =H ak | (270) 


Qin ) ns Asp CK roy +. i ee —e—k ) fo) = = A, 


‘where H;, are linear homogeneous tunctions OF tne CUTILiviCLD Ug wascee 
m < k. All these calculations are exactly the same, as in [98]. Denote by f(¢@) 
the determinant of the homogeneous system (269): 


a1, — @ Goi» seey Any 
Ho) =| 9 G22 — Os sey One| (271) 
Qin» Gen, ++ +1 Ean —0 


To obtain a solution of the system (269), other than a zero solution, we 
must equate this determinant to zero 


fe) = 9; (272) 


and during the further solution of the non-homogeneous systems (270) it is 
necessary that the determinant of these systems should not be zero. This deter- 
minant can be obtained from the determinant of the system (269) by replacing @ 
by eo +h, ie. it is equal to f(@ + k). Let e, be a zero of the equation (272) so that 
the numbers 0, + k, where k is any positive integer, should no longer be zeros 
of the equation (272). At the same time our earlier calculations will be formally 
satisfied and we can construct the series (268) which formally satisfies the system 
(266). It can be shown, as in [98], that these series will converge in the circle 
|x| <7 in which the series (267) converge. 

When the zeros of the equation (272) are different and provided they do not 
differ from each other by an integer, then the above method enables us to 
construct ” linearly independent solutions of the system (266). Otherwise, as 
in [98], we shall also have, in general, one solution containing log x as well 
as the solutions (268). 

Let us write the system (266) in the form of a matrix 


% dY 
dx 


= YQ, 


where @ is a matrix consisting of functions q,,(x), regular at the point r=0. 
We can write this matrix in the form of a series in positive integral powers of a: 


Q=A,-+-4,2+A4,27+..., 


where A, are matrices with constant elements: the matrix A , consists of elements 
@, the matrix A, of elements aj, etc. The system (266) can be written in the 
form: 


2 = ¥ (A, + Are t Ar? +...). (273) 
We shall try to find a solution in the following form for this system: 
Y=2"(14+C,c4+0C,27+4+...), 


where W and C, are the unknown matrices. We have: 


dy 
dz 


=Wal (14 0,2+C,22+4+...)+ 2” C,+2C,24...). 
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Substituting in the equation (273) and multiplying on the left by z~” we 
obtain: 
W(1+C,2+0,227+...)+2(C, +2C,2+4+...)= 
=(14C,240C,27+...)(4,+ 4,24...). 
A comparison of the constant terms gives 
W=A, 


and also, comparing the coefficients of z* we obtain a system of equations of 
matrices for the successive determination of the matrices C;: 
A,C, + Oy, = Cy Ay + Oper A, +...+0, Ags + Ay 
or 
A,C,—C, Ay + kC, = Cy, Ay +. . +0, Apes + Ag. 

Without attempting to investigate this system in general we shall only deal 
with that particular case when the matrix A, can be obtained in the form of 
a diagonal matrix, i.e. a matrix S exists, which has constant elements and a 
determinant, which is not zero, such that 


SA, S™ = [e1, @2-++> On), 


where g, are the zeros of the equation (272). 
Replace Y by the new unknown matrix Y, according to the formula 


Y=Y,9. (274) 


Substituting in the equation (273) and multiplying, on the right, by S~! 
we obtain the following system for the matrix Y, 


sd oe = Y,(B,+ Bt + Bz’ +...) (275) 
where 
B, = SA, S71, 
and in particular ; 
By =[01 @2,--+» Cn (276) 


As before we are trying to find a solution of the system (275) in the form: 
Y, = aM (1 +D,x2+ D, 2 +-...). 


On substitution we obtain W, = B, and the other coefficients are determined 
from equations of the form 
B, D, — Dy B, + kDy = Ey (277) 
where E; is a matrix expressed in terms of the preceeding matrices D,,, where 
m <k. Bearing in mind that B, is a diagonal matrix (276) we obtain, from 
(277), the following equation for the elements of the matrix D,: 
@1 {Dihiy — {Dihiy 09 + H{Dahiy = {Bah 


l 
= og, ae eat 


i.e. 
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If the difference of the zeros (9; — g;) in the equation (272) is not an integer 
it is possible to determine all the coefficients. Notice that when there are equal 
zeros among the zeros of the equation (272) but the matrix A, can be obtained in 
the diagonal form (it has simple elementary dividers) then the above calculations 
remain valid. 

In our arguments we did not touch the problem of convergence; this, as 
we have said already, can be done as in [98]. Notice also that we assumed 
above that the constant term in the unknown solution of the equation (273): 


Y=oe" (14C,c2+0C,27+...) 


ig a unit matrix. This, however, is insignificant. It is only important that the 
matrix should have a determinant which is not zero. In fact, let 


Y =e" Oo + Ciea@+Cz,27+4+...), 
where D(Cj) # 0. Consider a new solution 
Cot ¥ = Cg 2” 0g Co (Co + Cra + Cg2? +...). 
But we know that for any analytic function of a matrix 
Co! f(M’) Co = f(Co™ W’ Co), 
so that, for example; 
Cote’ Co =e” (W =Co-! W’ 05) 
and, consequently, the new solution will be: 
Cot Y =o" (14+0,24+0,27+...) (Cy, =Co1C,). 


Similar arguments can be used also in the solution of the equation (275). 


122. Regular systems. Consider a system of simple equations the coefficients 
of which are rational functions with poles of thefirst order at a finite distance 
and zero poles at infinity. Let x = a, be a certain pole of the first order of the 
coefficients. Each of the coefficients Pix(z) has at this pole a residue u(t) 
and these residues form a square table U;. We can therefore write our system 
as follows: 


m i 
a = Ys ; (278) 


where U; are matrices consisting of constant elements. We shall try to find 
a solution for the system (278) so that at a point z = b, which is not one of the 
points aj, it becomes a unit matrix; let us denote this solution by 


Y(b; x). 
Bearing in mind this initial condition we can rewrite the system (278) as 


an. integral: 


x m U; 
Y(b; z) =I + i) Y(b; 2) > dr, (279) 
b 


of its elements. 

We shall now use, as usual, the method of successive approximations viz. 
we assume that Y, = 1 and make the successive approximations according 
to the usual formula: 


x m U; 
Y,(t) =I + | Yn (a) X = 
b a 


| 


dz. (280) 


We have from the method of successive approximations: 
¥(b; e) = Y,+(¥i (2) — Y,) + (¥2 (2) — ¥, (a) +... 
or, assuming for the sake of briefness that 
Zn (2) = ¥q(t)—Ynr(e) (24 =), 


where we have, from (280), 


x 
Zy(0) = | Eneste) Sa (281) 
b 
we can write: 
¥(b; x) =142Z,(z) +2, (xz) +... (282) 


We shal] determine the first few terms of this expansion by using the general 
formula (281). Introducing the notation 


x 
i‘ dx T— Gy 
Ly (a;,; 2) = —- ——— 


we have 


dz = 2. U;, Ly (aj,3 2): 


waf § 
p dz 


Similarly, introducing the notation 


x 
Ly (2j,3 rz) 
Ly (aj, o j,5 2) =) Fa ay, z, 
we have 
Z, (x) = is Uj, Ly (a;,3 2) pears =e ———— dr, 
or 


1,....m 


Z, (x) = » Uj, Up, Ly (2j4),3 2), 


m. Continuing this further and introducing the tormulae: 


T— Qj, 


Ly (@;,3 7) = ea, (283) 
1 


Ly (Gjy- ++, Ap T) = x, 


which successively determine the coefficients L,(a;,, +++, @;"; x), we obtain: 


1, .uj:tn 
Z(t) = DP Ujy.. +s Ujy Lp (Qjp-+- ap; 2), 
Jiseoos dy 
where the summation includes all letters shown under the symbol of summation 
and every letter, independently of the others, runs through all the integers, 
from ] to m. Finally, from (282), we obtain the following representation for 
our solution in the form of a power series of the matrix U ; 


eo 1,...,m 
Y(b; x) =I +2. , 2 U;,- 5 U,, Ly (a;,,. +543 2), (284) 
= bpeeep dD 
where the coefficients of this series are determined by the recurrent relationship 
(283). 

The solution Y(b; x) can be analytically continued in any direction except 
through the singularities a;, and the series (284) gives this solution in the whole 
domain of its existence, i.e. for every analytic continuation. In fact, we shall 
show, to start with, that the series (284) converges for every analytic continua- 
tion of the coefficients L,(a,,, ..-, @;; 2). Let I be a curve which originates at 
the point x = b and remains at a finite distance from the points a;. Let 6 
be the shortest distance from the points a; to the curve J and the length of 
the are of this curve from the point 6. Using the usual inequality for an integral 
round the contour | we obtain the following inequality for the coefficients of 
the series (284) on I [4]: 

3 


s 
ds 
Lyla 2) <[—S-= >. 
0 


whence 


s 
; \Ly (2;,; =)| ls) 
[Dy (aj, 4j,5 £)| <| a ds Be eo oo (+) , 


and generally on 1: 
1 s\ 
[Ly (Gj, 5-- +, Bys z)| <3(+) . 


But the power series 
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converges tor every z and we can therefore say that the series (284) is absolutely 
convergent for every matrix U, and for every analytic continuation of its coef- 
ficients [96]. It also follows from the above inequality that the convergence 
will be uniform in every finite domain (in general, in a domain with several] 
sheets) which lies at a distance greater than zero from the point a). Finally, 
differentiating the series (284) term by term with respect to 2 it can readily 
be shown that it also satisfies the system (278).In fact we canrewrite it as 
follows by isolating one of the summations: 


m 
Maal 2. U; L, (a;; x)+ 


eo m 1,...,m 
+2 > Da. Uj, -.- Ujy Uj Ly (aj). - -) Ay, ay; x). 
v=1 f=l fyudy 


Differentiating with respect to 2 and bearing in mind that from the definition 
di,(aj,z) 
dx 1 @rT—a J 
and 


Dg (Gj). + +s Diy 2s; 2) - Dy (Ajy- ++ By L) 


dz r— a; 


we obtain by differentiating 


dY(b; x) a U; = 1..m m U; 
—_,— = ————— Sake Lp (G;,.-- Qjy} ae 
dz fa T— 4G, +2 Poor Uj, U jy Lp (2j,--- yy 2) 2, r—ay 
or 
d¥(b;2) _ o, deg ee Uy 
— = [r+ 2 jes Uy... - Uj Ly (aj, «yy x)| 2, rap? 
i.e, 
dY (8; x) ll J 
an = Y(b,s) > 


Finally it becomes clear that the constructed solution (284) becomes a unit 
matrix when z = b because, from the definition (283), the coefficients of the 
series (284) vanish when x = b. The above considerations give rise to the fol- 
lowing theorem. 

THEOREM. A solution of the system (278), which becomes a unit matrix 
when 2 ==b, ta determined with respect to x by the series (284) in the whole domain 
of tts existence and for every matrix U 7 
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If we make cuts J; in the x-plane from the points a, to infinity, so that the 
cuts do not intersect, then in this cut plane, which will be a connected domain, 
the solution (284) will be a single-valued function of x, but on opposite edges of 
the cut it will have different values, viz. when encircling each of the points 
a, in the positive direction our solution will be multiplied, on the left, by a con- 
stant matrix V, which we called an integral matrix corresponding to the sin- 
gularity a;. We shall now deduce an expression for the integral matrices V, 
in terms of the matrices U; which are part of the coefficients of the given system. 
At the initial point « = 6 our solution is equal to J, i.e. it becomes a unit matrix 
and, consequently, to obtain an integral substitution V; we must determine 
the value of our solution during analytic continuation round the closed con- 
tour ip which encircles the points a, and returns to the point b. 

This value can be obtained directly from formula (284) when the formulae 
(283) are integrals round the above closed contour J, and, in this case, the coef- 
ficients obtained will obviously no longer depend on z. 

We shall introduce the following notation: 


ges drs f2m_~when j=}, 
ap?) =) r— ay, ={0 when 7 #7}, (285) 
1 
and 
Dy (Aj, 5-- +, Oy 2 
Pj (Gjye ss @jy b) = [ ZOGhe Mori) go (286) 


i T— Ay 
y 


We thus obtain V, in the form of a power series of the matrices U; and this 
series converges absolutely for every choice of these matrices: 


2 1,...,m 
Vj=I+ Py ; 2 Uj... Uj, Pj (aj. - +1 api 8)- (287) 


THEOREM. The integral substitutions V; are integral functions of the matrices 
U, as determined by the series (287), the coefficients of which are determined by 
the formulae (285) and (286). 

Instead of the formulae (286) the following formulae can be proved which 
connect the values of P; for adjacent values of v: 


b 
P;(a;,...,@5,30 P j(a;,,..-, Qj; 6 
Plagnicasaga By =| | eee Ain SH) 7 ap, 
b— Gy b— aj, 
a3 
(288) 

We shall not give the proof of this formula. 

If we analytically continue the constructed solution round any contour which 
originates at and returns to a point x then this closed contour is, in the analytic 
continuation sense, equivalent to several circuits round the points a; in the 
positive or negative directions. Consequently, on returning to the point z 
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our solution is multiplied, on the left, by a constant matrix which is given ag 
a product of factors V,; or V;'. In these circumstances it is usually said that 
the integral matrices V; form a group of the equation (278). 

Let us explain this by a simple example. In the figure the singular. 
ities @,, @, and a, are marked and the continuous line indicates the path of 
the analytic continuation 2 which consists of 
a number of circuits round the points a;. The 
dotted line indicates a contour, equivalent to 
the contour of the analytic continuation, and 
it is assumed that z = b. 

The first circuit encircles the point a, and on 
completing this circuit we arrive at the point b 
with the solution V,Y(6; x). The next circuit 
encircles the point a, and after completing this 
circuit the constant matrix VY, remains un- 
altered and the matrix Y(b; x) is multiplied, on Fic. 72 
the left, by V3, i.e. after completing the second 
circuit we arrive at the point 6 with the solution 
V,V,Y(; x); finally, after completing the third circuit, we return to the point 
6 with the solution 


V,V, V3! Y (6; 2), 
Any solution Y(x) of the system (278) differs from the solution Y(b, ~) 
by the constant matrix 
Y(r) =CY (b; x), 
and its integral substitutions will be as follows [120]: 
CV; C71, 


Consider now the matrix Y(b;2)~! which is the inverse of the matrix 
Y(b; x). This matrix, as we know from above, satisfies a system of linear equa- 
tions 


dY(jr U; 
dx > ~ 2, x 


Applying to this system the method of successive approximations we obtain 
the following representation in terms of a power series of the matrix U;: 


- Y(b; x)7. 
j 


Y(b; 21> I + a “sn U;,,- Cars) Uj, Lb (Qj),- sas A jps x), (289) 
P=] fiyeejy 


the coefficients of which are determined by the formulae: 


5 (ay, o=- fa a aa 200) 
and 
r LEC 
f (Gje,.+-.@j3 
Lp (Gj,---0),32) = — ae dz. (291) 


z— ay, 
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The expansion (289) is absolutely convergent for every matrix U; and for 
every analytic continuation with respect to the variable x. The resiilts are 
obtained in exactly the same way as above. Bearing in mind that 


(Vj; ¥(b; 2}! = V(b; 2)" Vj", 


we can see that by encircling the singularity a; the matrix Y(b; x)~' is multi- 
plied, on the right, by the matrix Vj‘ and it is thus possible to obtain an 
expression for V;1 in terms of a power series of the matrix U ) by using the series 
(289) and by analytically continuing its coefficients round the closed 
contour J; which surrounds the points a;. This gives us the series 


v7t=1+4 Dy ; z U j.- Ujy PF (Gj. + +1 Ay d); (292) 
y Leesoody 


in which the coefficients are successively determined by the formulae: 


P}(a;; 6) = SS (293) 
t, 


T— ay 


dz. 


Ey (jos + +» Bjys Z) 
* OM fe ‘fur 
P (Gj5--+, @jy3 6) = — [Ses 


i 


Notice one particular case when the system (278) can be solved in final form, 
viz. we assume that the matrices U; commute in pairs, i.e. we have for any sym- 
bols t and j: 

We will show that, in this case, the solution Y(b; x) of the system (278) 
can be written in its final form as follows: 


Y(b; x) = (f=3)"... Gz)". (294) 


a, b — ay, 


It can readily be seen that the above function becomes a unit matrix when 
x = b. We will show that it satisfies the system of equations (278). Differentia- 
ting according to the usual laws for differentiating products and bearing in 
mind that 


d cee d wee a lec U; 


daz =e 29 
dr \b—a, dx b—a,; oa" (295) 
we obtain 
ors x) a5 ae —)" U; (4) 
Aer oe b— aj, tT — a; b= a; ae 


=) 
“\b— apy, : 
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Since the matrix U; commutes with the matrix U, it will also commute with 
every other function f(U,) which is given as a power series of U;. We can 
therefore write the above formula as follows: 


an Gy (=) eal" U; 


dr fz, \b—a, b—aday, r—a; 
whence dY(b;z) Y(b: 2) we Gy 


i.e. the matrix (294) does, in fact, satisfy the system (278). The formula (294) 
can be obtained from the system (278) if we perform a purely formal separation 
of the variables in this system without taking into account the fact that we are 
dealing with matrices and not with numerical variables. In this case this is 
possible owing to the fact that the matrices U; commute in pairs. The right 
hand side of formula (294) represents the sum of the series (284) on the assump- 
tion that the matrices U, commute in pairs. It also follows from the formula 
(294) that in the case under consideration the matrix Y(b; x) acquires on the 
left, the constant factor shown below, on encircling the point a; 


ez U Uj . 
This follows directly if we write the formula 


x— ay 
= . Uj; log b=4; 
b—-aj} 


and use the known many-valuedness of the logarithm. 

Notice also that the relative position of the factors on the right-hand side 
of the formula (295) is unimportant, for both factors only contain one ma- 
trix U, and do therefore commute. 


123. The form of the solution in the neighbourhood of a singularity. We shall 
now consider the logarithms of integral matrices with an additional numerical 
factor 


WyearlogVj, = 3 (=) yay, (296) 
J Qn t Ont y j 


We have taken the principal value of the logarithm to be given by a power 
series which converges when the matrix V, is sufficiently near to a unit matrix. 
It follows from the formula (287) that this condition will certainly be satisfied 
if the matrices U; are close to a zero matrix and we shall assume this to be so 
in future. Substituting in the series (296) the expression for (V; — 1) from the 
formula (287) and grouping similar terms together we obtain an expression 
for W; in the form of a power series of the matrices U, which converges 
when these matrices are sufficiently close to a zero matrix: 


2 1,...,™7 
w= 2 fe Uj,--- U yp, (Gj +s Biys b). (297) 
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We shall not evaluate the coefficients of this expansion since it can easily 
be done by the direct substitution of our series into another series. Consider now 
the elementary function 


= 


@2@—a;\wi Wj; log ~—% 
| gs Os (298) 


b—ay, 


Taking the corresponding values of the logarithm which vanish when x = b 
we can see that the function (298) becomes a unit matrix when z = b and, 
by encircling a,, the logarithm acquires the term 227 and the function (298) 
becomes the new function 


= W. = Ww 
W,{ 2ai +log ~ neice We mre (aims a! 
e ( b- =| Pe Wj = = V; b—a, 


the relative order of terms in this expression is unimportant for both are power 
series of one and the same matrix W; and, consequently, commute with each 
other. We can therefore see that the elementary function (298), after encircling 
a), acquires on the left the same factor V, as the solution Y(b; x) and it also 
becomes a unit matrix when x = 6. We can therefore write: 


c— a; Wi 
v;2)= (7-4 YO; 2), (299) 
J 


where yun; z) is a matrix equal to a unit matrix when x = 6b and which is 
single-valued in the neighbourhood of the point z=a,. We will now show that 
it will not only be single-valued in the neighbourhood of the point z= b but that 
it will also be regular at the point z = , i.e. the factor [(r —a de — a,)] contains 
not only the branch-point of our solution but also all the characteristics of the 
solution at the point a, as was the case with regular singularities of equations of 
the second order. 
We have from (299): 


Orr xr —a;\—Ws 
Yb; 2) = { 5 ] Y(b; 2), (300 ) 
whence, differentiating with respect to =: 


dO: x) W; i ark —-W; dY(b; a) 
dz wt aj = 


or, using the equations (278) and (300): 
AY; 2) W; ae —aj - 5 e ae 
— a ¥(b; 2) + a  y( r) \' —_—_. 


: s=1 T— Gs 


i.e. the matrix Y¥ (b; x) is a solution of the system of equations 


YY (b; =z) _ sey 2 WY (b; x) | 
dr Sees ®) So a r— ay ep 


468 LINEAR DIFFERENTIAL EQUATIONS [123 


Looking at the right-hand side of formula (300) we can see that both factorg 
are power series of the matrix U, and therefore their product is too; if all the 
matrices U, are equal to zero then W, will also be zero and the first factor to 
the left on the right-hand side of (300) becomes a unit matrix. Similarly for 
Y(b;2) and therefore also for 74)(b; x). It is thus possible to seek YU(b; x) 
in the form of the following power series: 


~ @ wee MN ~4: 
YU) (6 ; ry = 14+ z, me Uj, -.. Ujy EY) (aj, 5003 Qj,; 2). (302) 
aot @ TY Ad 


Substituting the series (297) and (302) in equation (301) and comparing 
the coefficients of the product U, ... U;, we have: 


dy) (Qj, +++. Gjy3 2) _ OP jee sD) 
dx rT — ajy 
1 i Fi) 
= ee p> Qj (Ajy ree +s Be b) Ly (First sesey Qfy 5 x) 
: i k=1 


and, in particular, 


ALY (aj, ; 2) ee Ae 


dz x—a,; 


Notice that in the above sum with respect to k the second factor becomes 
devoid of meaning when k = » and, in this case, it should be replaced by unity. 
In future we shall often deal with analogous sums in which the factors of border 
terms become devoid of meaning when the accepted method of notation is used; 
they should then be replaced by unity. 

We have already mentioned above that the matrix YU; x) becomes a 
unit matrix when x = 06 for any matrix U; sufficiently close to zero, i.e. all 
the coefficients in the expansion (302) must vanish when a2 = 6. Bearing this 
in mind and using the above formulae we can write the following formula which 
successively determines the coefficients in the expansion (302): 


x F 
= rig. ae 
CE [ [| Ginn tient 2) 
6 iv 
1 z = 
ea, A Gi ee he b) LY (juss «++ + iv z)|az. (303) 
J k=1 


In particular, when v = 1, we have: 


TP (ons) = {| 1 — 2H” | ae. (304) 


r— aj, wr — a; 


« 


The coefficients in the expansion (302) must be single-valued functions in the 
neighbourhood of x = a,j, for we know from above that the sum of the series 
is @ single-valued function. It follows that the residue at the pole z = a; 
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under the integral in the expression (304) vanishes and therefore the func- 
tion (304) also regular at the point x = a;. We shall now continue the proof 
from (» — 1) to v, Let us suppose that all the functions 


LY (Qj, +++, Qj; 2X) (305) 


are regular at the point z = a; when s < ». We will show that the functions 
(305) will have the same property when s = v. We have the formula (303) 
for these functions. As a result of the regularity of the function (305) when 
s¢ < v the integrand in formula (303) can only have a pole of order one at the 
point x = a;. However, if the residue at this pole had been other than zero then 
the function (303) would have been many-valued in the neighbourhood of the 
point x = a;, which is impossible. It therefore follows that the integrand func- 
tion in formula (303) and the integral itself will be regular at the point x = a;. 
We shall not give a more detailed determination of the coefficients in the 
expansion (302) here. 

All the above arguments applied only to the case when the matrices U, were 
sufficiently close to zero. Later we shall give a representation of the matrix 
W, and of connected matrices which will hold for any matrix; it will then be 
evident that the singularities in this representation will be those matrices 
U, among the characteristic zeros of which are zeros which differ from one other 
by an integer other than zero. 


124, Canonical solutions. The solution Y(b; x) depends on the choice of the 
point b at which we approximate the matrix to a unit matrix. For this reason 
the matrix Y(b; x) is known as a matrix (solution), normal at the point x = 6. 
This latter point must not be one of the singularities a;. We obviously cannot 
make any initial conditions at the singularity = a, but we can attempt to 
construct a solution which would have the simplest form in the neighbourhood 
of this singularity; this can be done in exactly the same way as in the construc- 
tion of a solution in the neighbourhood of a regular singularity of an equation 
of the second order. We shall now construct this solution and call it the canonical 
solution at the singularity x = aj. 

We can write: 


. W a aL Ow gs 
¥ (b; 2) = (FY) FU (b; 2) = (a — a)" (b — a) “YB; 2), 


where the relative position of the first two factors on the right-hand side is 
unimportant for both factors contain only the one matrix W,. Combining the 
factor (b — a; 7s with the factor ¥“)(b; x) we can write: 


¥ (b; 2) = (2— a)"; YW; x), (306) 
where 


YY (b; 2) =(b— aj) Y”(b; x) 


is a matrix, regular at the point x = a,. If all matrices U, are zero matrices 
then Y)(b; x) becomes a unit matrix and: consequently, the determinant of 
this matrix is not zero provided that U, is sufficiently close to zero. The deter- 
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minant of the matrix (6 — a;)~%j = e~W; log (6—a) ig not zero for it is the deter- 
minant of an exponential function of a matrix [93] and, consequently. the 
determinant of the matrix Y)(b; x) is not zero at the point z= a, if all 
matrices U, are close to zero, i.e. in this case the matrix ¥)(b; z)~! will be 
regular at the point z = a,. Every solution of our system differs from the solu- 
tion Y(b; x) by the constant factor C (the matrix on the left): 


Y (x) =CY (b; 2) (307) 
and we assume that the determinant of C is not zero so as to obtain a comp- 
lete solution. In place of formula (307) we can write: 

Y (x) =C (x2 — a)“icoy) (b: x); 


but from [121]: : 
C (2 — a,j)" Col=(c¢— aj)", 


where 
W;=Cw,c. (308) 


We now choose a matrix C equal to 
C=[Y¥"(; a))7, (309) 
so that we have: 
oy”) (6; z)=1 when wr=aqQ;. 
We thus obtain a solution which we denote by 6;(x) and which we call 
canonical at the point x = aj. This solution has the form: 
0; (x) = (@ — a4)"%5 0; (x), 


where 0 (x) is a matrix, regular at the point z = a,, which becomes a unit matrix 
at that point. We will now show that in this canonical solution the matrix WwW; 
coincides with the matrix U,. 

Notice, first of all, that all the matrices constructed above are given as power 
series of the matrix U, provided the latter matrices are sufficiently close to 
zero. In this case the matrix W’,, like the matrix W;, should have no constant 
term in its expansion, i.e. we should have the following expansion 


o l,...,m 
Wy = 2, 7 Uj... Uj Jj (aj, » «++» By) (310) 


Differentiating with respect to x the formula 
0; (2) = (x — aj) 59, (x), 


we obtain, as in the previous section, the following system of equations for 
the elements of the matrix 6,(2): 


6; (x) a (0) 3 Us Wj 9(2) 


Fs (311) 


=| ©T—a; u— ay 
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If all the U, are equal to zero then # |j(%) becomes a constant matrix and, 
as a result of the condition at the point « = a,j, it must be a unit matrix, i.e. 
we must have the following expansion: 


co 1, ress | 
6; (2) =1 + 2 ; & U;j,... Us,Ny (aj, --. ayy; 2). (312) 
= lps ssa JV 
All coefficients in this expansion must be regular at the point a; and must 
vanish at that point since the sum of the series, for any U,, should become a 
unit matrix at the point z = a,. Substituting the expansions (310) and (312) 
in the equation (311) we obtain the following equation: 


x. 
N;(Q;,,+--5@ ; 2) 
[N°] ‘fur 
Nj (Apo - ++ > By 2) = {[ ee _ 
q 


=a; 2,7! (Bjyy oo Of) Ny (Cyr - ++ Ay; z)|de, (313) 


and, in particular 
x 


1 J; (a;,) 
Ny (ay,5 2) = [= 2 ot a | dz 
3 ji ft 


Owing to the regularity of the left-hand side, this latter equation shows 


that 
I when hh = j ’ 


= 314 
73 (4) 0 when j, #}. oe 
Let us consider the equation (313) when v = 2: 
x 
; N; (a),; x) 1 ; as 
Nj (2,5 Oj, 52) = | oa,  o= ay Ly, Cp) NG j5 Tyee a,)]} ; 
ay 


It is given that we must have N j(2jsi@)) = 0 and, consequently, the first 
term of the integrand has no pole at the point  =a,. It follows that the 
second term does not have a pole at that point either and that the square 
bracket vanishes when x = a;; therefore all the coefficients J j(@j,» @j,) must 
be zero. Similarly, considering the equation (313) when » = 3 we cansee that 
all the coefficients J (@;,,@j,, 2;,) are zero etc. As 8 result of this and (314), the 
expansion (310) becomes the simple equation W) = U, and we have the fol- 
lowing representation for the solution canonical at the point x = a,: 


0; (x) = (w — a,)%4 9; (x). (315) 
Formula (313) enables us to evaluate successively the coefficients in the 
expansion (312). Bearing in mind that 
1 when j=} 
TiGd= bo chen as, 
Jj (4j,. +--+, Aj) =9 when »>2, 
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we have: 
x 


1 a 
Nj (aj,5 =) oe dz, 


Nj (Qj, 5 +++ 5 Ay} »)={| 


ay 


Nj (aj, «+ - @jyr43 Z) - 5 jy Ny (Qj, +++ By x) d 
Z— ajy r— a; = 


where 6,, = 1 when p = q, and Sng = 0 when p # g. 

By describing a circuit round the point a; the solution (315) acquires a 
factor e?*!4/ on the left. Any other solution, as we know, will have an integral 
matrix, similar to the matrix e?7/44, i.e. by describing a circuit round the sing- 
ularity a, any solution of the system acquires on the left a factor which is a matrix 
similar to the matrix e?!4), 

Let us now return to the formula (315). The second factor, as we said before, 
is regular at the point = a;. The inverse matrix 


0;(x)~? 


will, therefore, also be regular at the point z = aj for the determinant of the 


matrix 6 (a) is equal to unity at the point « = a;. In general, if any solution 


Y(x) can be represented in the neighbourhood of the point a, in the form: 


Y (x) = (e—ay)"F¥ (2), 


where the matrix Y(x) is regular at the point a; and its determinant at that 
point is not zero, then the matrix Wj is said to be an exponential matrix of 
the given solution. It can be shown that this matrix is determined in a unique 
way for a given solution when the matrices U, are close to zero. In particular, 
for the solution, canonical at the point a; this will be the matrix U; itself, and, 
generally, for any solution, it will be a matrix similar to the matrix Uj. 

Note. In all the above arguments we have used the fact that the representation 
of a function of a matrix in the form of a power series of these matrices is unique. 
This uniqueness theorem forms the basis of the method for the comparison of 
coefficients; we used this method above by substituting a series with unknown 
coefficients into both sides of the equation and comparing the coefficients of 
similar terms. The hypothesis that the sum of a power series of a matrix U, is 
a single-valued function of « near x =a, and that all the coefficients of this 
series must be single-valued, is also based on this theorem of uniqueness. 

We said earlier in [94] that the uniqueness theorem holds if the sums of 
the power series coincide for matrices of every order. In all our arguments the 
order of the matrices was immaterial and it was therefore permissible to use the 
uniqueness theorem. 


125. The connection with regular solutions of Fuchs’s type. Let us now 


consider the canonical solution at the singularity = a;: 


0; (x) = (w — aj)7s 6; (x). 
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For the sake of simplicity we assume that the order of the matrix n = 2, 
i.e. that we have a system of two equations with two unknown functions. 
Let S; be a matrix which converts U, to the diagonal form: 


8S; U; S;* = (01, 02]. 
Consider the integral matrix: 


Zy (@) = Sj 8; (2) = (2 — a) 1857" 8,8; (2), 
or 

Zj (a) = (x — a,)le es] Z; (x) . 
where 7 _ 

2; (2) = 8,5; (2) 


is regular at the point x = ay. Denoting by ZY}(x) the elements of this latter 
matrix: 
Zi) (x), ZAP (a) 


Z, (x) =||2" 
1) = 150) (ay , ZY (a) 


where Zz) are functions which are regular when z = a; and bearing in 
rmoind that 

_— OQ; 0 
(x a q;) len Ca] = os a) : 


0, (c—a pe 
we have: 


(x —a;)*, 0 
Z; (2) = : 


| ZY) (2), ZY) (x) 
ZY (x) , ZY (a) 


0, (x —_ a.;)* 
(x — a)" Z) (a) , (@ — aj) Zi) (z) 
(x — aj) ZY (2) , (a — ay) ZY) (a) 


Every line of this matrix contains a solution of the above system [120]. 
We thus have two solutions of the system which have the same form as the 
solutions of one regular equation in the theorem of Fuchs [99]: 


Fn (a) = (2 — a)" Z (2); Ys (a) = (e@ — 0)" ZY (a) ; 
Yo (x) = («© — ay) ZY) (a); Vox (a) = (w@ — a) ZY) (a). 

In these formulae the first subscript of Y(x) gives the number of the solution 
and the second the number of the function. Notice also that from the definition 
of Zj(x) and the fact that 0,(a;) = 1 we have 
ZWD (ay), Zi? (ay) 
ZY) (aj), Zep (a)) 


Zj (aj) = = 8) 


where S, is a matrix, the determinant of which is not zero. The number ZY}(a;) 
must be the constant term in the expansion of Z4)(z2) into the Taylor’s series in 
powers of (2 — a). 
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The numbers 9, and ge, which in [98] were the zeros of the determining equa- 
tion are, in this case, determined from the characteristic equation of the matrix 
U;. In the works of I. A. Lappo-Danilevski the integral matrix 0;(x) is known 
not as the canonical matrix but as the metacanonical matrix at the singularity 
xz =a). In this terminology the matrix Z;(x) can be called canonical at the 
point z = aj. 

126. The case of the arbitrary U,. The formula (297) in [123] determines an 
exponential substitution W, for en integral matrix Y(6; x) in the form of a 
power series of U, which converges only when the U; are close to zero matrices, 
Similarly, formula (312) in [124] gives the analogous representation for the 
regular factor of a canonical matrix 0,(z). We shall now examine this repre- 
sentation for arbitrary matrices U,. 

By definition we have for the U, which are close to a zero matrix [123] 

1 1 2(-1)""' 
Wi =5 log V isi 2) ( 2 -(V;—1)’. 

Let us denote by 0, 02, --+, Qn the characteristic zeros of the matrix U,. We 
know from [124] that the matrix V, is similar to the matrix e?*!Ui and there- 
fore the characteristic zeros of the matrix V, will be: 


m= ete. ne = e27les, | a e2tie, , 


If we suppose that the 7, are ull different and use Sylvester’s formula we can 
write: 
Ll 2 (Vy — 9). 6 (Vy — Mer) (Vi — .-(Vi—7 
ie Se pa M)ee (Vy Mer) (Vy — Mar). 6 (Vy ”) log ng 
Qt Ka (Me — M1) ++ ( — Mhar) (Me — Meer) ++ «(Me — Tn) 


In future, for the sake of simplicity, we shall only consider the case when 
n = 2. Replacing 7, by the expression containing 9; we have: 


V; — e2tles V; — e@tla 
W,= errlan _ g2aies Q1 ginien _ o2ale — gtales C2» 
or 
Va oe ey ae 
J eles = e2tla ees _ emits I 


When o, = @, this formula becomes 


1 1 
Wj= [a = | + on Vr (317) 

Above we obtained a representation of V, in the form of a power series in 
U, for any U,. Similarly formula (316) gives a representation of W, for any 
U,. This formula becomes devoid of meaning when g, and og, differ by an integer 
other than zero, for then the denominator on the right-hand side of (316) 
vanishes while the numerators are other than zero. Thus for W, as functions 
of U,, those matrices U, will be singularities, the characteristic zeros of which 
differ by an integer other than zero. With regard to the remaining matrices 
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U, the function W; has no other singularities. The existence of these singularities 
causes the series (297) to converge only when the U,’s are close to zero matrices. 

We will show how the series (297) can be used for obtaining W; in the form 
of a quotient of two power series which converge for any U,. Let us construct 
a numerical function of U;, i.e. a function which for a given U j has a definite 
numerical value: 


. 2nioy = o2en sin % (2) = @ ) 
A(U) = oe Merten) SS Cn 2! 
(U, 270 (0, — Qe) % (0; — @2) 


We can represent it in the form of a power series which converges for any 
Q, and 9g: 


(318) 


AU) = Saat le — 00)". (319) 
v=o 


Denoting by {U;},, the elements of the matrix U; we can write the quadratic 
equation which is satisfied by o, and a,: 


{(U)u—e@ (Upe = 
{Ojo {U j}o2 —e 


We have further: 
(01 — @2)® = (0, + 02)? — 40102, 


and, bearing in mind the property of the sum and product of the zeros of 4 
quadratic equation, we obtain an for expression (9, — @,)* in terms of the ele- 
ments of the matrix U;: 


(0, oe 02)? = (Opin a {Uj}22)? —4 (Ops {U jos = {Uy} {U j)a)- 


Substituting in (319) we obtain an expression A(U;) in terms of the elements 
of the matrix a 


A(Uj)= Lae (+l rs a ren GY ail C(O shi + (Opes)? — 4 {Ugh (Ope — (Oph {Ow 


and this series converges for every U,, i.e. it is an integral function of the 
elements of the matrix Uj. 
For the sake of briefness we denote the terms of the above sum by 4,( U;): 


A(U) = 35 (0) (320) 


where 6,(U,) = 1 and, when »> 0, 6,(U;) is a homogeneous polynomial of 
degree v in the elements of U;. It follows from the formulee (316) and (318) 
that the elements of the product 4(U;)W, are integral functions of the elements 
of U; and, in general, they are integral functions of the elements of all the 
matrices U,. This function can be expanded into homogeneous polynomials of 
the elements of U, [83]. Bearing in mind the expansions (297) and (320) we 
can write the expansion into homogeneous polynomials as follows: 


¥ 1,. 


A(U)Wy= > a Tiss Us bys (Uj) Qy (2p: +2155) | 
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The above series converges for every U,. We thus obtain an expression for 
W, in the form of a quotient of two integral functions of the elements of U,: 


oo UY 1,...,m 
oy | Uj, «++ Ujg dy-5 (Uj) Qj (2), + -j53 0) 
W; = Jee ods - ; (321) 
»=0 


Notice that the numerical terms in the series in the denominator depend only 
on the elements of the matrix U,. Arguing in the same way as before we can 
show that the products 


4 (Uj) (x — a;)"%5 and 4 (Uj) (x — aj)~"% 


ere integral functions of the elements of U,. It follows from the formula (306) 
that 
A(U;) YO (b; z)-1 = Y (b; 2)71A(U,) (c—a,)"s. 


The matrices Y(b; x) and Y(b;z)-!, as we know, are integral functions of 
the matrices U, and, consequently, the product 4(U pr; z)- 1 is an integral 
function of the elements of U,. The canonical matrix @ j(x) can be written in the 
form [124]: 

6;(z) = YO (b; a) Y4(b; 2), 


and, consequently, A(U,) 6;(x) is an integral function of the elements of U,. 
The same can be said about the product: 
A (Uj) 6;(x) = (w@ — aj) 4s A(Uy) 6 (2), 


since (« — a) is an integral function of U;. Using the expansion (312) we 
can also write the canonical matrix 6;(r) as a quotient of two integral functions 
of the elements of U,: 


o © /fl.....m 
(x — aj)"1 a >| a . Uj, --- Uy, 6-5 (Uj) Nj (aj, +++ Of 2)| 


y=0S=0\ft,...sfe 


¥4,(U;) 


v=0 


. (322) 


6; (x) = 


Notice that in all the above formulae, A(U;) can commute with every matrix. 
The numerators in the formulae (321) and (322) contain series the terms of 
which are matrices which because of the factors Uj, and the numerical factor 
6,_;(U;) depend on the elements of U, . 

The formulae (312) and (322) give the canonical matrix in the form of a 
power series or as a quotient of two power series, in terms of the elements of the 
matrix U,. At the same time the coofficients Nj(aj,, ..-, 2), ; x) depend on z. 
We can, conversely, write FAC) in the form of a Taylor’s series in powers of 
(« — a,). The coefficients of this series will also depend on the elements of U,. 
This series will converge in the circle | « — a; | < R which contains no sing- 
ularities except x = a,. 
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We had the equation (311) for 6;(c) and we have shown that W; =U,, 
1.8. _ 7 
d6j(z) = U; U; 6; (x) ; 

dx §) & ara, r— a; 


Substituting this in the equation 


6 (2) = 14 2 A\?) (x — aj)?, (323) 
=1 
where Af? are the unknown matrices which are independent of z, and equating 
the coefficients of equal powers of (x — a;) we obtain an equation for the 
successive determination of the matrix Al); 


U, A+ pap — AU; =— F a —=1,2,...). (324) 


FJ quv (2p, — a,)P~4 


We have already met similar systems in [121]. We are not giving here the 
solution of the equation (324) or the proof of the convergence of the series 
(323). We can use for this the same method of proof as in [98]. Notice only that 
the product 4(U,)A%?) is an integral function of the elements of the matrix 
U, and that the following formula holds for this product: 


yam [ei io_s (=k ip of] 
A(U) A‘ 3(5 Sar oe OD) Se ayy UIT UI. 


where 7’, denotes the right-hand side of the equation (313). 


127, Expansion in the neighbourhood of an irregular singularity. We shall 
now consider a system of linear equations, the coefficients of which have a 
pole of any order at the point x = 0 and, for the sake of simplicity, we assume 
that the coefficients of this system are quotients obtained by dividing a certain 
polynomial by a whole positive power of the variable z. Using the matrix 
method of notation we can write this system as follows: 


——=Y > 7,2, (325) 


where 7, are the given matrices. The point z = 0 will, in general, be an 
irregular singularity of the above system but we can nevertheless apply the 
method of successive approximations; we thus obtain the solution in a finite 
form which will hold for every analytic continuation with respect to x. This 
solution, as always, will be given as a power series of the matrices T,, which 
occur in the coefficients of the system. Let us take a point b, other than z = 0 
and construct the solution Y(b; x) which becomes a unit matrix when z = 6. 
For this solution we can write the usual integral equation 


x 
¥ (b; 2) =1+{ ¥ (b; 2) sy Tp x? dz. 
pas 
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Assuming that Y, = 1 and 


Y,(z)=1+ i Y y-1 (2) PEt (x)? dx, (326) 
we have 
Y (b; zs) = Y,+[Y¥, (ce) — Y,]+[¥2 (2) — Yi (2)]+... 
Writing, for brevity: 
Z, (©) = Y, (x) — Yy-1 (2) (Z,=1), 


we can, from (326), write 


x Ty x? da. (327) 


Zy (2) = J Zos(e) 2 


Let us introduce functions of x which are determined by the following recur- 
rent relationships: 


x 


x 
Lp, (b; a) #08 Lpy-+osp, (Bs 2) = f Lpy--sp, (3 2) ade, (328) 
6 


On evaluating by the method of successive approximations we have, from 
(327): 


x t t 
Eeya) 1 & Tpwdz= YX Tp,Lp,(b; 2); 
~Aan=—s 


Ans 


x t t t 
Z, (z) = - Ppl p, (5; 2) > Tp, ada = » Ppl pL pips (b; 2), 
Pim —s Pa=-—s P1,Pa=—s 
and in general 


t 
Z, (x) = » Ty 


Pp Py=—S Tp, Lp,...p,(83 2). 
le os pPp™ 


wee? 


Thus the required solution is obtained as a power series of matrices 


@ t 
YO; z)=1+ FY SY Tp, --- TpLp,..-p, (05 2): (329) 
¥—=1 Py... Py=—s 

We can, as in [122], prove that the above series converges absolutely and 
uniformly and that it gives the required solution of the system. In this case we 
can perform the squaring shown in the formulae (328) and we can therefore 

write the coefficients of the series (329) in a definite form. 
Instead of the functions (328) we shall consider, first of all, the above squares, 
but only after using a different method for determining the arbitrary constant 


x 


Mp, (2) = { aPidz;...; 


x 
Mp,...p,(@) = J Mpy...p,_, (@) av de. 
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We shall find the arbitrary constants in these equations as follows: when 
pit--- +p, +v #0, the function M,, ,.,p (z) must be of the form: 


Mp,. Py (z) = Pit... tPyte Py af p, log” x, (330) 
un 

where aly) p, are numerical coefficients. If, however, D+...+p+v=0 

then the constant of integration will remain arbitrary. We will show, first of 

all, that this determination of the arbitrary constant is possible. When » = 1 
we have: 

x ght : 

My, (2) = § oda = m+i 


a) +-logaz, when p,+1=0, 


, when p, +130 


where al?) is the arbitrary constant. We shall now assume that formula (330) 
holds for every Mp, ...p, (x), when A <<», and investigate the function Mp, __p er (%)3 


x y 
(x) = (are ato > al) 5, log’ w+ oP yt dz. 


Mp... 
pao 


"Pyar 


There are two cases. When p, + ... + 7,4, +» +10, integrating by 
parts we have: 


Pit. +P) td 
x ve a”) a 
apy...p, log” & — 


Mp. 
Prtees+ Py betl gay 


(z) = 


-y Poss 


x 
oP... Pag TY w) 

a lo Pl ydz. 
| ee 3 mh “Py 108 


Continuing to integrate by parts we finally obtain the following expression: 


vt) 
ghit...+ +v41 (u) It 
(2) = Poss > Oby...Py,, log” z, 
um) 


Mp, 


Pyar 
where the coefficients af), ,, can be expressed linearly in terms of 
the alt) ...p, 2nd will contain no other arbitrary constants except the constants 
in alt Py 

If, however, Pt... +4, +%+1=—0 then 


eit... tPytY Py, — i ; 
x 
and we have 
(0) . ap. --P + (#) 
1 
Mp,...p,,, (©) = @y.. Pott Peres a ae » log*t a= 2 Ops. Py a, log” x 


where af), ,, is a new arbitrary constant. We have thus shown that it is 
possible to determine the constants so that formula (330) holds. It also 
follows directly from the above that the arbitrariness of the coefficients is due to 
the arbitrary choice of the coefficient at) op, When p, +... +p, + v= 0. 
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We shall now write down relationships which make it possible to evaluate 
the aly) p, Successively. When » = | our earlier calculations give: 


(0) when p, +10, Q) __ oe 


7 a a 1 when p, +1=0. 
arbitrary when p,+1=0, 


It also follows from the definition of Mp, p (x) that : 


d 
Ga Mo... (2) = Mp. (x) 2?» 


+-Py_y 


and from (330) 


(Pit: PtH 3 of p, log x + 5 me p, lotta = 


= "Sof p, log” a. 
ea 
whence 


(Pte. + Py +r)ap.p =0, 


(Pit vee + Py +) ab.p, + (etl abi, = app, 
(zu =v—l1, »—2Z,..., 1, O). 
Consider first the case when p, + ... + p, + » # 0. We then have: 


n) 1 


al’) =0; al alt) = 
a Pu-Py — By ey ear ei fee (cara ae 


+ 
1) ai"), J. 


The successive application of this latter formula when uw = vy — 1, vy — 2,... 
gives: 


of? a eas a?—)) 

ap.. Py — Dit... +pPytr Pi-+-Py, 
al’—?) — ee eae em _ esl —"e#—» | 
Pi---Py Pt---+p,+” Pi---Pyy Pit.-++Pyt? Pi-+ Py, 


and, in general 


(uy) 1 (x) _ B+1 (u+1) 
MPA Py DLE we F Py EY [oft Pid $ Pye Ptr Post 


(HAI) (+2) suse _ 
(Pit ieee + Pye)? Pron 


as Ay ge 1 dart ee (“4+ 1) o 88 (vy — 1) a’—}) ih 
(Pip vee bpp boy ee Pee 


When p, + ... +p, + » = 0 the above formula gives: 


+ + 


1 
fi) = p+l alt) Py_y (u =0, bere y—1), 
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and a) p, remains arbitrary. Summarising all that has been said above we 
obtain the following formulae for the determination of the coefficients a: 


go) 


oe vem when p, +140 

(a) 0 when p, +10 

a 1 when p,+1=0 
ap)...p, = 0 (py, +...+p,+% #0) 


a) pee 1 at") _ 
Pies Py Pr Aion Ds Py +9 Pi-+-Py_y 
B+1 gt) 
Prtieee + py ty Pos 
(4+ 1) (u +2) aftt2) 


‘ (pi +... + py +7)? Pise Pug + 
Bigeye = AB ee geen (331) 
(Pi +...¢p, +9)" 47? 1 sPys 


(ue=v—1,y—2,..., 10; p,+...+pR+%7 #0), 


(#) (4—y» 
Opes Diy Opis Poy 


(u=v,vy—1,...,,2, l; p, +...+p,+7=0). 


To find an expression for the functions L,, p, (8; xz) in terms of M@ pies (x) 
certain new functions M), - «Pp (az) have to be ihesoduted which can be determined 
as single-valued finetions with the aid of the following successive equations: 


Mp, (=) = — Mp, (2), 


rs (332) 
Mp,...p, (©) = - 3 Mi... Py (©) Mp, ,--.p, (#): 
In the above sum in the term corresponding to 4 = 0 the factor M Pu (x) 


becomes devoid of meaning when =O and must be replaced i ‘unity. 
We will now show that 


p(s 2)= > Mi... .p, (©) M 


H=0 


Pusat -Py (z), (333) 
where, when p = 0, the first factor is replaced by unity and when 4 = v 
the second factor must be replaced by unity. 

When »v = 1 this formula is self-explanatory since we have from the evalua- 
tion of our functions: 


Ly, (b ; ©) = Mp, (2) — Mp, (b) = Mp, (2) + Mp, (6). 


To prove the validity of the formula (333) for every v we shall prove that if 
it is true for » then itis true for » + }. 
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On supposing that formula (333) is valid for all Z 
we have: 


Lp. 


D1. . py (2) when A < », 


Pyar (D5) i Lp... » (B5 a) 2? rn dt = 


x 
a 5 2, Mh...r, (0) M pi, yys+-Po (x)Po4: da. 


But from the definition of M,, py (2): 


§ Mp, ,,...p,() Pen dt = Mp, p,., (@) — Mp, ...py4, (2) 


and consequently: 


‘< . * pees 
Lp,. {b; x) = 2, Mpy...P, (b) [Mpa Poa (x) Mp, (b)] ’ 


Posy Py 


or, bearing in mind the usual condition for border terms in the above sums 
and also (332) we can write: 


vt 
Lp,...p,,, (b; 2) = 2, Mpy...p, (0) Mo a+ Poss (x), 


i.e. formula (333) appears to be valid for Lips. .Pett (6; 2), also and we can 
therefore say that this formula will also hold in the general case. It follows 
directly from (332) that Dea Py (z) has the same form as M Pis--Py (a) but that 
coefficients are different 


Mhy...p, (2) = 2%... + P+" SY ag” 5 log" x. (334) 
H=0 
To simplify the construction of the relationships which permit the evaluation 


of the coefficients a5) , , we shall prove the validity of the following formulae 
for M; 


Py? 
1. -Py" 
x x 
Mj, (2) =— fa dz; Mp,...p, (2) = — i at Mp,...p, (a) dx. (335) 
The constants of integration are, in this case, be so chosen that the 
formulae (334) holds. This will, as before, determine the apy Py when 


Pi +... +p, -+»#0. We shall consider below the choice of a; no) p,»» When 
Pp, +... +p,+ » = 0. When » = 1 we have: 


d _ od 


ap Ma (x) = —3— Mp, (2) = — aPa 


and, consequently: 
x 
Mj, (x) = —f{ zi dr. 
Let us now suppose that the equation 


d 


ap Min...m, (©) = — 2 Mhy...p, (2) (336) 
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holds for A<v—l1. We willnow show that it is also valid when A = ». We have 


from (332): 


d * — d * 
ES Mp,...p, () =— 2, ~ (x) ae Mpy...p,,() a 
iio 


d 
a) 
or from (336) and the definition of ae (x): 
d 


dz Mh. Py (z) ay Mha.. Pu (x) Mp, “e py (2) — 
= 2, Mh.. Pu (x) Mp, Fy ae (x) axPy, 


But according to (332): 


2 Mh. Pu (x) M Pri gas? Pus (x) =0 
and 
2 Mp... Pu (x) Mp, Py (z) = — Mh,.. ‘Py (x), 
A= 
and therefore 
d 


dz Mh,...p, (x) ona zs Mp,...p, (x), 


which we wanted to prove. Using the formulae (335) we can introduce relation- 
ships for aj) , analogous with those deduced above for aff), . The proof will 


be exactly the same and we shall only give the final smile: 


1 
an) — ee as when p, +10 
qt) 0 when p,+1 0 
Ge 1 when p,+1=0 


ap”, =0 (pi +..-+p,+% #0) 


GOO eae oe eS [axe = w+1 a(t*y) 
Pi-+-Py Prt.--+R+ Pa---Py D+.» +Pt? Pa.--Py 


— +V+r2) *(u24 2) 
¥ (p,+.-.-+p,+)? Ops...p, + +s 


a aes (i cae (et 1)... (@v—1) 504) 
(Pp, + eee + Py +r)" 4 2-+-Dy 
(umv—1,y—2,..., 1,0; pt. +R +7 40); 


*( 4 * 
Gp. », = rm" gS a 


+ 


(ue=vv—1,..., 2,1; p,4+...+p,+%7=9). 
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From these relationships all the a*, except as() p, can be determined, when 
p+... +p,+»=0. As a result of the single-valued determination of 
M;, Py “(z) from the formulae (332), these latter coefficients can also be 
expressed in a definite way in terms of the known coefficients a and a*. To 
find these expressions we replace M,, , (x) by Mo..p p, (*) in formula (332) 
using their expressions in the formulae (330) and (334). After substitution in 
both sides of the equations we obtain polynomials in log x: 


P —h 
J Rs late —"S! (Sof, toe'a) (SP ofh,.p e's}. 
=@9 


b=o \s=0 


Comparing terms which do not contain log x in this formula we obtain the 
relationship 


= 0 0 
ee ee (38) 


or, separating the first and last terms: 
apy...p, + x ap” p, OP gae-Py + OP -Py =O: (339) 
“= 


These latter relationships enable us to determine the ap) p, when 
Pt... +p,+7=0. 

Lastly, if we replace My, p(x) and My. _.p, (=) in the expression (333) 
by their expressions from (330) and (334), then: we obtain a, definite expression 
for the coefficients of the series (329): 


Lp,...p, (05 2) = 1 Pat... Pu tH gPutit...t+Pyto—H 
Py » 
fimo 


v— 
k 
x 3 ap p,log* b PY * al Ce py 0B 2. 


Introducing these expressions into the formula (326) we obtain the final 
expression for the solution: 


Y(b; 27) = 
=T[ + Da x Tp. Py 2 pPat.. atPute pPetit.. wt Py tom“ x 
y=] Pi. Py =—s a 
“ v— 
x 2, an Py log! 5! OP ae: py loge. (340) 


From the above considerations we arrive at to the following theorem. 

THEOREM. The solution of the system (325), which becomes a unit matriz 
when x = b, can be determined for every analytic continuation with respect to 
z and for any matrix T given in the form of the series (337); the coefficients a 
are determined from the relationships (331) and when p,+... +p, +v7=0, 
al)». remain arbitrary. The coefficients a* are determined Yeon the relation- 
ships (337) and (338). 
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Formula (340) determines the use of the method of successive approximations 
in its application to the system (316). 

By describing a circuit round z = 0 the solution Y(b; x) is multiplied on 
the left by a constant matrix V. It is net difficult to obtain a formula for the 
any positive integral power V™. If m is an integer, either positive or negative, 
we can obtain V” if we take the value of Y(b; x) at the point 2 = b, obtained 
as a result of completing a circuit round the point x = 0, | m | times in the posi- 
tive direction when m > 0, and in the negative direction when m < 0. After 
completing this circuit the initial value of logx becomes log 2 + 2mmi and 
we have: 


7 : oa oe A 
y™=I4 > Y Dot Pere yy ap,.”.p, 1og*b x 
Y= 1 Pi,.--P,, 7—S #=0 A=0 
"a KK Kk 
x 2 Op. ay (log b + 2mazz)". (341) 


The value of log b in the inside sum is the same as log b in the outside sum 
and the coefficients in the above power series are polynomials in log b. It can 
be shown, but we will not do so here, that the coefficients of all terms con- 
taining log 6 will cancel each other, so that instead of formula (341) we can 
use the simpler formula 


es ee eee 
v=] Py,...,py=—S u=-0 
ya Qami)* 342 
x pa BD a4 pe+rPp (2M2)”. (342) 


Let us now return to the fundamental expansion (340). It can readily be 
seen that the series on the right-hand side can be formally obtained as a product 
of two series, viz. it can be represented as a product of two power series of 
matrices as follows: 


@ t 2 
+ >. S T'p,- . Tp, Brit... .P +? > ap”) p log’ 7 x 
L do 8 Pi.» Py =—S p=0 
@ f . 
xt +> Se pps Tp, 2h PoP Se ale)» Tog +} (343) 
V1 Pty-- Py = 8 Pret) 


The first factor does not contain z and is a constant matrix. If we cancel 
this factor, in other words, if we multiply the product (343) on the left by 
a constant matrix, which is the reciprocal of the First factor, then we are left as 
a result with the series: 

2 t v 
I+ 3 DS Tyee Tp oPtt thot? S afl) 5 log* a (344) 


vel pyy...Py=—s =O 
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which should also be a solution of the system (325). The above considerationg 
are only formal in character but it can be proved that the series (344) does, 
in fact, converge and give a solution of the system when the matrices T', are 
close to zero. This solution (344) no longer depends on the choice of the point 
b at which we approximated the solution to a unit matrix. We are not going 
to investigate in greater detail the solution given by the series (344). A detailed 
investigation of the system (325) can be found in the original works of I. A. 
Lappo-Danilevski. 


128. Expansions into uniformly convergent series. The series constructed 
above were uniformly convergent in a closed domain without singularities. 
In the neighbourhood of a regular singularity, after the isolation of this sin- 
gularity, we obtained a Taylor’s series, which converged uniformly in the neigh- 
bourhood of the singularity. We shall now describe the construction of series 
which converge uniformly on the real axis in the neighbourhood of an irregular 
singularity which we place at infinity. This leads us to a consideration of the 
asymptotic representation. Let us consider a system of two equations of the 
first order of the form: 


dY J T T 
Serray(r+2+ H+.) (345) 


where 7; are constant matrices. When 7’, = 0, then z = o is a regular sin- 
gularity. Assuming that Y=Y, S, where S is a constant matrix, we obtain a 
similar system for Y,, but the coefficients will be 7, = ST, S-! and we can 
choose S so that the matrix 7; is given in canonical form. We shall assume 
in what follows that in the system (345) the matrix 7’, is already inthe canoni- 
cal form. Let us consider the case when 7, has a purely diagonal form: 
T, = [a,, a@,], and the real parts of a, and a, are different. Without loss of 
generality we can assume that 


R(a,) > R (az), (346) 


where ‘R(z) is the symbol of the real part of the complex number z. 
Let us now introduce the elements ¢;, of the matrix T: 


© 1 bad 1 : 
=at YO; he= SQ (i #k) (347) 
s=1 x s=1 Zz 
and assume that 
T= P,+P, (348) 


where P, is the diagonal matrix: 
Py= [a te, a, +4 =]: (349) 
z x 
The elements P;, of the matrix P are: 


© ] . bad 1 
Py= > yy — (i #k); Pi= D> a Sore (350) 


s™=1 @v S=2 
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We replace Y by a new unknown matrix Z according to the formula 


y= ae dx Z = elaixt ti log x—a,, ayx-+th2 log x—a,] Z. (351) 
On substituting in (345) we obtain an equation for Z: 
Se = 2P,— PL + 2P, (352) 
or, introducing the parameter 4, we have: 
a = ZP,—PZ+IZP. (353) 


We shall try to find a solution of this equation in the form of the series 
Z= ¥ 2A". (354) 
m=0 
Substituting in (353) we obtain: 
dZm 


Ft = SmPa — Polim + ZimsP (n=, 23, o00)5 (355) 
or, for the elements 27) of the matrix Z,,;: 
(m) 2 
mode = txt ep log x—af 2\m) _ txt yp logx—a; 2\7) a > 2(m—1) Pye (356) 
§=1 


and it can be assumed that Z, = 1. The above equation can easily be solved and, 
ag a result, a formula for the successive evaluation of the zim) will be obtained: 


2 — 
aif) = ovta [ole 3 al?” pan, (357) 
s=l1 
where 
Tig = (a; — a4) 2 + (PIP — PY) loge = aya + By log z. (358) 


In formula (357) the interval of integration is (x), 2) when 7 > k, and (0, 2) 
when i <k, where z, is a sufficiently large real value of z, and x > x. We 
assume, in any case, that z, > 1. For the elements z,, of the matrix Z, which 
must satisfy the equation (352), we obtain the series: 


Zik 


> hf (i #k), 
m=l1 

(359) 
zy=1+ > 27. 


m= 


If we can prove the uniform convergence of these series in the infinite interval 
X_ < x2 < o, then it follows from the formulae (357), that the series composed 
of the derivatives: 


m) 
sa (i, k=1, 2), 
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converge uniformly in every finite part of the above interval and that the matrix 
Z satisfies the equation (352) while the matrix Y, given by the formula (3651), 
satisfies the equation (345). 

We shall now prove the uniform convergence of the series (350). It fol- 
lows from (350) that: 


a . a 
lPixl <> @#E; lpul< > (360) 


where a is a positive constant. Also, using the rule of |]’Hépital it is easy 
to obtain the inequalities 


oH f ott = de p< Sar <t, (361) 


where ri, is the real part of r;, and a, is a positive constant. In these formulae 
and in the formulae below, the integrals should be understood in the same 
sense as above. Notice that as z, increases the value of the constant a, re- 
mains unaltered. 


We have from (355) and the fact that Z, = 1: 
zip — =e ‘af eup,dx (i #k); 2p) =f py dz, (362) 
and from (360) and (361) we obtain: 
[Qi <b ens [sPl<- (363) 


Also from (355), (363) and the condition z > z, > 1: 


2) —rie [ ottk g 200 20, —rie feat a 
[2B] <e fe 2-2 dz < aa Bape et a aes 
(a) aa a. 
2 |< [2 Star <2, 
|2ff | < 20, 07% | ov 2 SA dy c PO a, 
0 
2a, aa aa 
| 29 < Ps lf? | pacldx < | (= : “a + 2a, 1) ae, 
whence 
Oe SeeE Bt, 
iin 
Further inequalities are of the form: 
(2a ies (2a ) em—1 ay 
Jal |< SL [el < 
26, T a 21,)2" a : 
| (ama) | Cay | 20249) | oe (364) 
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They can readily be proved, as above, by induction from 2m to (2m -+- 1) and 
from (2m +- 1) to (2m + 2). 
It follows from these inequalities that if we take x, > (2a,)? then the series 


x | 2th | 
m=0 


will converge uniformly in the infinite interval 2,<x < oo, wheneither 74k 
ort =k. 

Hence, bearing in mind the formula (351), we obtain the following solution 
for the system (345): 


(1) 
Yin = 0% al zip (i, k =2), (365) 


where, as always, 2 is the number of the solution and & denotes the number of 
the function. It follows from the formula (359) and the inequalities (364) that 


cw=0()G#Hs ay=1+0(=), (366) 


and, from (346), this shows that the solutions (365) are linearly independent. 
When substituting the expansions (360) in the integral (357) we obtain the 
following integral: 


x x 
@ 2x6 log x i eok tb log x dz and e%%té logx J etX—B log x st (367) 
Zz 


x 
Xo = 
where Q(a) > 0 and n> l. 

Integrating by parts and assuming that ef !9¢*— 2?y we can write the 
asymptotic expansion of these integrals in powers of 1/z. 

Using the expansions (350), the expansions of the integrals (367) into asymp- 
totic series and calculating the upper bounds of the firstand last terms of the ex- 
pensions by evaluating the inequalities (364) more accurately, we obtain the 
asymptotic expansion of z,, in powers of 1/x; this, according to (365), will give 
us the asymptotic expansions of y;,. Let us separate the first terms in the 
asymptotio expansions of 2): 

We have from (362): 


P ® @  .¢ 
cif) = o-oux-Puloex | gouxtfaloex (He + 2) de Gi<k), 
Xe 


x 


: 1) (2 
2) = om uxtbatoex | ete x—Bux log x (ue + ae 4: su) dz (4 > k) , 
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where ¢;, and ¢;,— 04s x- o. Integrating by parts we obtain from this: 


(a) 
2D a IK a, Sie aif + Se (sy > 0 as r300; 1,k =1, 2). (368) 


Substituting these expressions in the formulae (357) when m = 2 we have: 


22) = 9 tH X—Bux log il ete xt Aux log x Ss (se al) " al?) fis 
s=1 


x az? z 
iS) 1{) Esk 
x (= a ta) & 


When 1k this gives the asymptotic representations 


Zik = + z eik > 0 (as roo) (¢ # k). (369) 
Also 


* ) ) , (1) (2) 
ipa f(a Py el (a) ae, 


x x? x? 


+ =e. (370) 
From (369) and (370) we have the inequalities: 
| 2{9)| ee 
Sz ; [2 | < (b is a constant). (371) 
From this, (360) and the condition z > 2, > 1 we obtain: 
|2 {) | > 2abe” “a [ort = de, 
(a) 1 
| 243 | < 2ab | de. 
Ineqalities, analogous with (361), can readily be obtained: 
-/ cs a 
@ tk [e * dx <2 oi fs dz <a (b, being a constant) , 


from which we obtain the inequalities: 


P| <ab (2) (i, B= 1,2). 
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Substituting this in the formule (357) when m = 4 and bearing in mind that 
2 > Zo > 1 we have: 


2 ’ , 2 
[2] < Se eal oe sae <ab ME, 
To z Lo x 


|2{P |< abb,2* [ = de < ab (2b,)*- = 


Continuing in this way we obtain the general inequalities: 


2b vas l (2b jn 8 1 
| 2%” | < 0b ae [2 | < ab ea ar 
(2b,)°""* 1 (2b,)2"7-! 
|e"? | <ob Fears et |< ad 


from which it follows that: 


—2 
| 2” | + [262 | < ab CO 1 4.20, 4, 
i (371,) 


25)" 1 
| 27 | + | 27" | < ab er Oe aad LB 
0 


Using the series (359) and the formulae (368), (370) and (371) we obtain: 


al) i a py) 
aye Sy tle Say a p E (a7) 


where 7;,and 7;;—+ 0 as z— o. Substituting in (365) we obtain the asymp- 
totic expansion for y;,.In the same way as before it is possible to separate 
the following terms in the asymptotic expansion z;,. The above method with- 
out modifications can also be applied to a system of n equations provided 
that the real parts of the characteristic zeros of the matrix 7’, are different. 

Let us now assume that the numbers a, and a,, which form part of the 
diagonal matrix 7, = [a,,@,], have the same real part a. Replacing Y by a 
new unknown matrix Y, = e™ Y we obtain an equation for Y in the form 
(345) in which 7’, is the diagonal matrix [a,?, a,t] with purely imaginary terms 
on the main diagonal. We will suppose that the equation (345) already has this 
property. If, at the same time, the matrix 7, is equal to zero, then without 
making any modifications, we can use the above method to obtain a uniformly 
convergent series and the asymptotic representation. When 7’, = [a, a], then 
the substitution Y, = ey gives a system with a regular singularity at 
infinity. 

Let us apply the results we have obtained to a linear differentia] equation 
of the form: 


V+(Qtt+Se..jyt+Stt...jyqo. (373) 
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The usual separation of the functions y, = y and y, = y’ gives a system in 
which 

0, —b, 
T~/.= 


1,—a, 
and the characteristic equation of this matrix has the form: 
# + a+b, =0. (374) 


When the real parts of the zeros of this equation are different we can use 
the above method for the construction of the series. This method of successive 
approximations was first worked out by N. P. Erugin in his paper Transform. 
able Systems (1946). 

In the works of V.V. Khoroshilov (Proc. Acad. Sci. SSSR., 1949) it was 
worked out for this case when the real parts of the zeros of the characteristic 
equation for the matrix 7’, were different. 


CHAPTER VI 


SPECIAL FUNCTIONS 


§ 1. Spherical functions 


129. The determination of spherical functions. In this chapter we 
shall study certain special classes of functions which are met with in 
the solution of equations in mathematical physics. All these 
functions are usually determined as solutions of certain linear equations 
with variable coefficients. For example, in problems connected with 
the vibration of a cord we met trigonometric functions and in problems 
connected with the vibration of a round membrane we met the Bessel 
functions. 

We shall begin with the study of the so called spherical functions 
which are closely connected with the Laplace equation. We have 
already encountered this equation. In the Cartesian system of coor- 
dinates it has the form: 

?U o?U o?U 
AU =35 Tp gee eo (1) 

We shall seek a solution of this equation in the form of homogeneous 
polynomials in the variables z, y and z. 

Let us consider the simpler cases. The only homogeneous polynomial 
of zero degree is an arbitrary constant a@ which evidently satisfies 
the equation (1). The general form of homogeneous polynomials of 
the first degree will be: 

U, =az+ by + cz. 

This polynomial also satisfies the equation (1) for every choice of 
the coefficients a, b and c. In other words, we have here three linearly- 
independent solutions of the equation (1), viz. z, y and z and their 
linear combination with arbitrary constant coefficients gives a 
general solution of the equation (1) in the form of a homogeneous 
polynomial of the first degree. Consider a homogeneous polynomial 
of the second degree 


U, = ax? + by? + c2? + day + eyz + jzx. 
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Substituting in the equation (1) we obtain a relationship for the 
coefficients, viz. a + b--+c= 0. We can, for example, put 
c = —a — b and, consequently, the general form of homogeneous 
polynomials of the second degree, which satisfy the equation (1), 
will be 

U, =a (2? — 27) + b (y? — 22) + day + eyz + fer. 


Here we have five linearly-independent solutions of the equation: 
viz. x? — 27, y? — 2", xy, yz and zx and the linear combination of 
these solutions with arbitrary constant coefficients gives the general 
solution of the equation in the form of a homogeneous polynomial 
of the second degree. 

Let us consider a homogeneous polynomial of the third degree: 


U, = ax) + by + cz + dary + ex®z + fy2x + gy’2z + Aza kz?y + layz. 
Substituting in equation (1) we have: 
6 (ax + by + cz) + 2dy + 26ez + 2fa + 2gu + 2ha + 2ky = 0. 


Equating to zero the coefficients of z, y, z we obtain three equations 
which connect these coefficients: 


8a+f7+h=0 a=—z(f+h), 
3b+d+k=0 or b=—z(d+k), 


Sc-+e+g=0 c=—Z(e+9), 


so that the general solution of the equation (1) in the form of a poly- 
nomial of the third degree will be 


Us=d(ay—>y) +e(x%— +2) +1 (yx — 52°) + 
+9(y2—z2) +h(22— 52°) + k (ey — +9] + layz. 


In this case we have seven linearly-independent solutions for the 
equation. 

We will now show that, in general, there are (2n + 1) linearly- 
independent homogeneous polynomials of the n-th degree which satisfy 
the equation (1). We shall now count the number of coefficients in 
a homogeneous polynomial and the number of equations which 
they must satisfy. A homogeneous polynomial of the nth degree 
in two variables 

ax" + a,z"-1y+...+a,y" 
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has (n+ 1) coefficients. A homogeneous polynomial of the nth 
degree in three variables can be written in the form: 


yz" sg ?) (x, y) ot a “ee on Pn—-1 (x, y) 4 2S Pn (x, y) ’ (2) 


where 9;(z, y) are homogeneous polynomials of degree k. Consequently 
the total number of coefficients in the homogeneous polynomial (2) 
will be: 


1+2+... $04 (nf 1) = Stet. 


Substituting the polynomial (2) in the left-hand side of the equa- 
tion (1) we obtain a homogeneous polynomial of degree (n — 2) 
which has, in all, (n—1) n/2terms.In this way (n+ 1) (n + 2)/2 
coefficients of the polynomial (2) will be connected by (n — 1) n/2 
homogeneous equations. If these equations are independent then the 
number of arbitrary coefficients will be: 


(nt Din +?) = scot bi =n +1, 


which is what we had to prove. It is still not quite clear whether the 
above equations will, in fact, be independent. We shall therefore give 
another complete proof of the above proposition. We can write the 
polynomial (2) as follows: 


1 Op+tgt+ruU, | (3) 
piqirl dx? dy? da" 


where nor = 


Equation (1) can be rewritten in the form 
o?U U eU 


By using this equation we can eliminate in the expressions (3) any 
differentiation with respect to the variable z higher than the first 
order; we can therefore write: 


au a (@U | 8) 
Ox Oy O24  —»- Or Oy Oz? (ar ar) = 
— 04 aU eu 04 aU ‘CU -_ 
= gay (ar t+ aye) + mea (aye ter) = 


aU ‘OU ou 


~ x8 Oy +2 oy? Tae ys 


In this way only those coefficients a,,, remain arbitrary which 
either cannot be differentiated with respect to z or which can only be 
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differentiated once. These coefficients are as follows: Gpqy (p + g = n) 
OF Apq (p + ¢ = m — 1) and their total number is equal to (2n + 1), 
which is what we had to prove. 


130. The definite expression for spherical functions. We shall now 
establish the definite expression for homogeneous polynomials men- 
tioned in the previous section. Introducing spherical coordinates 
we have 


z=rsinOcosp; y=rsin@sing; z=rcosé. (4) 


In this case a harmonic homogeneous polynomial of the nth degree 
can be represented in the form 


U,, (x, y, 2) =r" Y,, (4, @)- (5) 


This polynomial, which is a solution of the equation (1), is usually 
known as a volume spherical function and the factor Y,(6, p), which 
is a polynomial in cos 6, sin 6, cos g and sing, is known as a sur- 
face spherical function or simply as a spherical function of order n. 
It is our aim to find (2n + 1) linearly-independent spherical 
functions. 

We begin by observing one simple fact about the solution of the 
equation (1). Let us write the following integral which depends on 
the parameters x, y and z: 


U (2, y, 2) = f f (z+ tx cost + iysint, t) dt, (6) 
where we assume that above integral can be differentiated under 
the integral sign with respect to z, y and z. After differentiation we 
can readily see that the function U(z, y, z) satisfies the equation (1) 
for every choice of the function f(z, ¢) as long as the above differentia- 
tion is permissible. In fact: 


AU (a, y, 2) = 5 (1 — cos?¢ — sin? t) f” (z + ix cost + tysin#, t) dé, 
where by f(z, ¢) we denote the second derivative of f(t, ¢) with respect 
to t. Notice that this argument is a complex quantity. Subsequently 
by using formula (6), (2n + 1) homogeneous polynomials of the 
mth degree, which satisfy the equation (1), can readily be 
constructed. 
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They can be written as follows: 


\ (z+ ixcost + iysint)*cosmtidt (m=0, 1, 2,...,n), (7) 


—n 


f (z+ ixcost + tysin t)"sinmidt (m=1, 2,...,n). (8) 
—% 
Introducing spherical coordinates into the integral (7) we obtain the 
following expression for the spherical functions: 


J [cos @ + ésin 8 cos (¢ — ¢)]" cos mi dt = 


a—9 
= § (cos@ + ésin@ cos yp)" cos m (p + y) dy. 
Sag 
Bearing in mind the fact that the integrand on the right-hand side has 
a period of 2% with respect to py we can take any interval of integra- 
tion, 2x in length [II, 142]. Hence the above integral can be rewritten 
as follows: 


J (cos 6 + isin 6 cosy)" cos m (p + y) dy. 
Expanding cos m(y + y) and bearing in mind that the function 
sin my is odd we can rewrite these spherical functions in the form: 


cos mp i (cos6 + isin@cosy)*cosmydy (m=0,1,2,...,m). (9) 


—m 


Similarly integral (8) gives the following 7 spherical functions: 


sin mp i (cos6-+ isinOcosy)"cosmpdy (m=1, 2,...,n). (10) 


—% 


The linear independence of all the (27 + 1) functions (9) and (10) 
is directly due to the fact that the dependence of these functions on 
p is due to the factors cos mp and sin mg; these functions cannot 
be linearly dependent for they are orthogonal in the interval (—2, +-z) 
[II, 142]. We have thus constructed all the (27 + 1) spherical func- 
tions of order n. The coefficients of cos mp and sin mp in the expres- 
sions (9) and (10) are functions of 6. We can express them in terms 
of the Legendre polynomials. 
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We have the following expressions for the Legendre polynomial 
[102]: 


P,, (ae) = 2 2 f(a? — 17). (11) 
nm12" da” 

Let us also introduce the functions P,,,,(z), which are expressed in 

terms of the Legendre polynomials as follows: 


m 
m d™P, (2) (l—a)2 att” : 
2 = 


Pari (x) =(1— x°) da™ nl 2" dattm (x? — 1)"} - (12) 


We can now introduce different expressions for P,(z) and P,,,,(z). 
According to Cauchy’s formula we can write 


1 2—})" 
where C is a closed contour which is described in the counter-clockwise 
direction and which contains the point z = z. From this and from 
(11) we have: 
n n 
Fe) = J jes dz. (13) 


2" 94 * (zg —a)"t! 


Take as the contour C a circle, centre z = 2 and radius | 2? — 1 |! 
(we assume that x4-+1). The variable z is given by the formula: 
1 
z=a2+ (a2? — 1)e,, 


where the choice of the value of (2? — 1)!” is immaterial and where 
it can be assumed that p varies from (—z) to (+2). Replacing the 
variables in the integral (13) we have: 


cd 1 1 n 
f i 
P, (a) = [ |eo tee Wel] fati eerie’) | ay, 
—a 2 (x? o 1)2 el? 


Performing elementary calculations and remembering that the 
integrand is an even function we have: 


P, (2) = >= if [x + (x? — 1)? cos y]* dy = 


st 


= + f [x + (2? — 1)? cos p]" dy. (14) 
0 
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Let us carry out analogous calculations for P,,,,(z). In place of 
(13) we have: 


Pay (2) = Bae + 1) (+2). (n+ my (a de, 
c 


gitly} e@— g)itm+t 


and performing the above change of variables we obtain: 


27 


a 1 
Pam (2) = — mnt +2). (o Fm) {fz + (a? — 1)? cos y]"e—™"dy, 


or, bearing in mind that sin my is odd, 


Pam (x) = 


1 
=— grt A int Boo fm) J [x + (x? — 1)? cos py] cos mp dy. (15) 
If we put z= cos @ in either the integral (14) or (15) then the 
integrals which appear in the formulae (9) and (10) will be obtained. 
Bearing in mind that the constant factor of a harmonic polynomial 
or of a spherical function is irrelevant we arrive at the following 
conclusion: (2n + 1) spherical functions of the n-th order can be written 
in the form: 


P,(cos6); Ppm(cos9)cosmp; P,, (cos 6) sinme (16) 


(m= 1, 2, was y %) 5 


where P,(x) are Legendre polynomials as defined by the formula (11) 
and Pr,m(x) is given by the formula (12). Notice that the factor (1—2?)"”” 
becomes sin” 6 when z = cos @. Multiplying the solutions (16) by 
arbitrary constants and adding we obtain the general form of a 
spherical function of the nth order: 


Y, (9, p)=ayP,, (cos 6) + > (a,, cos mp + 6,, sin mg) P,, » (cos 9). (17) 
m=1 
In place of trigonometric functions we could, by constructing linear 
combinations of the solutions (16), use exponential functions, so 
that instead of taking the spherical functions (16) of the mth order 
we would use the following system of spherical functions of the 
mth order: 


P,,(cos 6), Pr m(cos6)e'?, P, ,(cos6)e"™ ~(m=1, 2,...,n). (18) 
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It follows from this construction that the general form of homogeneous 
polynomials of the nth order of the variables (x, y, 2) which satisfy the 
Laplace equation, will be r" Y,(0, ), where Y,(0, ) ts given by the 
formula (17). 


131. The orthogonal properties. We shall now prove the orthogonal 
properties of spherical functions (16) on a unit sphere and evaluate 
the integral of the square of these functions on the unit sphere. 
We begin by evaluating the integrals: 


I 
In= § [Pam(2)]?d2- 
-1 
From the definition of these functions we have: 


d I 
d” P, d™ Pp 
to flscorsen [oer SB Bae 
=f Bs 
and when m= 0 we obtain the integral of the square of the Legendre 
polynomial: 
1 
In= J [Pn(a)]? dx. 


_1 
We have shown earlier [102] that 


1 
2 
i= | [P.@) Paz =5,57- (19) 
-1 
At the end of this section we shall again give the procf of this 
formula but at present we shall evaluate the integral Z,, by using 
formula (19). 
Integrating by parts we can write: 


d™ P, (2) d™-} P, (2) 
dx™ dz™-1 


i = ( = 2)m aa 


x=-] 


| 
_ fs * Pale) da a — 22n2 ee 
dx” dx da” 


or 
1 


am" Pa(t) 4 [6 _ 42\m A" Pal) ] g 
I =~ | res mae x”) ea | x. (20) 
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But the function 
a Ps (z) 1 qitm—1(g2__ 1)" 
da™—1 "ga ni dettm-1 


2=- 


> 


as can readily be assertained by using the equation (84) from [102], 
satisfies the equation 


amt} p d™ P,, 
(1 — x?) a — 2mx at al + 
+ (nm +m) (n — m+ 1) Pal) 0. 


Multiplying by (1 — 2?)"~', we can rewrite it in the form: 


d —_ da” P, (x) 11 pera eae * Pa (x). 
<|a-2 x7)™ aaa |= — (n+m) (n—m+1\(1—2?)™ 1 


mn 
Substituting in formula (20) we have 


-! 
or 
In = (n+ m)(n—m+1)Ip-1- 
7 this as a reduction formula, we obtain 
=(n+m)(n—m+1l)(n+m—V)(n—m- 2)In,-.=..-= 
ee eee en eee eee = 
ee 


(n—m)\" 9° 


=(n+m)(n+m—1)(n+m— 2)...(n—m4+1)1,= 


This, with (19), gives the following final expression for the integ- 
rals of the squares of the functions Pr m2): 


1 
9 = 2 (n +m)! 
[Pam (2)]? da = In+1 (n—m)- (21) 
-1 


This result makes it possible to evaluate the integral of the 
square of a spherical function. The spherical functions Y,(60, ¢) 
can be regarded as being given on the surface of a sphere of unit 
radius; @ and ¢ are the usual geographical coordinates of points on 
the surface: p = const. are the meridians and @ = const. the parallels. 
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With this choice of coordinates an element of surface are, as is wel] 
known, is expressed by the following formula [II, 59]: 


do = sin 6 dé dp. (22) 


We shall prove, first of all, that two different spherical functions 
Y,(6,) and Y,(6,) of different orders, ic. when p#4q, will be 
orthogonal on the surface s of a unit sphere, i.e. 


S{Y,(9, ¢) ¥_(9,~) do =0. (23) 


Let v be the volume of this sphere and s be its surface. Applying 
Green’s formula [II, 193] to the harmonic functions: 


U,=rY,(6,9) and U,=7r7¥Y,(8, 9) (24) 


we obtain 
J) (Goat ae Uae) a= | [fs AU, —U,AU,) do, 


where AU, =AU,=0. 
In this case, differentiation along the normal coincides with dif- 
ferentiation along the radius 7,so that the last formula and (24) give: 


‘ [aY, (9, 9) Yq (8, ~) — PY, (9, 9) Y,(8, 9] do=0, 


from which formula (23) follows directly. 

We shall show that the spherical functions (16) which correspond 
to one and the same value of n, will also be orthogonal. In fact, 
integration over a unit sphere involves, among other things, integration 
with respect to ¢ in the interval (0, 27). But the functions (16) contain 
the following factors which depend on 9: 


1, cosg, sing, cos2g, sin29,..., cosng, sinng, 


and the product of any two of these factors, when integrated over 
the interval (0, 22), is zero [II, 142]. It can be shown similarly that 
the functions (18) also form an orthogonal system. 

Lastly we can evaluate the integral of the square of each of the 
constructed functions. Let us consider the spherical function P,(cos @) 
which does not depend on g, and construct the integral of its square 
on the surface of a unit sphere 


red 


2 
J P2 (cos 6) sin 6.d0 dg. 
0 


Chay 
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On introducing the new variable of integration z= cos 0 and recall- 
ing formula (19) we have: 


nm 2n 1 
[ [Pi (e086) sin 9 a0dp = 27 [ Pi(2)de= >. 
00 4 


Similarly for other functions: 
nm 2n 1 
ff [Pam (008 Of sin? mpsind a9 dp =z f [Pym (2)}¢de. 
00 cs 


The latter formula and (21) finally give: 


{J [P,, (cos 6)]?do = mT 


: 2x (n+m)!l 
J [Pr,m (cos 6) cos mp}? do = 2n+1 (n—m)!l’ (25) 
s 
' 2 (n+m)! 
ff [Pn.m (cos 6) sin mp}? do = = — a termi — a : 


s 


We shall use these formulae in future in connection with the 
expansion of an arbitrary function which is given on the surface of 
a sphere, in terms of spherical functions. 

We shall now prove formula (19). Using the definition (11) of the 
Legendre polynomials we can write: 

= av (seo J alles en 
2?" (n})2 dz dz 


Integrating by parts we have: 
_ 1 d"—* (2? — 1)" ; a" (x? — 1)* ]x=41 
274 (nt)? | da"? da" | - 
1 
1 a"t2 (g2— 1)" 9g"? (a2 — 1)" 
eT |—Sa*- ae dz. 


x=—l 


The polynomial (2? — 1)” has the zeros = +1 each of order 
n. Its derivative of order (n — 1) has the same zeros which, however, 
are only of order one [I, 186], and, consequently, the first term on the 
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right-hand side in the above equation is equal to zero. Continuing to 
integrate by parts we obtain: 
1 


| eat = (x? — 1)"dz. 


g2n (n!)? > dz** ; 
But 
2n 7,2 7\" azn 
a dx?” (7+...) = (2n)1, 
therefore: 


I 
= (= 1)" (n +1) (n+ 2)... 2n [ (a — 1)" dz. 


ni 2°" 


Introducing the new variable of integration g according to the 
formula zx = cos p we obtain: 


on 
n12 6 


2 
— (+) — +2 2n 2 | sin?*#1 pdo, 
i 0 


and, using the formula (28) from [I, 100] we obtain the formula (19). 


132. The Legendre polynomials. We shall now study the Legendre 
polynomials in greater detail. Notice, first of all, that if we use 
the definition (11) and apply the Leibniz formula for a derivative 
of the mth order to the product (z? — 1)" = (2+ 1)” (a — 1)" we obtain: 


P, (2) =— e+ 1) 


pe ol wees 1)"d"—? (2 — 1)" 


dz" 1 de dx"-* pee: 


nt} 2" 


4 A (et)" , (2 — "| , 
dz” 
Bearing in mind that 


eh and ak (@ = 1)" 


- ; =0 when k<n, 
dz dz x=1 


we obtain directly from the previous formula: 


P,(1)=1. (26) 
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We shall now use a special method viz. the method of the domina- 
ting function, in the study of further properties of the Legendre 
polynomials. We shall also use this method in future in the study 
of other special functions. 

Place at the North pole WV of a unit sphere a positive charge (+1) 
and let M be a variable point, the spherical coordinates of which 
are r,@ and y. The Coulomb field created by this charge will have 
the following potential at the point J/: 


1 1 
d Y¥1l—2rcos6+7r? ’ (27) 
where d is the distance from the charge to the variable point M. 
The function (27) will be a regular function of the variable 7 at 
the point 7=0 and we can expand it in positive integral powers of r: 


4 = a, (0) +0, (6)7 +0, (6) 72 +... (28) 


where the coefficients in this expansion are polynomials in cos @. 
We could calculate these coefficients exactly by applying to the 
function 


= = [1 4+. (r? — 2r cos 6) 


vine 
. 


Newton’s binomial expansion and by subsequently collecting together 
terms with equal powers of 7. However we shall approach the 
problem somewhat differently. 

The function (27) in the usual system of coordinates can be expressed 
as follows 


Ld 


ZH [lt @t ty? + 2—22)] ?. (29) 

We can obtain the series (28) if we apply Newton’s binomial ex- 
pansion to the function (29) and subsequently collect together, in 
the infinite series so obtained, all terms of equal value with respect 
to z, y and 2, i.e. all terms of the series (28) which are homogeneous 
polynomials in z, y and z, As we know, the function I1/d is a solution 
of the Laplace equation [II, 119] and consequently, the same can be 
said about the individual terms of the series (28) i.e. the terms of this 
series must be volume spherical functions. These functions do not 
depend on the angle » and, consequently, each term of this series 
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must appear in the form of a product c, P, (cos @), where c, is a 
constant which has to be found. We thus have: 
1 
V1 — 2r cos 6 + r? 


If we take 6 = 0 we obtain, since P,(1) = 1: 


= Cy + ¢,P, (cos 4) 7 + ¢,P, (cos 6)r? +... 


1 2 
Top SFO er? +... 


from which it follows that c,—=1 for all 2; we thus obtain the follow- 
ing final expansion of our elementary potential in powers of r: 


1 


Viz arecee ae re aos see (30) 


On replacing cos @ by x and r by z we can write: 


1 


Vi oa eet = >) Pala) 2". (31) 


This formula can be used as a definition for the Legendre poly- 
nomials viz.: we can say that the Legendre polynomial P,,(x) is the 
coefficient of z" in the expansion of the function 


1 
Vite pe 32) 
in positive integral, powers of z.In other words, the function (32) ts the 
dominating function of the Legendre polynomials. 

We shall now determine the radius of convergence of the power 
series (31). Values of z for which the expression under the radical 
vanishes will be the singularities of the function (32). Solving the 
corresponding quadratic equation we obtain the following zeros: 


z=a2+Vx2?—1Ll=2+Vl—2%. (33) 


Since z = cos 6 we can assume that z is real and that it lies in the 
interval —1 < x < +1. In this case the zeros (33) will be conjugate 
complex zeros and the square of the modulus of each zero will be: 


x? + (V1 — 2%)? = 1. 


When x = +1 the zeros (33) coincide and are both equal to +1. 
Thus when —1 < z < +1 the singularities of the function (32) will 
lie at a unit distance from the origin and, consequently, the series 
(31) will converge when |z|< 1. Thus the expansion (30) will be 
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valid when 7 < 1, ie. for all points inside a unit sphere. For points 
outside a unit sphere we have another expansion. In fact, when r > 1, 
the function (27) can be rewritten as follows: 


1 1 ] 


=  —  _,, 


—2 8 2 ] 1\? 
V1 reos@+r r |/1 22 cose + (=) 


In this case l/r < 1, so we can apply the former expansion and 
we finally obtain the following formula for the potential (27) outside 
a unit sphere: 

] ~, P, (cos 6) 


V1 — 2rcos 6+ r? = = ftti 


(34) 


No term of this sum has singularities outside the sphere and each 
term vanishes at infinity. 

Until now we have considered a sphere of unit radius. For a sphere 
of any radius # we have, by taking R? or r* outside the radical: 


1 


a r" 
Rosie Ogee | RB 


= > P, (cos 0) =~ (r>R). (36) 
=0 r 


n 


1 
V R? — 2r Ros 6 + r 


From formula (31) the fundamental properties of the Legendre 
polynomials can easily be deduced. Differentiating this formula with 
respect to z and multiplying subsequently by (1 — 2az-+ 2”) we 
obtain 

G—z = 
eee SS ES 8 2 -1 
=a es ( Bee Nena 
or 


(w — 2) > P, (x) 2" = (1 — 2az+2%) > nP, (2) 2. 


n=0 n=1 


Comparing the coefficients of like powers of z we obtain a relation- 
ship for successive Legendre polynomials: 


(n + 1) Pa4i (x) — (2n + 1) aP, (x) + nP,_, (4) = 0 (37) 
(n= 1, 2, 3,...) 
P, (x) — xP, (x) =0. 
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Similarly, differentiating formula (31) with respect to x and multiply. 
ing it subsequently by (1 — 2a¢z-+ we have; 


or, substituting iden from (37): 
dP dP, —1 
a Fee) — Poa) — np, (2). (39) 
Eliminating x dP,(x)jdz from (38) and (39) we obtain: 
dPr, dPr-; 
Pav) _ Pri) — (on + 1)P, (2). (40) 


This formula remains valid when n = Oif we assume that P_,(x) = 0. 
On supposing in formula (40) that the symbol 7 is equalto 0,1,..., 7 
in succession and adding we obtain the new relationship: 


Po (x) + 3P, (x) +... + (20 + 1) Pp (a) = Par @) 4 Shale) (47) 


Let us write formula (40) replacing » by n — 2k +1: 


dP: GPp-. 
ncokss (x) Pash () (2m — 4k + 8) Pr—anta (2)- 


Adding with respect to k from k= 1to k= N, where N=(1/2)n when 
nm is even, and N=(1/2) (n-+ 1) when n is odd, we obtain the formula: 
dP x 
SPal®) _ > (2m — 4k + 3) Ppapss (2)- (42) 
k=1 
It follows from formula (11) that P,(x) contains only even powers 
of x when 7 is even, and only odd powers of z when 7 is odd. Similarly, 
it also follows from this formula that: 


1-3...(2n — 1) 


Pon (0) = (— 1)" 2.4...2n , 


Pan+1 (0) = 0 
P,(— 1) =(— 1)". (43) 


Applying Newton's binomial expansion we can write: 
] 1 1 


¥1 — 2r cos 6 4+ r?  ¥l—ee@r V1 — e—6r 


— 1-3.. S. Ledin Pm — 1) . 

ind a on —imd -m 
=|> 2. 3 defn mis 2-4...2m © aa 
n=0 m=0 
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where, when n = 0 and m= 0, the terms of the series must be 
assumed to be equal to unity. Multiplying the series and comparing 
the coefficients of like powers of r we obtain the following expression 
for the Legendre polynomials: 


P,, (cos 9) = a,a,, cos nO + a,a,_, cos(n — 2)64...+ 


+ a,a, cosné, (44) 

where all the coefficients a, are positive and are given by the formulae. 
1-3...(2k —1 

a=1; ga b= 1,2,...). (45) 


From this it also follows that 
| P,(cos6)| < aa, + 4,4,-)+..-+4,)=P,(1)=1. (46) 


The formulae (37) make it possible to evaluate the Legendre poly- 
nomials successively. Let us write the first five of these polynomials: 


Po(z)=1; Py (x) =x; P, (x) = > (30? — 1); 
(47) 
Py (a) => (50° — 8x); Pg (a) = 5 (3524 — 30x? + 8). 


When /(x) is a certain function given in the interval (—1, +1), 
the question of representing it by a series of Legendre polynomials 
arises 

f (x) = a + 4,P, (%) + a, P(x) +... (48) 

Using the fact that P,(xz) is orthogonal and also the formula (19) 
we can see, as in the theory of trigonometric series, that the coeffici- 
ents a, are given by the formulae 


1 

2 1 

a, +" F~ [f(x Pala) de. (49) 
=i 

It can be shown that for this choice of coefficients the series (48) 

converges in the interval (—1, +1) and that its sum is equal to f(z) 

provided this latter function satisfies certain very general. conditions. 


133. The expansion in terms of spherical functions. Any function 
given on the surface of a sphere of any radius, is a function with 
geographical coordinates 6 and p so that we can denote it by /(9, ¢). 
Let us suppose that it can be expanded in terms of spherical functions, 
i.e. that it can be represented on the sphere in the form of a series 
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analogous with the Fourier series: 


f(0, p) =a + > {al P,, (cos 6) + 
n=1 


n 
+ > (af cos mp + B& sin mg) P,, m (cos 6)}. (50) 
m=1 
Using the property of orthogonality of spherical functions together 
with the formulae (25), we obtain the following expression for the 
coefficients of the series in the same way as for a Fourier series 


af) — a a J f (9, ~) Pp.m (cos 9) cos mp do , 


2 SEL or eons | 
()) 


(6,, = 2 when m= 0 and 6,, eer P 9 (2) = 


Speaking more strictly these considerations are only iho 
in the determination of the coefficients of the series (50). We must 
subsequently substitute the values of the coefficients obtained from 
the formulae (51) in the series (50) and prove that with certain assump- 
tions made with regard to the function /{(8, gy) this series will converge 
and its sum will be equal to f(6, y). We shall prove this in the next 
section. 

As a preliminary we shall explain certain integral relationships 
which must be satisfied by spherical functions. Let Sp be the surface 
of a sphere of radius FR and Y,(6,~) — a spherical function of 
order: n. The function 


U, (i) =r"Y, (9, ?) 
is a harmonic function and we can apply Green’s formula [II, 193] 
to it: 


1 

o— 

1 0U, 1 d 
B 


where d is the distance from the variable point M’ on the sphere Sp 
to the point M which lies inside the sphere, ds is an element of the 
surface area of the sphere and » is the direction of the outside normal 
to the sphere Sg so that, in this case, 0/av = 0/aR. We therefore 


have 
1 


1 
d  YR?—2Rrcosy+r ’ 
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and also from (36) 


le : 
= SPs (0087) Fees (7< f), 
go that 
a (1 dl ~. r 
la) = an (a) = — Se + D Pa loo) Sis 
and 


an i 
<0 = nk" Y,, (9, 9). 


In these formulae y is the angle between the radii-vectors OM and 
OM’. Substituting all this in formula (52) and assuming that the radius 
R is unity we obtain: 


mY, (8, 9) =q| { [> (8, @”) = P;, (cos y) r* + 


+ ¥,(6', 9") S (k + 1) Pg(cosy) | do, 
k=0 


where 0’ and ¢’ denote the geographical coordinates of the variable 
point M’ on the unit sphere. Since 7 < 1, the above series converge 
uniformly with respect to 6’ and g’ and the Legendre polynomials 
satisfy the inequality (46). Integrating these series term by term we 
have 


oo k 
Y, (8, 9) = S| [+24 1) ¥p(, 9") Px (cosy) do. 
k=0 s 


It follows directly from this sum that all its terms vanish except 
the term corresponding to k=n; this gives us the following integral 
formulae which are important in the applications of spherical func- 
tions: 


ss Y,, (8, ’) P,, (cosy) do = 0 when mn. (53) 
s 


J] nO. 9')P, (cosy) do = 52> ¥,, (8, 9). (54) 


We now introduce a formula which expresses cosy in terms of 
trigonometric functions of the angles 6, 9, 6’ and g’. We draw for 
this purpose two radii OM” and OM’ of the unit sphere, the ends of 
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which have coordinates (9, p) and (6’, py’) respectively. The projections 
of these radii on the axes of coordinates will be: 


sinOcosg, sin@sing, cos@ and sin§’cos¢’, sin#’ sing’, cos6’, 


and the cosine of the angle between these two radii will be expressed 
as the sum of the products of these projections, i.e. we obtain the 
following formula for cos y: 


cos y = sin @ sin @’ cos (p — 9’) + cos 8 cos 6’. (55) 


Let us return to the series (50) again. If this series is uniformly 
convergent and its sum is equal to /(9, ~) then we have the formulae 
(51) for its coefficients, in the same way as we did in the theory of 
trigonometric series. We can now unite into one term those terms 
of the series (50) which are spherical functions of any given order 
mn, ie. put 


f(9,~) = Pee (9, @). (56) 


On replacing 6 and » by @’ and 9’ in this expansion, multiplying 
by P, (cos y) and integrating with respect to the variables 6’ and 9’ 
we have, from (53) and (54), the following formula for the terms of 
the series (56): 


Y, (9, ¢) == [[f(6", 9’) Pp (cosy) do. (57) 


This formula gives the sum of those terms of the series (50) which 
stand under the symbol of summation with respect to n and which 
refer to the given value of n. 


Substituting the values of the coefficients (51) in a separate term of the sum 
(50) we have: 


m)L 2n+1 


Y, (8, P) => at San = eco) | Comes Pr, m (cos 6’) do + 


+ sin mo | | 1 (9, p’) sin mp’ Py m (cos 8’) | Prm (cos 8) 
8 
or 


Yn (8 $) 


= [fio 9) 3 Oa AEE Pam (008 6") Pp,m(008 0) c08 m (9/ — 9) ds. 
s 


m=0 (658) 
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A comparison of the formulae (57) and (58) gives 


[fre [Px (cos) — 5 (nme 


m=o (7+ m)l On 
s 


X Pam (cos 8’) Pp m (cos 8) cos m (y’ — ®)| do=0. (59) 


Strictly speaking we deduced this formula on the assumption that /(6, 9) 
ig the sum of the uniformly convergent series (50). In particular this formula 
will certainly be valid if the sum of the series (50) can be obtained in a finite 
form. Notice that the angle y is one of the geographical coordinates (latitude) if 
we take one of the points with geographical coordinates 6, g for the North pole. 
Hence r” P,,(cos y) is a homogeneous harmonic polynomial of the nth degree and, 
consequently, P,,(cos y) is a spherical function of the mth order of the variables 
9’ and ¢’. We thus see that the square bracket in formula (59) is a finite sum 
of spherical functions and it is therefore correct to assume that f(9’, p’) is equal 
to this finite sum of spherical functions. Hence with this choice of functions 
we find that the integral of the square of the above square bracket is equal to 
zero and therefore the whole expression in the square bracket must also be 
equal to zero: : 


P, (cosy) = Dy Came 
m=0 


‘in denlon. Pr, m (C08 8’) Py m (cos 8) cos m (p’ — 9). (60) 


This formula is usually known as the addition theorem for the Legendre poly 
nomials. 


134. Proof of convergence. We will now show that the arbitrary function 
f(8, 9) which is given on the surface of a sphere and which satisfies certain 
conditions, can be expanded into the series (56) in terms of spherical functions. 

Bearing formula (57) in mind we obtain the following expression for the 
sum of the first (n -- 1) terms of the series (156): 


1 nt 
B= az | [16 9) 3 (Be +1) Pg (0087) do. 
$s 


Let us introduce new geometrical coordinates y and f, placing the North 
pole at a point with former geographical coordinates 9 and p. At the same time 
the function f{(6’, p’) will, in this new system of coordinates, become a new 
function F(y, 8) and we have 


7 


Sn= a | | Fo. BS (ee +1) Py (cosy) sin yay ap. (61) 
4n Mae k=0 


We now introduce a new function ®(y) which is the mean value of the func- 
tions F(y, 8) on different parallels of the new system of coordinates 


1+ 
®(v) = aq | Fy B) AB. (62) 
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We now introduce a new variable z = cos y and put 
® (y) = P (a). (63) 
Integrating the formula (61) with respect to 8 we can rewrite it in the form 


Sn = yf P09) 3 (2k +1) Pg (008 7) sin 7 dy 
or : 
1 n 
se s{¥@ SY (2k +1) P(x) de, 
sy k=O 
i.e. from (41) 


y= 2 fv (a) (S2aale te SF a)) ag 


We assume that the function f(6, y) is such that y(z) has a continuous deri- 
vative in the interval (—1, +1). Integrating by parts we have 


1 
Sa= + [Y (@) (Pass (©) + Py (2) £2 — 5 | lPan («)-+ Py(z)] ¥’ (2) de, 


x=-1 
“1 


or bearing in mind that 
Pa(Ql) = Pan ()=1;5 Pa(—1) =—Pay (1) =(— 1)", 


we have 


1 
Sq =F (1) — 5 | [Paes (2) + Po (2)] ¥% (2) de. (64) 
1 


Let us now explain the meaning of the first term ¥(1) on the right-hand side. 
We have from (62) and (63) 


WI) = a {Fo B) ap. (65) 


But, when y = 0 and @ is arbitrary, this point is the North pole of the sphere 
or, which comes to the same thing, the point with the former geographical 
coordinates @ and g. In other words F(0, 8) = f(8, py) does not depend on B 


and formula (65) gives 
Y (1) = f (8, 9). 


We can therefore rewrite the formula (61) in the form 


1 
1 
= 1 (8,9) — 5 | [Pass (2) + Pp] ¥” (2) de. (68) 
=3 
We have to prove that 
Heo: Sai 118, P); 
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j.e. we have to prove that the integral in the formula (66) tends to zero as 
n increases indefinitely. Let M be the maximum value of the continuous func- 
tion Y’(z) in the interval (—1, + 1). The modulus of the above integral will be 
gmaller than the following expression: 


1 1 

M ¢ 
[| Pass (2) de + || Pa(e)| de. 

“=1 =a 


We therefore only have to show that the integral 


1 
§ | Pp (a) | dx (67) 
=2 
tends to zero as n increases. Using Buniakowski’s inequality [III,, 29], we 
have: 


[SIP lax} < § Pi(x) dz f dx =2§ Ph (zx) dex 
-1 -1 -1 -1 


or from (19): 
1 
2 
P. dz < ————-, 
i n(2) [dz < 7 


from whence it follows that the integral (67) tends to zero as n — ©. 


The above method of proof of the expansion theorem in terms of 
spherical functions is taken from the book Défferential Equations in 
Partial Derivatives in Mathematical Physics by Webster-Sage. The 
fact that an arbitrary function which satisfies the above general 
conditions [Y(xr) has a continuous derivative] can be expanded in 
terms of spherical functions shows that spherical functions form a 
closed system [II, 155] on the surface of a unit sphere. The fact that 
this system is closed was first proved by A. M. Liapunov (1899). 


135. The connection between spherical functions and limit prob) ms. 
We will now show the connection between the theory of sph: rical 
functions and certain limit problems of differential equations. |.ct us 
write the Laplace equation in spherical coordinates [II, 119]: 

@ (.. aU 1 8(. , 0 1 eu _ 
Gr (ae) + ane oe (8109S) + sine apr =O (8) 

We will seek its solution in the form of a product of functions of 7, 
and @ and @ respectively: 


U =fi(r) Y (6. ¢). 
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ee in the equation (68) 


¥ (6, 9) [Pe +40) [+5 ee [sin 0 =] + 


1 8 Y (8,9) lo; 


os sin? 6 Og? 


on separating the variables this can be rewritten as follows 


ae 1 38 /aY 1 @Y 
arl fl _ sind 00 (=) sin?) Op? 
f(r) a Y 
The left-hand side contains only the variable 7, the right-hand side 
only 6 and 9 and both sides will therefore be equal to one and the same 


constant. Denoting this constant by A we obtain two equations: 


1? f" (r) + 2rf" (r) — Af (r) = 0 (69) 
and 
A,Y+aY=0, (70) 
where, for the sake of briefness, we put 
6] 1 oY 
ay aad law (sino 3 “a aT: sin@ dg? |. (71) 


The function f(7) we know already, viz. from (5) it should be equal 
to r" and therefore we will pay greater attention to equation (70). 
The function Y(6,¢), as we have seen above, is a trigonometric 
polynomial and, consequently, it must be finite and continuous 
on the whole sphere, i.e. for any choice of the angles @ and 9 and, 
in particular, wheni 6 = 0 and 6 = az and sin @ vanishes. We thus 
come to the followng limit problem: find values of the parameter A, 
for which the equation (70) has continuous solutions on the whole unit 
sphere and construct these solutions. The first part of the problem 
presents no difficulties for we know that /(r) is equal to r” and, sub- 
stituting this in the equation (69), we obtain an infinite number of 
solutions for the parameter 4A viz.: 


A,=n(n+1) (Ma OA Be sie) (72) 
At the same time the equation 


72 f2 (r) + 2rft(r) —m(m + 1) fat) = 0 (73) 


will have one solution f,(7) =r" and another solution f,(7) = r—"~?. 


Substituting A = n(n + 1) in the equation (70) we obtain an equation 
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for spherical functions: 


2 
saa lap (sin 9 2) +o5 = |+2@+ 1¥,=0. (74) 
In this case the individual value of A, = n(n + 1) corresponds to 
(2n + 1) individual functions. These will be spherical functions of 
order n. Owing to the fact that spherical functions form a closed 
system on a unit sphere these functions give all the values of the 
individual functions in the equation (70). Substituting the expressions 
(16) in the equation (74) and putting x = cos 6 we obtain for Pp, »(2) 
the following differential equation of the second order: 
2 

se [b= 24) Pum) + (a, e) Pam(z)=05 (75) 
when m=0O an equation for the Legendre polynomials P,(x) is 
obtained. The individual values and the corresponding individual 
functions P, ,(z) solve the following limit problem. Find values of 
A, for which the solution of the equation (75) remains finite in 
the interval —1 <x < +1 including its ends. Notice that at the 
singularities « = +1 the equation (75) has a determining equation 
e(e — 1)+ @ — m?/4 = 0 the zeros of which are 9g = +m/2. 

The solution which corresponds to the zero @ = —m/2 becomes 
infinite at the corresponding singularity. 

The above problem involves the finding of those values 4, for 
which the solution corresponding to the zero @ = m/2 at the point 
a = —1 will still correspond to this zero at the point + = +1. 

The values A, = n(n + 1) give the solutions of this problem and 
the corresponding individual functions are determined from for- 
mula (12). 

The orthogonality of spherical functions is directly connected with 
the fact that these functions solve the above limit problem for the 
equation (70). Similarly the functions P,,m(z) are orthogonal on the 
line (—1, +1): 

I 
{ Pam (2) Pym (x) de = 0 when p #q. (76) 

-1 
This can be proved by using the equation (75) in exactly the same 
way as we did in [102] for the Legendre polynomials. Notice also one 
other fact connected with the theory of spherical functions. If we 
use the solution /,(7) = 7" of the equation (73) we obtain the solu- 
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tion r" Y,(8, p) of the Laplace equation. This is a harmonic poly- 
nomial of the nth degree. If we use the second solution f,(7) = r-"~} 
of the equation (73) we arrive at the following conclusion: the function 


Yn (9, ¢) 


a (77) 


where Y,(0, p) ts a spherical function of order n, is a solution of the 
Laplace equation. This solution becomes infinite when 7 = 0 and it 
is obviously not a polynomial in gz, y, z. 


136. The Dirichlet and Neumann problems. Spherical functions are 
used in problems of mathematical physics connected with the Laplace 
equation with reference to a sphere. As an example consider the 
Dirichlet and Neumann problems which we mentioned earlier [IT, 192] 
in connection with a sphere. It is necessary to determine a harmonic 
function inside a sphere of radius R when its limit values are given 
on the surface of that sphere (the inside Dirichlet problem). We ex- 
pand the given limit values in terms of spherical functions: 


f(6,¢)= SY, (9,9), (78) 


and construct a new series by multiplying the nth term of the 
above series by (7/R)", where r is the distance of a variable point 
from the centre of the sphere: 


U (r, 8, ) = S00 (F )° (r< R). (79) 


Bearing in mind that (1/R")Y "(6,9) r" is a harmonic polynomial we 
can see that the function (79) is harmonic inside the sphere and also 
that, when 7 = R, the series (79) becomes the series (78) so that this 
harmonic function satisfies the necessary limit conditions. 

Consider now the exterior Dirichlet problem, i.e. assume that it is 
necessary to determine a function, harmonic outside a sphere, which 
becomes zero at infinity [II, 192], from its limit values (78) on the 
surface of the sphere. Bearing in mind that Y,(6, ~) 7—"-' are har- 
monic functions which have no singularities outside the sphere and 
which are zero at infinity we obtain the solution of the exterior 
Dirichlet problem in the form: 


U(r, 8, 9) = SY, (0, °) (= =". (80) 
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We shall now consider the interior Neumann problem. Suppose that 
it is necessary to determine a harmonic function U(r, 0, y) inside a 
sphere from the values of its normal derivative on the surface of the 
sphere 


= 16.9) (r=). (81) 


We know that the integral of the normal derivative of a harmonic 
function vanishes [II, 194]: 


Sian = 


i.e. the given function /(6,g) which appears in the condition (81) 


must be such that 
SS F(8, yp) do=0. (82) 
$s 


On recalling the formula (57) which determined the spherical functions 
obtained in the expansion of f(@, gy) and also that P, (cos y) is constant 
when 7 = 0, we can see that the condition (82) is equivalent to the 
fact that in the expansion of /(@, y) in terms of spherical functions 
all spherical functions of zero order are absent. We therefore have 


(8,9) = 2 Ya (9, 9). (83) 


It can readily be seen that the solution of the Neumann problem 
will be given by the following formula: 


ge rn 
U (7, 9,9) = Y= ¥n(9. 9) per t+, (84) 


where C is an arbitrary constant. 

In fact this series determines a harmonic function and differentiation 
along the normal coincides, in this case, with differentiation along the 
radius r. It can easily be proved that, by differentiating the series 
(84) with respect to 7 and putting r= FR, we can obtain the series (83), 
i.e. the limit condition (81) will be satisfied. In the case of the exterior 
Neumann problem the function f(9, y), which appears in the condition 
(81) will no longer satisfy the condition (82) and we have an ex- 
pansion of the general form (78) for it. It can readily be seen that 
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the solution of the exterior Neumann problem will be given in the 
form of the series 


a a Rn+2 
U8) = — Boar Yn (8 0) rar (85) 


where we assume that the direction of the normal » coincides with 
the direction of the radius r. 


We will now consider one special case of the exterior Neumann problem. 
Let us suppose that a sphere of radius R moves in a limitless fluid resting at 
infinity with a velocity a directed along the Z axis. Take a system of coordina- 
tes with the origin as the centre of the sphere which moves with the sphere. In 
this case the normal component velocity of the fluid with the surface of the sphere 
will be given by the formula: 


az 
—=>acos @. 
r 


If we suppose that the fluid is stationary and has a potential velocity, we 
have a problem in which the function U is to be found from the following 
conditions: (1) outside the sphere U must be a harmonic function, (2) at in- 
finity the component velocities, i.e. the derivatives of the function U with 
respect to the coordinates, must vanish and (3) on the surface of the sphere the 
function U must satisfy the condition 


oy = —acos 6 
or , 
In this case f(6,~) = —acos 6, or, remembering the expression for the 


Legendre polynomial we have 
f (9, ) = — aP, (cos 6), 
i.e. the function f(9, gy) is a spherical function of the first order. The solution 


of the problem will be given by the formula 


ak’ 


a 6g. 


a Ra 
U (r, 6,9) = oh: (cos 6) 7 


137. The potential of voluminous masses. Let us suppose there is a bounded 
volume V in space which is filled with a mass of density 0(M’). The potential 
of this distribution will be expressed by the treble integral 


U (M) ={ff2ge av, (86) 
V 


where d is the distance from the variable point M’ of the volume V to the point 
M at which the value of the potential is being determined. Let O be the origin 
and we will introduce into our considerations the lengths of the radius-vectors 


r=|OM|, r’°=|OM’| 
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and the angle y made by these vectors. We now consider points M at a suffici- 
ently great distance so that the value ofr is greater than the maximum value of 
r’. For these points we have the following expansion [132}: 


] ] = rn 
—= ———————————— —_—_—- = > P (cos _—_— 
d Vr? — 2rr’ cosy + r’? ers - ”) pit? 


which converges uniformly with respect to r’ since | P,,(cos y)| < 1. Substituting 
this in the integral (86) we obtain the expansion of the potential U(J/) in nega- 
tive integral powers of r: 


= Yn (6, 9) 
U (M) = 2 nti ; (87) 
where 
Y,(9,%) =SfSe(M’)r"P, (cos y) av. (88) 
V 


We will now determine the first three terms in the expansion (87). On re- 
calling the expression for the first three Legendre polynomials and also the 
self explanatory formula: 

Sapa Oe aE 
rr 


we can write 

P, (cosy) =1; Py (cosy) = = TW F™ 
A 8a’ + yy +2’ rer 
2 rt : 


Substituting these in the formula (88) we have first of all 
¥o(% 9) =SSfe(M’)dv=m, 
Vv 


7’? P, (cosy) = 


i.e. the coefficient of 1/r in the expansion (87) is equal to the total mass m 
of the volume V. We obtain further: 


Y¥,(8,9)=SfJSo(M’)r’ P, (cos y) dV = 
Vv 


== [[feameav+4{ffecryy av += [ffeuryear. 
V V V 


The above integrals express the product of the mass m and the coordinates 
of the centre of gravity. We shall assume that the origin is so chosen as to coincide 
with the centre of gravity of the mass. In this case we shall obviously have 
Y,(8, g) = 0. Lastly we shall evaluate Y,(0,g). To do so we introduce the 
moments of inertia of our mass with respect to the axes: 


A=sfffo(M’)(y?+22)dV; B= SSSe (A4’) (22 + 22) AV; 
V 


C=SSSo(M’) (x? +y)aV, (89) 
V 
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and also the products of inertia with respect to the axes 


D=JSSSo(m)y'z av; E=JS§So(M’)z’ x’ av; 
Vv Vv 
F=SSfo(M’)2y’dP. (90) 
V 


It can be shown, but we shall not do so here, that the system of coordinates 
can always be chosen so that the products of inertia (90) vanish. We will 
assume that the coordinates have been chosen in this way. Substituting the 
expression r’? P,(cos y) in the formula (88) we can see, as can easily be shown, 
that the following expression for Y,.(6, p) is obtained: 

1 (B+C —2A)2?+(C+A—2B)¥+(A+ B-—2C)2? 


¥; (6,9) => eae 


and for the potential U(M) we have up to terms of the order of 1/r? 
U(M)= 


1 (B+0~—2A)a*+(0 + A—2B)y?+(A+ BR 20) 2? 
2 7 


a +... (91) 


Replacing xz, y and z by spherical polar coordinates we can rewrite this ex- 
pression as follows: 


U(M) == + 


god (B+C—2A)cos’psin? 6+ (C+ A—2B)sin’psin? 6+ (A+ B—2C)cos*6 1 
2 r8 


(92) 


138. The potential of a spherical shell. Suppose that on the surface 
Sp of a sphere of radius R a mass with surface density o(J1’) is distri- 
buted. The potential U(M) of this simple layer will be expressed on 
the surface of the sphere by the integral 


U(M) =f j* as, (93) 
Sez 


where d is the distance from the point M to a variable point Jf’ 
on the surface of the sphere. The expression l/d will have different 
forms inside and outside the sphere Sp. 

If we assume, to start with, that r< R, we obtain [132]: 


(94) 
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where y is the angle between the radius-vectors OM and OM’. The 
density o(Jf’) is assumed to be a given function f(6’, y’) of the 
geographical coordinates of the sphere. 

Substituting the expansion (94) in the integral (93) and remem- 
pering that ds = R? do = R* sin 0’ ddg’@’ we have: 


be) 


U(M) = Sms | | 119, o) P, (cos y) do. (95) 


n=0 


The above integrals are directly connected with the expansion of 
the function /(9, py) in terms of spherical functions, viz. if 


/(8,9) = SY, (8.9), (96) 
n=0 
then, as we know 


Y, (9,9) =~ [ [#(6", »’) Pp (cosy) do, 


and, consequently, the expansion (95) can be written as follows: 


rn 


U (M) = 4% S appa Yn(8e) (P<). (97) 
n=0 
Similarly, using the expansion (36) we have 
- = Rnt+2 


By using this expansion we can note certain properties of the 
potential of a layer. Notice, first of all, that the expansions (97) and 
(98) are the same when the point Jf falls on the surface of the sphere. 
In this case we put r = F and obtain the following result: 


U (M,) = 42k S57 ¥, (6,9) (99) 
n=0 


where @ and 9 are the geographical coordinates of the point M, on 
the surface of the sphere. We can thus see that the potential of a simple 
layer varies continuously as the point M passes through the surface 
of the sphere. This property of the potential of a simple layer holds 
not only for a sphere but for surfaces generally. 
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Let us now investigate the behaviour of the normal derivative of 
the potential (the normal component of the force) when the point 4 
moves across the surface of the sphere. We denote by (0U(M o)/8), the 
limit of the normal derivative as the point M tends to the point ¥/, 
along the radius from inside the sphere, and by (0U(Jf,)/dv), that 
same limit as the point M tends to the same point M, from outside 
the sphere. » denotes the direction of the outward normal to the sphere 
at the point J7,. In this case this direction coincides with the radius 
OM,. Differentiating the formulae (97) and (98) with respect to », i.e, 
with respect to 7, and putting r = R we obtain the expressions for 
the above limits: 


au(M,)) __, & on 
(2a) a an St Y,, (0,9). (101) 
n=0 


This shows that the normal derivative of the potential of a simple 
layer has, in general, a discontinuity on passing through the surface. 

The following formulae follow directly from the formulae (100) 
and (101): 


(220) (20) ix SY, (9, 9), 


(a). Ca) = Ser Pn Oo 


and from (96) and (99) we can write: 


(=), a (ee) = — 4xe(M)), (102) 
(eee) 4 (22 ae) — a U (Mo . (103) 


Formula (102) shows, among other things, that the discontinuity 
in the normal derivative is equal to the product of (—42) and the density 
at the given point on the surface. 

Let us now explain the meaning of the right-hand side of the for- 
mula (103). Denoting, as before, a definite direction by », viz. the 
direction of the radius O1/,, and bearing in mind that in the integral 
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(93) only the factor 1/d depends on the coordinates of the point Jf, 


we have 
OU (M an d (il 
SUM) ) =| | e (a1’) $;({) as. (104) 
Sp 
But we have also: 


0 (1 1 
sx (a) = — ge 08, 


where w is the angle made by the radius-vector Mf’ M and the direc- 
tion v. Let us evaluate the integral (104) on the assumption that 
the point Jf lies on the sphere, viz. at the point J,. In this case 
we have d = 2f cos m and, consequently: 


0 (1 1 
ov (a) ~ PRA * 
We thus obtain the following expression for the integral (104): 


1 rem | 1 
— sz | fe Wry pas = — sy 0 (af). 
Se 


Let us denote this by 0U(M,)/d». We can then rewrite the formula 
(103) as follows: 


(ae ), ie ( OU (fe) ), —9 a 


From this follow the expressions for the limits of the normal 
derivative of the potential of a simple layer which are given below: 


aU (Mo aU (Mo 
(ee) = Ae +. 220 (Mo); 


@U (Mo) __ 8U (Mo) 


(105) 


These formulae are also valid for bodies other than spheres. 


139. The electron in a central field. When dealing with an electron in a 
field created by a positive nucleus we have, according to Schrédinger’s theorem, 
the following equation: 


ht (2 0? p 


2 02 
Sn Gt Ope 


yp 
Oz? 


} — eV (r) p= Ey, (106) 


where ) is Planck’s constant, u is the mass of the electron and e is its charge. 
V(r) is the given function which depends only on the distance r from the origin, 
and determines the potential of the field, p(x, y,z) is the wave function 
and, finally, E is a constant which determines the energy level of the given 
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physical system. The solution of the equation (106) must be finite in the 
whole infinite space and remain bounded at infinity. We shall seek thig 
solution in the form of a product of functions of r multiplied by functions which 
depend only on @ and g. Expressing the Laplace operator Ay in terms of spherical] 
coordinates we can write: 

ey 2 Op 1 


v= oe tO Te 


re 4, ? 


where, as before [135]: 


—_ 1 6 f, | a 1 @y 
ss sin 6 oy (sin 0 SE) + sin?@ dg? ~° 


The equation (106) can be rewritten in the form 


2 2. 
solar tet a] ter e+ Epo. 
Writing the expression y = f(r) Y(9, gm) and separating the variables we 
have: 
h iad 2 ? 
ay tae otsreal-vorm—-ze 
yo ht ; 


Bar fr) 


Both sides of this equation will be equal to one and the same constant 
which we denote by 4A. This gives the equations 


4,¥Y —AéAY=0, (107) 
~Elrm+zro+ im] —erintm—zin=0. (108) 


The equation (107) should have a continuous solution on the whole surface 
of the sphere. We know already that in this case the parameter A will be 
equal to —l(l + 1) and the solution will be expressed in terms of spherical 
functions Y,(6, gy). Substituting the above value of 4 in the equation (108) we 
obtain an equation for the determination of the function of r which we now 
denote by f,(r): 


nz1(l +1) 


a | (r)=0. (109) 


h? Ld h2 ta E 
get + hey + [e+ er (r) - 
The values of the parameter HZ are determined from the condition that the 
solution of the equation (109) is bounded when 7 = 0, as well as when r tends 
to + oo. In general, we can obtain an infinite number of such solutions. They are 
usually numbered starting with the integer (/ + 1), i.e. they are numbered 
in the following order: 


m=1+1, 142, 1+3, 


Hence the values of Z depend on two symbols, viz. on the integer / and on 
the number n. / is known as azimuthal quantum number and n as the principal 
quantum number. When | and n are given we have, in general, a definite function 
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fail) Which satisfies the equation (109) as well as the above limit conditions 
when r = 0 and r = + o. Aa far as the functions Y;(6, p) are concerned, there 
will be (22 + 1) of these: 


¥{ (9,9) (m=—1, —141, ..., 1-1, J) 


and for the full definition of the wave function we must also determine the 
value of the third symbol m. This is usually known as the magnetic quantum 
number. It is of importance in disturbance problems of a@ given physical 
system caused by a magnetic field acting along the Z-axis. 

Let us now consider the particular case when the potential is the Coulomb 


potential 


V(r) 


where & is a constant which is equal, for example in the case of a hydrogen 
atom, to unity. Substituting the expression of the potential in the equation 
(109) we obtain the following equation (k = 1): 


h? h? , : e h?l(i+1) - 
stl t+ fi +[B+- FS |nm=0. ano) 
We replace r by a new variable z: 
per 
z= a 
and put 
Eh? 
e= sie and #e=2/+1. (111) 


We also replace f,(r) by a new unknown function y: 
1 
f r=—--— y- 
f, (r) "Pid 


Substituting all this in the equation (110) we obtain the equation 


dy 1 dy 2 8? z 
ae Fe ae tha ae) Y= 
which we considered in [115]. 
Let us now consider the negative values of the parameter Z. In this case, 
as before, we obtain an infinite number of discreet values for the constant 
E, viz. having put 


a= 1 
¥—2e ’ 
we obtain the following value for the parameter A: 
s8+1 
Ap = t+ p (p =0, 1, 2, ...), 
whence 
1 s+1 \2 1 1 
Sea 8) Se Cag) (ore 
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and, consequently, from (111) we obtain the following values for the para. 
meter E: 

4 4 

nie fee ___He 


— (ply ~~ Ben’ (122) 


where 7 is the principal quantum number equal to (p + I + 1). 

We thus see that in the case of a Coulomb field the values of the parameter 
E are independent of the azimuthal quantum number 1. If we fix n, and there. 
fore also the value of the parameter EF then, since n=p-+l-+1, we can 
give Ll the following values: 


l=n—1, n—-2 ..., O. 


Every value of | corresponds to (2! + 1) natural functions of y. Therefore 
for the parameter Z, as given by (112) we obtain the following total number 
of natural functions: 

1+3+4+65+...4+(2—l])=n'. 

If, instead of Schrédinger’s equation we had taken the Dirac equation for one 
electron then we would have obtained functions analogous with spherical func- 
tions. These “Spinning spherical functions’? are dealt with in the book The 
Origins of Quantum Mechanics by Prof. V. A. Foch. 


140. Spherical functions and the linear representation of rotating groups. 

We have already mentioned the fact that homogeneous polynomials of the 
variables (x, y, z) which satisfy the Laplace equation give a linear expression for 
a group RF of the space rotating about the origin. 

We thus see that a set of spherical functions of order / gives a linear expression 
for the group R which is of the (2! + 1)th order. Let us consider this problem 
in greater detail. 

Let us consider spherical functions of order / in the same form as given by the 
formulae (18) and introduce for them a special notation: 


Qs™ (p, 0) = el? P, ,(cos8)  (m=—l, —141, ..., 1-1, D, (113) 


where 
P;, -m(cos 8) = P(” (cos 8) 

Let {a, 8, y} be a certain rotation of the group R with Euler angles a, 8 
and y. As a result of this rotation a point on the sphere with coordinates (9, 6) 
will move into a new position (y’, 9’) and the function Qk™ 9’, 6’) can be expres- 
sed linearly in terms of Q,(9, 6). The matrix of this linear transformation will 
correspond to the rotation {a, 8, y} of that linear expression for the group R, 
which is given by the functions (113). The simple dependency of these func- 
tions on the angle g shows that a rotation about the Z axis through an angle 
a, ie. the rotation {a, 0, 0}, corresponds to the diagonal matrix 


ea, 9g, 0, pea 
0, e—fl-1)a g. 1, 0 
0, 0, eft-sje 0 (114) 
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Denote by {D,(R,)}, the elements of the matrix corresponding to a definite 
rotation R,, where the symbols 7 and k take the values —/J, —1+],..., U. 

Take for R, the rotation about the Y-axis through an angle #, as a result of 
which points on the sphere with coordinates g = 0 and 6 move to points 9’ = 0 
and 6 -++ £ respectively. Bearing in mind the form of the functions (113) we can 
say that for the given choice of R, the matrix D,(R,) transforms the functions 
P;™ (cos 6) into the functions P,,, [cos (8 + f)], ie. 


t 
P,, m[cos (8 + B)] = > {Di (Ro)}ms Pi, s (cos 4) (m= —1 —1+41, ..., Dl). 
S=1 


Returning to the formulae (12) we can see that P}*(cos 6) vanishes when 
@=O0ife 40. Putting 6 = 0 in the above formulae we have 


Pj, m (Cos B) = {D, (Ro) }mo Py (1) = {Dj (Ro)}mo- 


This shows that the elements of the column k = 0 of the matrix D,(R,) 
are, in general, other than zero, i.e. they contain zero elements only for excep- 
tional values of £. 

Thus among the matrices D,(R) are the diagonal matrices (114) with dif- 
ferent elements, as well as matrices, all elements of a certain column of which 
are other than zero. As we saw in [LII],, 69] the matrices give, in this case, an 
irreducible expression for the group F and we can therefore say that the expres- 
sion given by the matrices D,(R) is irreducible. The functions (113) are orthogonal 
in pairs but they were not compared to unity for integrals of the square of the 
modulus. Ascribing to these functions suitably chosen constant factors, we 
can construct comparable functions: 


of” Qh (9, 8). (118) 


These functions now give the unitary irreducible expression for the functions 
DR) [I11,, 68] which is equivalent to D,(R) and in this new expression the 
rotation {a, 0, 0} corresponds to the old matrix (114) since the constant factors 
we have chosen do not change the character of the dependency of the functions 
(113) on 9. 

Multiplying the functions (115) by arbitrary factors the moduli of which 
are unity we also obtain a unitary expression with the same matrix (114) which 
corresponds to the rotation {a, 0,0}. One of these representations is exactly 
the same as that which we constructed in a different way [III,, 62]. 

The individual functions of the Schrédinger equation which we considered 
in the previous section, fall into groups in accordance with the values of 7, and 
each group contains (2/ +- 1) individual functions (/ being the azimuth quantum 
number). The functions which form such a group are numbered by m, (m being 
the magnetic quantum number) which runs through m = —I, —1+1,...,1. 
It follows directly from the form of the functions (113) that 

1 0 


FT Bp A 8) = mar” (oP, 8), 
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ie. the mth function of our group is the individual function of the operator 
1 0 
L,= Fp’ (116) 


and m is the corresponding individual value. Also each function (113), as we 
know, satisfies the equation: 


— A, QS” (g, 6) =10L +1) ™ (9, 8), 


i.e. each function belonging to the above group of (21 + 1) functions is an 
individual function of the operator 


1 ) ) 1 o 
2 = i ee elapse 
Teese sin 6 Ee 00 (sin : 00 35) sin@ 9? | ‘ (117) 


and the corresponding individual value is equal to l(/ +- 1). The operator L, 
differs only by the factor h from the operator of the component of the quantity 
of movement on the Z-axis. Similarly, the operator (117) differs only by the 
factor h? from the operator of the square of the moment of the quantity of 
movement. 


141, The Legendre function. Let us consider the Legendre equation: 


d2u 
dx? 


(1 — a?) 4 — ov Ht n(n t lyu=0 (118) 
where we assume that z is a complex variable and where n can be 
any number. Both zeros of the determining equation (118) are zero 
at the singularities x = +1 [102]. Hence at both these points we have 
one regular solution and one solution containing a logarithm; this latter 
solution wil] not be bounded in the neighbourhood of the singularity. 

We shall try to satisfy the equation (118) by an integral of the form 
(13) which is a Legendre polynomial when 7 is a positive integer: 


1 (¢? — 1)" 


“ (2) = gata | ay 
c 


dt. (119) 


Substituting in the equation (118) we have: 
d? u du 
(1 — 2’) 5 - 22-5 + (n+ lhu= 


= BA CS mt 2-1) +224 NE — ay] ae = 
c 


ey ae eM Urea Fs 


antl zy (¢ — x)nt2 
Cc 
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which shows that formula (119) is a solution of the equation (118) 
provided that by describing the variable point ¢ round the contour C, 


the expression 
(42 — ])At+1 
(aye (120) 


returns to its initial value. When 7 is a fraction then the integrand 
jn (119) has three branch points: ¢ = 7 and t = +1. By describing 
the point ¢= 1 or t = —1 in the counter-clockwise direction the 
numerator (2 — 1)"+! acquires the factor e@"*))**! and by describing 
the point ¢ = x the denominator acquires the term ent heat 


Fic. 73. 


Let us cut the ¢-plane from t = —1 to {= — © along the real axis and 
take as the contour C a closed contour originating at a point A on the 
real axis which lies to the right of the point ¢ = 1 and round which 
the points = 1 and ¢ = @ are described in the counter clockwise direc- 
tion (Fig. 73). 

We assume that x does not lie on the cut and that the con- 
tour C does not intersect the cut. The original value of the many- 
valued integrand function is determined from the conditions that 
arg ({ — 1) = arg (+1) =O and | arg (¢ — x) |<. 2, whent > 1. Asa 
result of this the expression (119) returns to its initial value when ¢ de- 
scribes the contour C. Notice also that, according to Cauchy’s theorem, 
the value of the integral does not depend on the choice of the point A 
to the right of ¢ = 1 on the real axis or on the form of the contour. 
It is only essential that the contour should not intersect the cut. 

We thus obtain the solution of the equation (118): 


1 (2 — 1)" 
anting } (¢— arti 
c 


P,() = dt, (121) 


where C is the contour we described above. This solution is a regular 
function of x in the whole cut plane and, in particular, at the point 
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xz = 1. But, as we know from [102], the equation (118) is obtaineg 
from Gauss’s equation when a = n + 1, 8 = —nandy = 1, and when 
the independent variable z in the Gauss equation is substituted by 
(1 — x)/2. Since the solution (121) is regular when x = 1, i.e. when 
z= 0, it must be the same as the hypergeometric series given below, 
except for the constant term: 


P, (2) =CF(n+1, —n, 1; ~5*). (129) 
To determine C we evaluate P, (1): 
1 (2 — 1)" 1 (t+ 1)A 
Py (1) = gaerag | Goa = rae | roan ied, 
c 


and, evaluating the last integral in accordance with the theorem of 
residues, we obtain P,(1) = 1; hence the formula (122) when z = 1, 
gives C = I, ie.: 


P, (2) = F(n+1, —n, 1; >=). (123) 


When 2 is a positive integer we obtain a Legendre polynomial. 
It also follows from the formula (123) that owing to the fact that 
F(a, B, y; 2) does not alter when the positions of a and # are inter- 
changed, we have for any n 


P,, (2) = P_n-y (2)- 


By using the formula (121) the relationships (37), (39) and (40) from 
[132] can be tested. The function P,(x), which is the solution of the 
equation (118) has, in general, singularities at x = —1l and z= ©. 
Formula (121) defines this function in the whole cut plane. 


142, The Legendre functions of the second kind. We constructed one 
of the solutions of the equation (118). We shall now try to construct 
a second solution. We know that when y,(z) is one of the solutions 
of the equation 

y" + p(z)y’ +4 (z)y¥=9, 
then a second solution can be constructed according to the formula 
= —S§p(xjdx da 
¥2 (x) aa Cy, (x) fe [yi (z)]}? ’ 


where C is an arbitrary constant. Consider, first of all, the case when n 
is positive. At the singularity 7 = co of the equation (118) the deter- 


(124) 
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mining equation has the zeros op, = n + 1 and g, = —n. The solution 
of the equation which corresponds to the first zero vanishes when 
g= 0c. Using the formula (124) we can write this solution as follows: 


dx 
Qn l2) = Pal) | aT eF 


(125) 
The function Q,(z) has singularities at x = +1 and is regular in the 
g-plane which has a cut from z= —1 to y= 1. Formula (125) defines 
Q,(z) in the whole’ plane. Notice that the zeros P,(x) lie in the in- 
terval (—1, +1). 

Let us express Q,(x) in terms of a Legendre polynomial and loga- 
rithms. To do this we replace u(z) by a new function v(x) in the 
equation (118) according to the formula 


u (2) => P, (2) log 2H — v (2). (126) 


We obtain the following equation for v(z): 


d?v 


(1 — 2%) £2 — 99 4 n(n + 1) 0 = 2P% (2), 


and from (42) we can rewrite this equation as follows: 


d?v dv 
(l— 2) — 22-55 +n(n+1)v= 


N 
= 2 > (2n — 4k + 8) Pr_ongs (2), (127) 
k=1 
where NV = n/2 whenn iseven, and N=(n-+1)/2 when 7 is odd. 
Bearing in mind that P,_»,4;(2) satisfies the equation: 


(1 — 22) Pt_oeay (2) — 2 Ponty (2) + 
+ (nm — 2h +1) (m— 2k + 2) Pronas (2) =O, 


we can see that the equation 


(1 — 22) SP — 22 5 4 (m+ 1) w= 2 (2n — 4k + 8) Py_oeer (2) 


has a solution 


Qn — 4k +3 
w(x) = wo hanrry P n~2k-+1 (@)- 
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This, from (126) and (127), gives the following solution of the Legendre 
equation (118): 


] 1 N Qn —4k 4.3 
ty (2) = Pp (a) log Fy — Seay EET ats) (128) 
It can be expressed in terms of P,,(z) and Q,(z): 
tg (2) = C, Py (2) + C2 Qn (2). (129) 
From (128) and the obvious expansion 
1 lt+e2 1 1 l 
q6q=g eo ant ee Ne) 


it follows that u,(z)/z"~? remains bounded as z—> °°, On the other 
hand on the right-hand side of (129) P,,(z) is a polynomial of the nth 
degree and Q,(z) tends to zero like 1/(z"*') as > co, This being true, 
we can say that C, = 0, ie. 


Cx Qn (#) = ty (2) = FP, (x) log 2+ — R(x), (130) 


where £,(x) is a polynomial of the (n — 1)th degree. It follows that 


d fQn(z)]_ _ 1 Sp (Z) 
132 Poey |= I-a T [Pp (z)}* ’ 


where S,(x) is a polynomial in z. On the other hand, from (125): 


£[ Qe02)) 1 
dz | P, (2) (1 — a?) [P, (2)? ° 


Comparing this equation with the one above we have: 
5 hee 
(lL —2*)[P,(z)}? ~~ 1—a? [P,(z)} ’ 
whence 
C, = [P, ()]? + (1 — 2”) 8, (2), 
and putting z = 1 we obtain C, = 1, i.e. from (128) and (129) we have 
finally: 


1 1 N Qn — 4k +3 
Qn (2) = 3 Pr (a)log =e — Say Pratt (@)- (181) 
k=1 


The function @,(z) is usually known as the Legendre function of the 
second kind. 

The logarithmic terms are due to the character of the singularities 
x = +1 of the equation (118). Q,(z) can easily be written in the form 
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of a definite integral. Notice that when n is a positive integer the 
expression (120) vanishes for ¢ = -+1. Therefore, when constructing 
the solution of the equation (118) in the form (119) we can simply take 
the line —1 < ¢ < +1 as the contour C and we have: 


1] — #2)n 
y= 0 f La paar dt (132) 


where C is an arbitrary constant. This integral tends to zero like 
yja"** as Z-» co, and therefore this solution differs only by its con- 
stant term from Q,(x). Let us determine the constant C so that the 
solution (132) is the same as Q,(x). It follows from the formula (11) 
that the coefficient of z” in the expansion of P,(x) is equal to: 
— t 
a= 2n (2n oa (2+ 1) = ie (133) 
Returning to the formula (125) we can see that the expansion of 
the integrand in whole positive powers of 2-1 begins with the term 
(—l/apx’"*?) and the expansion of @,(z) begins with the term 
i (2n + 1)a,z"*", Comparing this with the formula (132) we obtain 
the following equation for C: 


1 


1 
6 JU at aes 
or 
i 1 
antl = aS 
a0 | in ydg = a, (an 1) ’ 
hence (I, 100] 
og _2n(@n—2)...4-2 
Q@n+1)Qn—).. 5°37 ag (2n+1) ’ 


and from (133) we obtain C = 1/2"+'. Substituting this in the equation 
(132) we obtain an expression for Q,(z) in the form of the integral 


1 


1 1—#)A 
Qn (x) —~ “gn+i “ = aia dt. (134) 
—4 


This expression holds in the whole of the z-plane except on the line 
—l<2z< +1. We shall now express Q,(z) as a hypergeometric series. 
To start with let us rewrite the formula (133) in terms of the function 
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I'(z) and use, for this purpose, the relationship (143) from [73] when 
z=:n-+ 1, and the formula J(2n + 2) = (2n+ 1)I' (2n + 1): 


3 
nth, 2 Ta) ee 
ne [P(n+ 12227 n+ iyyarint) ) 
Notice also that the substitution ¢ = z? transforms the Legendre 
equation (118) into the seep 


a5 —1 du n(n+1) 
Hi ui + —— ap gee 
and this is the Gauss equation with parameters a= 7/2 + 1/2, 
B = — n/2, y = 1. Using the first formula when z =¢ and replacing ¢ 
by 2? we obtain the solution of the equation (118): 


C 


n 1 n 3. 1 
gar FP ($+ q. gtl, nt: 


u(x) = =z) (\z|>1), (138) 
which at infinity has the same properties as Q,(z) and only differs 
from it by the constant term. The constant C must be so chosen that 
the solution (136) coincides with @Q,(z), the expansion of which 
in powers of 1/x begins with the term 1/{(2n + 1)] a,z"+*. Hence 


C = 1/(2n + l)a, and we have: 


¥xnI(n+1) 1 


OO) et Pn 8) “gnt+l F( +> st ety ar): (137) 


Until now we have only investigated the function Q,(z) when 7 is a posi- 
tive integer. Q,,(z) can also be determined as the second solution of the 
equation (118) when n takes any value, in the same way as we did with 
P,(z). Consider the integral (134). This integral retains its meaning 
when the real part of (n-+1) is positive and it can be used for the deter- 
mination of Q,(x) for these values of n. In general @,(x) can be deter- 
mined by the contour integral (119) but the contour must be suitably 
chosen. The expression (137) holds for all values of n except when n 
is a negative integer. It must be remembered that when 7 is not a 
positive integer then the point x = © will be a branch-point for the 
function @,(z). It is determined in a plane cut from z = —o toz = 1. 
When n is a negative integer then, putting n = —m — 1, where m 
is a positive integer or zero, we can see that the equation (118) becomes 


— 22 $4 + m(m+1)u=9. 
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and P,,(z) and Q,,(x) are the solutions of the equation (118). The 
formulae (37), (39) and (40) from [132] can readily be tested for Q,(z). 


§ 2. Bessel functions 


143. The determination of Bessel functions. We first met Bessel 
functions in connection with the vibration of a round membrane 
(II, 178]. Let us recall the results which we obtained at the time 
and establish the connection between the wave equation and Bessel 
functions. 

The wave equation in two dimensions is as follows: 

pc see a OU =| ; 
at oat ay? 


(1) 


When dealing with the vibration of a round membrane we intro- 
duced plane polar coordinates 


x=rcosg; y=rsing, 


and found those solutions of the equation (1) which are in the form 
of a product of three functions, one of which depends on ft, the 
second on 7 and the third on gy. These solutions, as we saw above, 
have the following form: 


(a cos wt + B sin wt) (C cos pp + D sin pg) Z, (kr), (2) 


where a, 8, C and D are arbitrary constants, while the constants w, k 
and a are connected by the relationship: 


w? = ka?. (3) 


Z,(z) in the above formula denotes an arbitrary solution of the 
Bessel equation 


2 

25 (2) + 2, (2) + (1— 2) Z, (2) =0. (4) 

Notice also that the constant p in the expression (2) can have any 
value. We have taken pas an integer since we wanted a solution with 
a period of 2 with respect to the variable g. We also want our solution 
to remain finite when 7 = 0 and therefore we took as Z,(z) that 
solution of the equation (4) which remains finite when z = 0, 1.e. we 
took the solution J,(z) (p > 0), which is a Bessel function. The value 
of the constant k, and hence of w from (3) was determined from the limit 
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condition. Later we shall deal with the applications of Bessel functions, 
At present we shall study the properties of the functions satisfying the 
equation (4) and we begin with the above Bessel function. 

The Bessel function, except for the constant term, is determined 
by an expansion of the form [II, 48]: 


Cz? 22 24 ; 
J,@)=C?l—-sere +aneneie—]: 


When p = 7 is a positive integer or zero, then the constant factor C 
is equal to 1/2"! and, as always, 0! = 1. Hence we have the following 
expression for a Bessel function with a positive integral subscript 


ae ea G 3) (6) 


When p is not an integer then we take the constant term in formula 


(5) to be equal to 
1 


~ 21 (p +1) 


and we obtain the following expression for the Bessel function: 


J) = oreayl —aesn(s) t+aernern(s) —-] 


or, as a result of the fundamental property of the function Iz): 


a (— 1) z \p+2k 
= 2. BT @ FET (5) (7) 


When p = n is a positive integer the latter formula is the same as 
formula (6). Consider now formula (7) when p is a negative integer 
p= —n. We know that Jz) tends to infinity when z is a negative 
integer or zero. Hence in the expansion (7) all terms will vanish in 
which the argument of the function J°(z) in the denominator is equal 
to a negative integer or zero. These terms will correspond to the follow- 
ing values of the variable of summation: 


—-n+t+k+1<0, ie kon—1. 


In other words we have to start the summation from k = n: 


— (— 1* z)\—ntek 
Jin (@) = Sar nteth (5) 
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Replacing k by another variable of summation 1 = k — n and 
taking (—1)" outside the summation symbol we have 


oe 2 @ (— 1} Zz \n+2l 
J_, (2) =(—1}) > wemrary (3) ; 


i.e. 


=, (—1) n+21 
Jon(@)=(— 1!" & apmin (3) 


J_, (2) =(— 1)"d, (2) (nx being an integer) (8) 


In other words the Bessel function with a negative integral subscrint 
(—n) differs only by the factor (—1)" from Bessel a function with a 
_ positive integral subscript. 

When p is not an integer then the functions J,(z) and J_>p(z) 
will be two linearly independent solutions of the Bessel equation 
[II, 48]. The series (7), as we know, converges for all finite z’s. 


144, Relationships between Bessel functions. We shall now deter- 
mine certain fundamental relationships between Bessel functions with 
different subscripts. Differentiating the power series (7) we have: 


(— 1)k S  (—1k-2k tka 


‘dz @ = & DS ureter — = 2k kiP(ptke+1) Qe+%’ 


or, substituting the variable of summation k by k + 1 and starting 
the summation with k = 0 


d J p (2) a od (— 1)k4+12 (k +1) ; 22k+1 
Ge SETI p TD) | WTME 
or 
d Jp(z) (— 1)k z \p+1+2k 
ae ew 2 aresisesy (z) 


Comparing this with (7) we obtain the following formula: 


d Jp(z) __ J p41 (2) 
“dz a ~ =r ' (9) 


Carrying out the differentiation the fraction we can rewrite this 
formula as follows: 


Fp (2) = —Fpss (2) +P (Sh (2) = — J, (2). (10) 
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Divide both sides of the formula (9) by z: 


Ld Spe) _ Spa 2) 


z dz zp zptl 


The above relationship can be formulated as follows: the differen- 
tiation of the fraction J,(z)/z? and its subsequent division by z ig 
equivalent to the addition of unity to p and to the change of sign 
of the above fraction. 

Using this rule several times over we obtain the following formula 
which is valid for any positive integer m: 


am Jp (2) J (z) 
(2dz)m po) = ea (11) 


This formula can be rewritten as follows: 


dm Jp (2) J pm (2) 
ae ep (OU ace tm 2) 


Differentiating now the product 2’J,(z) with respect to z: 


d _ Ske (pth) sree 
az 2 4p (2) = 2 MI'(p+tkt+l) Qpt+2k ? 


or, bearing in mind that (p+ k+1)=(p+hk) (p+ k) we have 


(— 1)" Ce 


d a 
ae )=? Sar@—1+k sy (2 


i.e. from (7) we obtain a formula which is analogous with the formula 


(9): 
Pd, (2) = 2? Jy_, (2). (13) 


Differentiating the product we can rewrite this formula as follows: 
' J 

To (2) =I, (2) — BBO (14) 
Divide both sides of formula (13) by z: 


se? (2) = 2?-* Jp_, (2). 
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Applying this formula several times over we obtain a formula which 
js analogous with formula (11): 


d 
Tar 2? Jy (z) = 2?-—™ Jp (2) (15) 
or 
am p 2P—™ Jom (z) 
(darn * J (2) = — aa -. (16) 


In the formulae (11) and (15) we have used the following notation: 


dam d d d 
(zdz)m f(z) = z2dz zdz °°" 2zdz I (2), 
where the number of differentiations with respect to z and of sub- 
sequent divisions by z is equal to m. 

Comparing the formulae (10) and (14) we obtain a relationship 
between three successive Bessel functions 


pJ J 
pth Ty (2) = Ty (2) — Pp 2) 
or 


PPI) Fy (2) + Ions (2)- (17) 


Using the above formulae we will show that Bessel functions, the 
subscripts of which are equal to one half of an odd integer, i.e. 
+ (2m--1)/2 where m is an integer, can be expressed in terms of elemen- 
tary functions. To show this we consider formula (7) when p = 1/2: 


ee oe ee 
ae = 2, ur(k+3) (=) 


1 
5+ 2k 


Applying the fundamental property of the function J’(z) several 
times over we have 


ret a)=E+ a} +a)= +2) e-a)7e-3) 


= (e+ F)—9) gr) = Se 


and we therefore obtain 


iis Sem 2 a Se 
1) Pere were TE > bd = (2k + 1)! 


k=0 
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J, (2) =| % sinz. (18) 


Applying now formula (11) we have for any positive integer m: 


oy omtt am sin 2 
Tomes (2) = (— 1)” /2 2" ‘eden (=) 
2 


(19) 


Analogous results are also obtained for negative subscripts. Formula 
(7) when p = —1/2 gives 


J, (z) = (2 COs Z, (20) 


2 
and using formula (15) we obtain for any positive integer m 
—- wm+1 
2 “3 «=dm COS Z 
7 ames (2) —— y= a edz (=) (21) 
In [II, 48] we have written Bessel functions in an expanded form 
when p = +3/2 and p = +5/2. 


145. The orthogonality of Bessel functions and their zeros. As we 
have already said we have used Bessel functions in connection with the 
vibration of a round membrane. At the time we used the usual Fourier 
method and, in order to satisfy the initial conditions of the problem, 
we had to expand the given function into a series of Bessel functions. 
We then obtained series, analogous with the Fourier series and found 
that Bessel functions have the property of orthogonality [II, 178] in 
the usual sense. We shall now consider this problem from a more 
general point of view and explain some additional circumstances. 

As we know the function J,(kz) satisfies the equation [11, 48]: 


d?J p (kz) 


1 dJy (kz) 2 P = 
ae = le 


or, multiplying by z we can write this equation as follows: 
d dd p (k 2 
eee | + (2 - E) I, (2) = 0. 


in future we shall assume that the symbol p is real and also that p > 0. 
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We take two different values of & and write the corresponding diffe- 
rential equations 


A [2 Meee) + (@z—-2)J, (kz) =0, 


ole Oo (22) ) + (2-2) J, (yz) =0. 


Multiplying the first equation by J,(k,z) and the second by J,(k,z), 
we subtract and integrate over the finite interval (0, J): 


[te tea2) fe e2D] — 7, e292 Mee? Yh ae 
0 


l 
+ (le — 3) { 2d, (k, 2) J, (k,2) dz = 0. 
0 
The first integrand represents the complete derivative with respect 


to z of the difference 


le So v2) J, (hey 2) — 2 So e®) 7, (x, z)], 
and the equation can therefore be written in the form 


[z Moh?) 7, (ky2) —2 Mp (he?) Jy (hz). ts 


z=0 
I 
+ (ki — WB) (23, (k, 2) J, (kz) dz = 0. 
0 
But 
dd p (ke: ' 
ae = kJ, (kz), 
where we write 
' d 
Jp (%) = aed p (2), 
and consequently, the above formula can be rewritten in the form 


[k, 2J%, (Ie, 2) Jp (key 2) — hy 2d (haz) Jy (by 2)]5 9 + 
I 
+ (kK — WB) (2d, (k,2) Jp (kaz)dz=0. = (22) 
6 


Let us recall the expansion of Bessel functions 


(—1)k gzk 


J ,(z) =2" Teka) DRE a 


— 
k=0 


(23) 
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Owing to the fact that p> 0 the term in the square bracket, 
vanishes when z = 0 and we finally arrive at the following formula 
which is of fundamental importance to what follows: 


L [dey Tp (Heyl) Ty (lta 0) — bey Sp (heat) Jp (ey D)] + 
q 
+ (ki — We) S20 y (hy 2) Tp (ky2)dz=0. = (24) 


When I = 1 this formula becomes: 


ky Jp (k,) Jy Cy = k, Ji, (A) J, (A) a 
+ (lH) [2 (ky2)Ip(lgz)dz=0. (25 


In the above calculations we have assumed that p > 0. It can readily 
be shown that the integrals retain their meaning and the term in the 
square brackets in formula (22) vanishes when z = 0 when we make 
the even wider assumption that p > —1. 

We shall show, first of all, that the Bessel function cannot have 
complex zeros. Suppose, to start with, that it has such a zero a + ib 
where a #0. All the coefficients in the expansion (7) are real and, 
consequently, the function J,(z) must have the conjugate zero a — ib 
as well as the zero a + 7b. If we now suppose that in formula (25) 
k, =a+ tb and k, = a — ib, where ki 4 kK, we have 

1 
§ 2], (k, 2) J, (k,z) dz =0. 
0 


Jp(k,z) and J,(k,z) will have conjugate complex values and there- 
fore, the integrand in the above formula is positive, so that this 
formula is contradicted. The case when a@ = 0 remains to be con- 
sidered, i.e. it must be shown that the function J,(z) cannot have 
purely imaginary zeros +7b either. In fact, substituting in the 
formula (23) we obtain an expansion with positive terms 


‘ , ~ 1 b2k 
70 (0) = (0? ST EET) We 


This is directly due to the fact that, according to the formula (111) 
in [71] the function I(z) is positive when z > 0. We thus arrive 
at the following result: if p is real and p > —1 then all zeros of the 
function J,(z) are real. Notice also that it follows directly from the ex- 
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pansion (23) which contains even powers only that the zeros of J,(z) 
will in pairs have equal absolute values of opposite sign so that it is 
sufficient to consider positive zeros only. In future we shall only con- 
sider these zeros. Let us write the asymptotic representation for the 
Bessel function [113]: 


19=\Eomb— 5a) 40 


or 


As z moves towards infinity along the positive part of the real axis 
the second term in the square bracket tends to zero while the first term 
passes from —1 to +1 an infinite number of times. It follows that 
J p(z) has an infinite number of real zeros. 

If z= k, and z=k, are two different positive zeros of the equation 


J, (2) = 0, (26) 


then formula (24) gives directly the following property of orthogonality 
of Bessel functions 


(ar ae =0. (27) 


According to Rolle’s theorem, the function J,(z) must also have an 
infinite number of real positive zeros, and if we now denote by k, and 
k, two different positive zeros of the equation 


Jy (zl) = 0, (28) 
then, from (24), we obtain exactly the same condition of orthogonality 
(27). 

Let us now consider a more general equation than the one above, 
viz. an equation of the form 


aJ, (zl) + B2J; (2’) = 0, (29) 
where a and £ are given real constants. Let z= k, and z = k, be two 
different zeros of the equation (29), i.e. 

ad, (kyl) + Bk, Jp (k,l) =0; ad, (k,l) + Bhp (kyl) = 9. 
It follows directly that 
ky Jp (k, l) J, (k,l) — kp J, (ke l) Jp (k,l) = 0, 
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and, consequently, the term in square brackets in formula (24) wil] 
again vanish, and we have the same condition of orthogonality ag 
before. The equations (26) and (27) are particular cases of the equa- 
tion (29). As before, it follows from the conditions of orthogonality, 
that the equation (29) cannot have complex zeros a + ib, where 
a#0. 

It can be shown similarly that the equation (29) has no purely 
imaginary zeros provided a > 0 and # > 0. 

Let us recall the two relationships 

e Jo(e) oo mene! < (2+? Tous (z)] = 241, (2). (30) 

According to Rolle’s theorem, the first of these shows that between 
two successive zeros of J,(z) there can only be one zero of Jp4,(z). The 
second relationship shows that between two successive zeros of Jp4,(2) 
there can only be one zero of J,(z). Acomparison shows that the posi- 
tive zeros of J,(z) and J,4,(z) separate one another, i.e. between two posi- 
tive zeros of J p(z) there is one and only one, zero of Jp4,(z) and vice versa. 

Let a and 6 be the smallest positive zeros J,(z) and J,4,(z) respec- 
tively. Remembering that z = 0 isa zero of z’+* J,_,(z) and applying 
Rolle’s theorem to the second of the formulae (30) we can see that 
J,(z) must have a zero in the interval (0, 5), ie.a < b. 

We thus find that the smallest positive zero of the function J,(z) will 
be nearer the origin than ihe similar zero of Jp4,(z). Notice also that 
the function 2~?J,(z) is a solution of the equation [111]: 


d? d 
2% + (2p +1) 34 +2 =0, 


and therefore the functions 2”? J,(z) and d/dz [2~?J,(z)] cannot have 
common positive zeros [104]. Consequently, from (30), the same can be 
said about the functions J,(z) and J, 4;(2). 

The orthogonality of Bessel functions is of great importance in the 
expansion of a given function into Bessel functions as, for example, 
in the vibration of a round membrane. 

It is also essential to be able to evaluate an integral of the form 


(23 (kz) dz, 
0 


where z = k is a zero of an equation of the form (29). Consider the case 
when k is simply a zero of the equation (26). Take the formula (24) 
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and assume that k, = k, while k, is variable and tends to k. We thus 
have 


IkJ p (kl) Jp (k, 1) 
k, = k , 


I 
(k, + iy | aJ p(k, 2) Jp (kz) dz = 
0 


When k,—& both the numerator and the denominator of the 
fraction vanish since J,(k,l) tends to J,(kl) = 0. Expanding by the 
usual rule we have in the limit: 


{ 
2k { 2J2 (kz) dz = 1? kJ’? (kl) 
0 
or 


— Ji? (kl). (31) 


— —_ EE - — 


and put z= kl. We have 
J, (kl) = —J,,, (kl), 


so that the above formula can also be written as follows: 


ri 
[23 (ke) de = 5 Ji, (Bd). (32) 


) 
When z = k is a zero of the equation (28) we obtain similarly 


t 
f 23 (ke) dz = — J} (ld) J, (Hd). (33) 


But we have: 
” 1 ? 3 
J5 (Xl) =F TL Jp (kt) ++ (1 ae | J, (kl) =0 


and using the equation J,(kl) = 0 we can rewrite the formula (33) as 
follows: 


feJ3 (kz) de = 5 (28 - F) J? (kl). (34) 
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146, Converting function and integral representation. Consider the 
analytic function of the complex variable ¢ 


ng 

an ‘ (35) 

This function has essential singularities at the points t= 0 and 

t=co and it can therefore be expanded into a Laurent’s series in the 

whole t-plane; the coefficients of this expansion will be functions of 
the parameter z in expression (35): 


a eee +e 
ale > a,(2)t". (36) 
n=—a 
We will now show that these coefficients will be the Bessel func- 
tions J,(z). In fact we can represent the coefficients of the expansion 
(36) by the following contour integral [15]: 


1 1 
a, (z) = — ja er i) du, 
le 


where J, is any simple closed contour which encircles the origin in the 
positive direction. We now replace ¢ by another variable of integration, 
according to the formula u = 2t/z, where z has a fixed value other 
than zero. The point « = 0 corresponds to ¢ = 0 and the contour J, 
will be transformed in the ¢-plane into another contour which also 
encircles the origin in the positive direction. Changing the variables 
we obtain the following expression for the coefficients: 


2 
ti<—— 
an (2) = ais (Z)" ferme Hat. 
ly 
On the contour 7, we can represent the exponential function by a 
power series which converges uniformly with respect to ?: 


(— 1)k g2k 
kl Dak gk 


Substituting this in the previous formula we obtain 


one S(— 1)F fz \nt2k ci Shed 
a, (2) ~~ “Oni = k! (5) fe i e€ dé . 
= in 


When n+& is a negative integer then the point ¢ = 0 will not 
be a singularity of the integrand in the above formula as this will 
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be equal to zero. When (nz + k) is a positive integer or zero then, 
remembering the expansion of e’, we can see that the residue of the 
integrand at the point t = 0 is equal to 1/(n + &)!. Thus when a 
is a positive integer we have 
y (— 1)* n+2k 
a, (z) = =, ki(n +k)! (5) , 
i.e. a,(z) is, in fact, the same as J,(z). If we replace ¢ by —1/¢ in 
formula (36) then the left-hand side remains unaltered, and this shows 
that a_,(z) = (—1)" 4,(z), ie. when n is negative we have from (8) 


a_, (z) = (= ig J (z) = J_, (2) . 


Hence, instead of the formula (36), we can write the following ex- 
pansion: 
J ee +o 
eli) — SJ, (2). (37) 
Hoe 
In other words the function (35) ts the converting function for Bessel 
functions when n is an integer. Formula (37) is convenient for 
deriving the properties of Bessel functions when n is an integer. We 
shall use this function for deducing the integral representation of 


Bessel functions when 1 is an integer. 
On putting ¢ = e’” in formula (37) we have 


eliz sing bs Jn (z) elne 


io-—-ow 


or, separating the real and imaginary parts, where we assume that z 
and @ are real: 


cos (zsin ¢) = Jo (z) + SJ, (2) cosng + > J, (2) cos np, 


n=l neo —1 


sin (2 sin ¢) => J, (2) sin np + > J, (z) sin ng, 


n=—l 
or, from (8), we have: 
cos (zsin y) = J, (z) + 2 SI (2) cos 2ng, 
pan (38) 
sin (2sin p) = 2 S$ J,,-, (2) sin (2n — 1) @. 


n=l 
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The formulae (38) represent the expansion of the functions into a 
Fourier series; applying the usual method for determining the coeffici- 
ents we obtain the following integral representation for Bessel functions; 


The same method for determining coefficients gives the following 
two equations: 


1 a 
= | c0s (zsin y) cos (2n — 1) pdp = 0, 
0 


= }sin (zsin p) sin 2ngdp = 0. 
0 


The formulae (39) can be combined into one formula which will be 
valid whether n is even or odd. Consider in connection with this the 
integral 


lf ; 
= | 208 (np — zsin g)dy = 
0 


= = [cos (z sin ~) cos ny dp + = fain (zsin gy) sin np d@. 
0 


When 7 is even, the first term on the right-hand side is J,(z) and the 
second is zero so that the sum is equal to J,(z). When 7 is odd, the 
first term will be zero and the second term will be J,,(z) so that for 
any positive integer n we have the integral representation 


In (2) = = [ c08 (np — 2sin 9) dp (n=0,1,2,..-). (40) 
; 


Strictly speaking the proof of the above equation is only valid 
when z is real. As a result of the principle of analytic continuation we 
can maintain that it is also valid for every complex z. Bearing in mind 
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the fact that the integrand is even we can write the above formula as. 


follows: 


1 : 
Jy (2) ==> | 00s (np — zsin ¢) dg. (41) 
This equation can also be written in the form: 


fd 


Jy (2) = = f eftre-z8ine) do, (42) 


In fact, applying Euler’s formula to the exponential function we 
obtain two terms, one of which is equal to the integral (41) and the 
other being zero since the integrand function is odd. 


Notice that the formula (40) no longer applies when n is not an integer. 
In this case we have a more complicated formula, viz.: 


a 
Jp) == f cos (np — z sin g) dp — “222 fe-pe-zsinne dp. (48) 
0 0 


and this formula is valid for values of z which lie to the right of the imaginary 
axis. Notice also the formula for sinh 9: 


e? = e ? 
2 


The proof of this formula will be given in [151]. 
Applying the formula (37) and using the obvious equality 


Bo(t—3) Bo(e-3)_ at (t-f) 


sinh 9 = 


we have 


> J,(a+b)i"%= > Jy (a) tk. > J, (b) t*. 


fue k=—-—e@ k= —o 


Multiplying the power series on the right and collecting terms in ¢t” we 
have 


+o 
J, (a+ 6) = = J (2) Tyg (B)- (44) 


k=—@ 


This formula expresses the addition theorem for Bessel functions when n is 
an integer. 


When n is zero a more general addition theorem must be applied, viz.: 


Jo (Va? +b? + 2ab cosa ) = Jy (a) Jy (b) + 2 sh (a) J, (6) cos ka. (45) 
k=1 
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The formulae (38) represent the expansion of the functions into a 
Fourier series; applying the usual method for determining the coeffici- 
ents we obtain the following integral representation for Bessel functions: 


a (2) =— { cos (zsing)cos2ngdp (n=0,1,...), 
0 
Jon—1 ( ) == Jsin( (z sin ¢) sin (2n = 1) pdp (n= 1,2, o° «Ja 
0 


The same method for determining coefficients gives the following 
two equations: 


= | cos (zsin ¢) cos (2n — 1) pdp = 0, 
0 


= | sin ( n(zsin y) sin 2ng dy = 0. 
0 


The formulae (39) can be combined into one formula which will be 
valid whether 7 is even or odd. Consider in connection with this the 
integral 


= [cos (np — zsin gp) dy = 
0 
== [cos zsin gy) cos ng dy + 2 [ain (zsin ¢) sin ny de. 
0 


When 7 is even, the first term on the right-hand side is J,(z) and the 
second is zero so that the sum is equal to J,(z). When n is odd, the 
first term will be zero and the second term will be J,(z) so that for 
any positive integer n we have the integral representation 


Jn (2) = — [cos (np —zsing)dp (n=0,1,2,...). (40) 
, 


Strictly speaking the proof of the above equation is only valid 
when z is real. As a result of the principle of analytic continuation we 
can maintain that it is also valid for every complex z. Bearing in mind 
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the fact that the integrand is even we can write the above formula as. 
follows: 


A == | cos (ny — zsin y) dg. (41): 


This equation can also be written in the form: 


a 


J, (2) = oe | ef (np—zsing) dg (42) 


—-7 


In fact, applying Euler’s formula to the exponential function we 
obtain two terms, one of which is equal to the integral (41) and the 
other being zero since the integrand function is odd. 


Notice that the formula (40) no longer applies when 7 is not an integer.. 
In this case we have a more complicated formula, viz.: 


so 


Jy (2) = = [eos (np — z sin ¢) dy — =P [e-pe-s sinh ? dp. (43) 
0 0 


and this formula is valid for values of z which lie to the right of the imaginary 
axis. Notice also the formula for sinh 9: 


2 


The proof of this formula will be given in [161]. 
Applying the formula (37) and using the obvious equality 


3a(t-7) alt) z neat (tz) 


sinh g = 


e 
we have 


> J,(a+b)e" = > J, (a) t* > J, (b) t*. 


Multiplying the power series on the right and collecting terms in ¢” we 
have 


+ 
Tn(a+b)= SS Jy (a) Fn-~ (0)- (44) 


k=—o@ 


This formula expresses the addition theorem for Bessel functions when n is 
an integer. 


When n is zero a more general addition theorem must be applied, viz.: 


Jo (Va? + b? + 2abcosa) = Jo (a) Jo (b) +2 > J, (2) J, (b) cos ka. (45) 
k=1 
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147. The Fourier— Bessel formula. Arbitrary functions which are defined in 
the interval (0, ©) and which satisfy an additional condition in this intervag] 
ean be represented by an integral, analogous with the Fourier integral but 
containing Bessel functions instead of trigonometric functions, viz.: jg 
f(g) is continuous in the interval (0, 0) and satisfies the Dirichlet condition 
{II, 143] in any finite interval and if the integral given below also exists 


Self (e)| de, 
0 
then for any integer n and @ > 0 the following formula applies: 
f(a) = § aJq (0g) de § tf(t) J, (st) dt. (46) 
0 0 


We shall give the formal proof of the relationship (46) without going into 
greater detail. Supposing that 0 is the radius-vector, we introduce polar co- 
ordinates and apply to the function 


é t= gcosp 
9 (ty) = f (@) "” (' ee (47) 
the Fourier formula [II, 160], changing the order of the inside integrals: 
tape tayo 
g(x, y) = = J J elUX+Y) du dy | | g (é, 9) eo 14+") dé dn. 
We replace the variables (u, v) and (¢, 7) by the polar coordinates 
E=écosa; u=icosf; 
n= ssina; =tsin . 
Using the formula (47) we can write: 
~ n - x 
#(e) elt _ fe de J ef at cos (S—9) ap | af(s) ds J ella gist cos(a—B) qa. 
0 =a 0 —n 


Replacing f by a new variable of integration 8’ according to the formula 


B-g=> +8, 


we obtain 


0 —n 


4x? 
—@ 


te| 
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Bearing in mind the periodicity of trigonometric functions we can change 
the interval of integration to the former interval (— x, + 2). Similerly, replacing 
a by @ new variable a’, according to the formula 

a—p— B ‘=a’, 
we obtain 


1 4 


3 o 7 t=] 
f(0) ei”? = eine fear i) e—fet sin B’+ ing’ ap | ef (a) de J eistsina’+ina’ agy 
0 


47° 
—-7 
which, with (42), gives the formula (46). 

When a function is given in a finite interval (0, 2) then instead of the formula 
(46) we can consider an expansion into a series, analogous with the Fourier series, 
in terms of orthogonal functions with which we dealt in the previous section. 

Notice that formula (46) can be proved for all real n’s greater than (— 1/2) 
and also when less strict assumptions are made with regard to the function 


fig). 
148. The Hankel and Neumann functions. We obtained in [112] two 
solutions for the Bessel equation: 


d? ld 2 
ar t+eet+(i-F)e=0 (48) 


22 


which were given by the following formulae 


l 
Ho ) = r(5-?| (Z)' fe _ 1)?~2 et dt, 


os < (49) 
1 
H® (z) = — Blt (S)’ [ie _ 1)? de dr. 
nm 4 


% A, 


In these formulae the integrand is single-valued in the t-plane 
cut parallel to the imaginary axis from t = +1 tot= +i Viz. 
wo assume in the first of these formulae that arg (t7 — 1) = 0 when 
t > 1 and in the second that arg (t? — 1) = 2x when t > 1. On going 
from the line (1, -+-°°) on the real axis to the line (— °°, —1) through the 
lower half-plane, and thus describing half the circuit round the points 
t= +1 while omitting the cuts, the amplitude in the expression 
(zt? — 1) = (rt — 1) (x + 1) increases by (—2z), in otber words, in 
the second of the formulae (49) we can assume that arg (t? — 1) = 0 
when t < —1. Formula (49) gives the Hankel functions for values 
of z to the right of the imaginary axis, i.e. the real part of which is 
greater than zero. Notice also that the integrand in the integrals (49) 
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is an integral function of the parameter p for a fixed value of z 
and, bearing in mind its rapid decrease at infinity, we can maintain 
that the Hankel functions H(z) are also integral functions of the 
parameter p for fixed values of z. It follows directly from the asymp. 
totic expressions for Hankel functions [112] that these functions are 
two linearly-independent solutions of the Bessel equation. We also saw 
that the Bessel function is equal to half the sum of the Hankel functiong 
HD (2) + HG (2) 
ee ee 

There is a close connection between the Bessel equation (48) and 
the equation 


J, (z) = (50) 


ar + Pw =0, (61) 


which is satisfied by the usual trigonometric functions cos pz and sin pz. 
The Hankel functions are in this case analogous with the solutions 
e'?? and e—'?? while the Bessel functions J,(z) are analogous with the 
solution cos pz of the equation (51). Let us also consider the solution 
of the equation (48) which is equal to the difference of the Hankel 
functions divided by 21: 


BY 72) — He 
N, (z) = p (z) = Pp (z) ; 


(52) 

This solution, usually known asthe Neumann function, is analogous 
with the solution sin pz of the equation (51). From the formulae (50) 
and (52) we obtain directly the following expressions for the Hankel 
functions in terms of the Bessel and Neumann functions: 


H® (z) =J,(2)+iN,(z); H®(z)=ZJ,(2)—iN, (2). (53) 


This shows that the functions J,(z) and V,(z) determine two linearly 
independent solutions of the equation (48). 
The Hankel functions have the following asymptotic representations: 


‘rs! 


7 2—P? = 
HD (2) = /2 a zi) (1 + O (2-)), 


(54) 
=; Pee 
H®) (z) = | ater (e-F-) {1+ 0 (z-)], 


Wz 
which we have proved for z > 0. Using formula (50) we can, as in 
{113], obtain the asymptotic representation for the Bessel function 


J, (z) = ie [cos (z — a — +) +0 (e-)], (55) 
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and similarly, using formula (52) we can obtain the asymptotic repre- 
sentation for the Neuman function when z > 0 


N,(2)= /2 [sin (z -_ +) +0 (| (56) 

In all the above formulae it must be assumed that z > 0 and the 
positive radical must be taken. 

We will now introduce a formula which expresses the Neumann func- 
tion in terms of the Bessel function. To start with we consider the case 
when 7 is not aninteger. We know that the equation (48) then has two 
linearly independent solutions J,(z) and J_,(z). The second of these 
can be expressed linearly in terms of the solutions J,(z) and J,,(z), 
which as we have already said above, are also linearly independent 
solutions, i.e. we can write 


J _p (2) = Cy Jy (z) + CL N, (2), (57) 


where C, and C, are constant coefficients which we shall now determine. 
Bearing in mind the asymptotic expressions (55) and (56) we can write 


+0, sin(z oH +)+ C0 (2-3) + 0,0 (27). 


Notice that the product of a constant, or of any bounded function, 
and 0(z~1) of the order 1/z also gives 0(z-) of the order 1/z. We thus 
obtain 


= C, cos (2— 2" — 4) + C, sin (2 - 3 — 3) + O (27). (58) 


From this the values of the constants can be deduced by comparing 
the principal terms in the above expansions. In fact, let us suppose that 


C,=cospxr—A,; C,=—sinpx— A,, 


where A, and A, are the new unknown constants. Substituting in the 
formula (58) we have 
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or 


i.e. the left-hand side of the above equation which is a periodic function 
of period 2% must tend to zero as z— +09. It follows directly that 
A, = A, = 0, i.e. 


C,=cospr; OC, = —sin pz. 
Substituting these constants in the formula (57) and solving it with 
respect to V,(z) we arrive at the required formula which expresses the 
Neumann function in terms of the Bessel functions: 


Jp (2) cos pa — J_y (2) 
Wy, (z) = “ee .cosen— 79) 


(59) 


The Neumann and Hankel functions are integral functions of the 
parameter p. Formula (59) is valid as long as p is not an integer. 
When p is an integer the denominator in formula (59) vanishes. But, 
from (8), the numerator will also be zero. Hence to obtain the value 
of the fraction (59) when p is an integer we simply have to abolish the 
indefiniteness and replace the numerator and the denominator by their 
derivatives with respect to the parameter p and assume subsequently 
that p is equal to an integer n: 


Od p (2) 


cos px — aJ, (z) sin px — 
a P 
N,, (z) = p 


OF _p (2) 
op 


7 COS PI p=n 


We thus obtain the following expression for the Neumann function 
with an integral n: 


y, (2) ==[™ 


p(2) 7 __ qn OJ _p (2) 
= (eS - (Hr eI] (60) 
Substituting the expression (59) in the formulae (53) we obtain 
formulae in which the Hankel functions are expressed in terms of 
Bessel functions in which p is not an integer: 
H® (2) = 4 22) o7P™ — Jp (2) 
P sin px : (61) 
HO Dy SG Oe = lh — Jp (2) 
P sin px 
This leads us directly to the following relationship between Hankel 
functions, the symbols of which differ only by the symbol 


H) (z) = 0!" H(z); H(z) = e-!?* HY) (z). (62) 
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Strictly speaking this formula can be proved on the assumption that p 
is not an integer. But the left and right-hand sides of the formulae (62) 
are integral functions of p and therefore the formula holds for any p. 
When p is an integer both the numerator and the denominator in the 
formulae (61) vanish. Abolishing the indefiniteness, as before, we can 
also obtain a formula when p = 7 is an integer. 

Consider lastly the case when p has the form p = (2m + 1)/2, where 
m is @ positive integer or zero. If we substitute this expression for p 
in the formulae (49) which determine the Hankel functions, then the 
integrand will be regular in the whole plane including the points 
t = +1 and therefore the integrals will be equal to zero. But at the 
same time the factor J(1/2 — p) becomes infinity and the formulae (49) 
will be devoid of meaning. Instead of these formulae we take the 
expansions (195) and (196) from [112]. These expansions are, in 
general, divergent but they do formally satisfied equations as we 
have proved before. In the case under consideration they will not 
only be convergent but they will simply become finite sums and give 
Hankel functions in the finite form. Consider, for example, the first 
Hankel function with the value of p = (2m + 1)/2: 


fo i(z- ~ (mtn) = : 
Hea @) = | ze re J (z) Poms l + ky(=)" 


or 


Himes (2) = 


2 
ae 


= lz- : 
—l1)... —k+1 k 
=/2 fp Sn ima ee ) Am ee) (m + k)! (5) ; 


This shows that all terms corresponding to k > m + 1 will vanish 
and we obtain the following formula for the Hankel functions 


(2st) 


AP.1 (2) = ae (m+ en (sy. (63) 


t 
; mz m! fao 


Similarly, for the second Hankel function we obtain the following 
finite formula: 
— ~1(z-7F's) 


FB) = 2 2$—-— > (mt mi (-fy on 


t 
; 4 m! Par 


558 SPEOLAL FUNOTIONS [148 


The formulae (59), (61) and (62) remain valid for the values 
p =(2m-+ 1)/2. Notice that formula (61) determines the Hanke] 
functions when p = (2m + 1)/2; from (19) and (21) we have: 


Hsin (z) = 
= see 2 be oe [(- 1)" oo tlm +2) Sinz | 
sin [m+ 5) % (z dz)m z 2 


or 


— em+1 
2 am — isin z2— cosz 
His @) = (— 1)" i/2 2° ee (SE. 


so that we can finally write 


: 9 —- am 4 
Hoa) =(—D™ 67S 2? eae () (65) 
and similarly 
— 2m+i1 —{z 
2 dam 
HB) =(-Ui P22 * eae (S)- (60) 


The expansions (63) and (64) can also be obtained from this. Using 
(61) when p = 1/2 and also the expressions 


af (z) =/2 sin 2; J ,(2) -/= COS 2, 
HW a a hee 2 iz. H® aay 2 —iz. 
i (z) il =e i (z) ‘JZ e 


A number of relationships which we proved earlier for Bessel func- 
tions can also be easily proved for Hankel functions. We give here 
some of these relationships: 


we have 


dm ¢ HY) (z) HY (2), dm (Hz) HY mn (2) 
easyil = J=(- 1)" on ; sen (— 2P )= (— sO eer ree ’ 


2 
? H® (z) = HO, (2) + HQ, (2); 22 HY (2) = B®, (2) + HEL). 


It follows from the definition of J,(z) that J,(z) and N,(z) are 
real while H(z) and H® (z) are complex conjugates when p and z 
are real. 
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149. The expansion of the Neumann functionn with aninteger subscript. When 
the subscript is an integer the solutions J,(z) and J_,(z) will be linearly depend- 
ent and we can take N,(z) for the second linearly-independent solution. It is 
therefore interesting to deduce an expansion for this solution which will hold in 
the whole plane. According to the general theorem of Fuchs this expansion, 
apart from integral powers of z, will also contain terms in log z. 

To start with we shall explain certain formulae which refer to the function 
T(z). We obtained for this function the following infinite Weierstrass product 


oo z 
poy — 2 IT (1+ ZI k  (¢=0.87...), 
k=1 


where C is Euler’s constant. We know from [68] that the logarithmic derivative 

of this product can be obtained in the same way as for a finite product. Hence 
rae Ae = 1 LA 

T(z) dees ere: - =); 


and putting z = n, where n is a positive number, we have 


Sid) ee a, ay (cae Se 
(nr) 7 y Sar =) 


nig Ob aaa) aa) ta aoe 


or 
oe PISO aS 


PF (n) n—1 nm—2 
We also have I'(n) = (n — 1)! and therefore: 


dl IP(t)_ 1 1 1 
aFO7 Fat GoGo tics 


also, when ¢ = 1, we have I'(1) = 1 and I'’(1) = —C, and therefore 


a ee 
‘ad ri) 


Let us now consider the case when ¢ is a negative integer or zero. We know 
that I°(z) has a pole of order one with a residue (—1)"/n! at the point z= — n, 
i.e. in the neighbourhood of this point we have the expansion 

(— 1)" 
ni (2 + 7) 


1 z+n 
ao = (— 1)48 2! —— ? : 
T(z) 1+A(@+7)+P,@ +n) +... 


By performing a simple differentiation we obtain directly 


aol 
dt I(t) |jt=—-n 


gid +1-0) (t=2,3....), (67) 


P(z)= +a +a, (2+ n)+... 


or 


=(—l)tnt  (n=0,1,2,...). (69) 
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Let us now try to find the expansion of the solution N,,(z) which is given by 
the formula (60). We have 


Ye=(5)" Sa" (3) repre 


and, differentiating with respect to the parameter p, we obtain: 


“etl = log 5 Jp (2) +(5)'S ch (5) "(ae Fae pener’ 


eld = — oe 5I-5@1—(5) "> ey (Z(t cesear 


We now put p = n and we obtain 


OJ p (2) zZ zy Sk (zyepd 2 
pil Ba = log — — oO) Var 
bp s log 5 Ine) +($] 2 k! ($) (= rie eee 
and 
OJ _»p (z) 


@p |p-n logy In a Ga > a (s)" (ar FG )ie-nsees . 


Substituting in formula (60) and using the formulae (67) and (68) we obtain 
finally, when 7 > 1: 


aN, (2) = 27, (2) (tog + + 0) ~ (z" > scene (-)"- 


k=1 
(abt strt-4)- 
-(3) Sate Gl Gee t+aStt ee 


1 1 
+etqopte ty), (70) 


and when 7 = 0: 


aN, (2) = 2J. (2) (log +0)-2 5 o> (sy" (etaort +): (71) 


150. The case of the purely imaginary argument. If Z,(z) is @ 
solution of the Bessel equation then, as we know, Z,(kz) is a solution 
of the equation “ 49] 


wtegt(e-F)w=o. (72) 
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If we put that k =7% we can see that the function Z,(iz) is a 
solution of the equation 


d?w ] = 
ao arg 


sa —(1+4 Eo )w=0. (73) 


Let us suppose, to start with, that Z,(z) is equal to J,(z): 


(— 1)F oP a2 p+2k 


J) = SaFepery (sy =" Sareseen(s 


To obtain a solution of the equation (73) which is real when p and 
z> 0 we multiply the above solution by the constant i-? = e~ @/?)Pa!, 
We then obtain the following solution of the equation (73): 


1 
— x Pri ] 


: . Zz \pt2k 
In@)=0 °° J) = Sarerery ls) (a 


The function [_,(z) is also a solution of the equation (73) and, when 
pis not an integer, J,(z) and I_,(z) are two linearly independent solu- 
tions of the equation (73). 

If we now take Z,(z) to be equal to the first Hankel function H(z) 
then, by adding another constant factor, we arrive at the following 
solution of the equation (73): 


di 
K, (2) => mie HY (iz). (75) 
From (62) we can rewrite this formula as follows: 
1, —yPai 
KE, (2) = 5 7IWe H®) (az). (76) 


Using the first of the formulae (61) we can express K,(z) in terms of 
I,,(z). In fact this formula gives: 


1 _ Spai Jp (iz) 0” 'P* — J_p (iz) 
K, (2) = me 3 eae sin px : 
or, using (74): 
—1 pai —1 pai 
E,() =o — Lact bW@e 1 —1ywe 
sin px ‘ 
and finally: 
K,(z) = op Zap 2) = Ip) (77) 


sin px 
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The functions I,(z) and K,(z) satisfy relationships analogous to 
the relationships deduced for J,(z) in [144]. 

Using (74) and the fact that J_,(z) = (—1)"J,(z) for Bessel func. 
tions with integral subscripts, it can readily be shown that 


I_,,(z) = 1, (2). (78 


An expression for the function K,,(z) with an integral subscript cap 
be obtained from (77) by taking the limit as p—n and eliminating 
the indefiniteness by taking the differentials: 


_ (—1)" [Oly (2) — Ap (2) 
ee 


As we said in [112] the asymptotic formula: 
DT i(e—Pz-# 2 
AD (z) = jZete zi) [1+ O(|2}>)] 


is valid when —z + ¢« < argz < 2 — e, and therefore we can replace 
z by iz, where z is real and positive and arg (iz) = 2/2. Using formula 
(75) we obtain an asymptotic expression for K,(z) when z > 0: 


1 


> on prin 
K,(2)= fait oa oF Of + os) 
or 


K,(=|Ze=f+O~y], @>0), (80) 


i.e. the function K,(z) decreases exponentially as z— +0. 

The equation (73) is often met in mathematical physics and there- 
fore the solution K,(z) with its exponential decrease is of great im- 
portance in applications to problems in physics. 

In some cases the symbol K,(z) denotes a function which, in our 
notation, is equal to cos px K,2x(z). 

If & is replaced by 7k in the equation (72) then we find that the 
functions I,(kz) and K,(kz) are solutions of the equation: 


Ge tee (e+ e)e=0. eo 


These solutions will be linearly independent in the same way as 
J p(z) and H(z) are independent in the Bessel equation. 

Numerous tables for Bessel functions are available. We mention, 
for example, the book by Prof. Kuzmin Bessel Functions in which 
tables are given. 
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151. Integral representation. To explain certain properties of Bessel functions 
jt is convenient to use integral representations which differ from those we 
considered earlier. These representations can be obtained by superimposing 
two-dimensional waves (Frank and Mizes, Equations of Mathematical Physics ) 
or by the method of integral transformations (Courant-Gilbert, Methods of 
Mathematical Physics), or, finally by the method of linear transformation of 
Bessel functions which we introduced above. We shall pursue the third method. 
Replacing 1/I'(p + k + 1) in formula (7) by its expression in terms of a con- 
tour integral [74], i.e. 


1 1 = 
Se gee (P+k+1) 
rpteey 7 ta |? & 
’ 


where J’ is a contour which encircles the negative part of the imaginary axis, 
we obtain 


2nt kt 


1 t— z\P = (—1)* - z \2k 
— (p+ nf 2 kf 2 
sar | ° (3) 2, ky (+) OF 
U 


As a result of the uniform convergence of this latter series the transposition 
of summation and integration is permissible. The summation gives: 


z1 
Jp @)= alts) e «dr. 
iia 


Jp (2) = 1 > ( 1) fermeteen ($)" dr= 
v 


We assume that the complex number z 
satisfies the condition 


largz|<+, (82) 


and we replace the variables according to 
the formula t = (1/2) 2. We then have 


Fie. 74 


1 ie 
Jp (2) = sq forte (1) a, (83) 
l 


where we can take the former looped contour J’ as the contour of integration - 
Formula (83) was developed by N. Ia. Sonin (in 1870). 

Take for J a contour consisting of the lower edge of the cut along the negative 
part of the real axis, the circle |¢| = 1 and the upper edge of the same cut, 
If we take the new variable of integration given by the formula ¢ = e”, the con- 
tour of integration J will be transformed into the contour C, shown in Fig. 74 
and the function J,(z) will be given by the following final expression: 


Jy (2) = —= { e7Sinkw— PY day, (84). 
¢, 
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Notice that all parts of the contour at a finite distance from the origin can be 
deformed in any way we please. To obtain further results it is convenient to 
transform the integral (84). This can easily be done if we assume that C, hag 
the form shown in Fig. 74 and that w = 9 — zi. 

Using the relationship sinh (g +- 221) = sinh g the following formula cap 
readily be obtained (cf. [146]): 


os 7 on 


Jp (2) = x | cos (pp —z sin ») dp — SEPP | opetsinne dp. (85) 
0 0 


Let us now construct an integral representation of the type (84), for the remain. 
ing cylindrical functions. 
If we use formula (85) and also the relationship [148] 
N, (e) = Je@ove p= Jp), 
sin px 
‘we can obtain the equation 
tid 
nN p (z) = cot px | cos (py — z sin y) dg — 
0 
1 ‘ c 
= . = pe—zsinhe = 
ai ae [eos (pp +z sin ¢) dp fe de 
0 


— cos px jeer dp 


0 
or 


% - 
Np (2) = = [ sin (z sin p — pe) dp — = [cor +e? cos px)e7!"P dp. (86) 
0 0 


This formula, together with formula (85), enables us to find an integral repre- 
sentation for the Hankel functions: 
Hy’ (2) = Jp (2) + 4Np (2); Hp? (2) = dp (2) — iN (2). 
We have: 
(wv ‘4 al zsinh w— pw 
Hp (z) = i © dw, 


ge (87) 


(2) eres, Ji zsinh w—pw 
Hy (2) = = fe dw, 
C, 
where C, and C, are infinite contours connecting (— ©) with the points (“, 


+21) and (0, —22) respectively. The extension of the formulae (85) and (87) 
when z is arbitrary can be performed by the method of analytic continuation 
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152. The asymptotic representation of Hankel functions. The integral repre- 
gentations (84) and (87) are convenient for finding the approximate expression 
for cylindrical functions when the values of |z| and |p| are large. Put 


Pug (88) 

and consider the function 
] (w) = sinh w — &w. (89) 
The integrals in the formulae (84) and (89) will then take the following forin 
§ eF dw, (90) 


C. 


y 


We shall use the method of the steepest descent and assume that p and z. 
are positive and real. 


Fig. 75 Fic. 76 


Before using this method it is important to explain the position of the saddle 
points w, which are determined by the condition 


}’ (w,) = cosh w, — § = 0, 
and to establish the position of the contours 
I, (sinh w — §w) = I,, (sinh w, — fw,) 


and, lastly, to convince ourselves that the contours C,, C, and C, can be trans- 
formed to the lines of the steepest descent of the function (89). 

We shall investigate all these cases and consider three separate instances 
depending on the value of § = p/z. 

CasE 1. £> 1, z > 1. The saddle points are at w, = +a, where a> 0 is 
derived from the equation cosh a = &. The equation of the stationary con- 
tours which pass through the saddle points are as follows: 


v =0 and sin v cosh u = v cosha (w=u-+tvt). (91) 


These stationary contours, situated symmetrically with respect to the axes of 
Coordinates, are shown in Fig. 75 where the directions in which the real part 
of f(w) decreases are shown by arrows. Considering 


Rf (w)] = sinh u cos » — gu, 


566 SPECIAL FUNCTIONS [152 


it can readily be seen that if we take for the contours of integration C,, C, 
and C, in the formulae (84) and (87) the stationary contours (— 0, —a, gq, B) 
(— 0, —a,a, A) and (A, a, B) respectively, then the cylindrical functions for 
large ‘values of the argument z are determined by integration along gmajj 
sections of the contours in the neighbourhood of the saddle points. We shal] 
give details of these calculations by taking the function H(z) as an example, 
Changing the path of integration we replace the stationary contour (— o 
—a, a, B) by the contour C shown in Fig. 76. We then have 


HY (2) = : =) eV") dw. (92) 


Choose the value 


<o Ime 


7 (scar) (98) 


and assume that z is such that 


z sinha 


se aN D8. (94) 


Notice that we had to make similar conditions in Example 2 in [80]. 
It follows from (93) and (94): 


2 2 
2 sinh a = ee (2 cosh a)3 > 3 (z cosh a)3 (95) 
Y18 
and 
6 sinh a sinh a 
oS coh coh me) 


‘This will be useful in later results. 
Break the integral (92) into the sum of the following five integrals: 


—a—@é a—é 


$e) dw + te off dw + J XY dw + 
-2= —a-—é —a+e 
a—ae+ni oo +ni 
+ { awe f§ cM dw. (97) 
a—s a—s+ni 


‘The second integral we considered in [80]. Let us find the upper bounds of all 
the remaining integrals in (97). To do so we consider 


® (w) = R[f (w)] = sinh u cos » — u cosh a. (98) 
In the interval —w <u < — a — e we have: 


® (w) = @(— a—e) + [G (w) — 6 (— a — £)] = O(— a — £) — 


sinh (a + €) 
2! 


< &(— a—e) — [cosh (a + «) — cosha]|u+a+el. 


— [cosh (a + &) — cosh a] |u+a+e|— jutatel|?— 
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But 
@ (—a—e) = jf(—a—e) = f(—a) — SO e_ OO _ 
sinha , | = N 
< f(— a) — SF = f(-a) —> 
and 
cosh (a + €) — cosh a = sinha é cosh e+t...> sine e+ cosh > 
esinha 2 se cosh a 2> 3N cosh a 
2 & 2 z sinha’ 
Therefore finally 
N 3N cosh a 
® (w) <f(—e) == |e ere nba 
Using this inequality we find 
' —a—s _N.: h 
2f() ay 2 Se 
{ oF") dw| < e 3N cosh a’ (99) 


In the interval —a+e<u<a—e, v=0 we have: 
@ (u) = f (u) = sinh uw — uw cosha 
{’ (u) = — (cosh a — cosh u) < — [cosh a — cosh (a — 6)] 
{(u) <f(—a+e) — [cosh a — cosh (a — €)] (u+a—e). 
But from (96) 


f(—a+e)=f(—a)— SBS ey come 


; sinh a 


3 7 a 
sinha , , cosha 
I Sa 7 rs 
sinha , € cosh a N 
and 
sinh a cosh a sinh a 
cosh a — cosh (a — e) = —7;—€ — — 5 e 31 8—,..> 
asain | _ £eosha 5 sinha ,, 2. 5N cosh a 
ae a( roms} 3 2 € ” dzsinha’ 


using (94) and (96). 
We have finally 


f(u) <f(—a) 0.15 — 2 wp a—e) 5 cosh a 


3 sinh a~ 
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Using this inequality we obtain: 


a—s 
3 sinh a =.= 
2f(w) 2f(—a)—90.75N 
J Orr Gt: Nr coshia : (100) 
—a+e 


To obtain inequalities for the last two integrals in (97) we consider 
f(— a) = — f (a) = (a — tanh a) cosh a. 


Using the expansion 


7 ns 
a= are tanh 7 = 7 + -—- + Hees 
we obtain 
tanh3 a sinh? a 
f Bye ORs 5 = a east a 


If, however, we use (95) we can write 


f(-a<Z. 


In this case, from the inequality a > e, it is evident that 
N3 
{(a—e) <0</(—@)—-<zE- 


To find an upper bound for the fourth integral in (97) we notice that in the 
interval u =a — ¢«,0<v< 2 and we have 


® (w) = f (a — €) — (1 — cos v) sinh (a — €). 
But 
2v? 
l1—cosvu>—_, 
Fs 4 
and from (96), 


sinh a sinh a 
sinh (a—é) sinh a = 
sinh a — € cosh a + & —_ 
sinh a 100 
amie ceca a 
i.e. sinh (a — e) > (1/4) sinh a. Therefore 
OF 2 N3 ve, 
® (w) < f(a —£) — 5 sinh a </(— a) — = 3,7 sinh a. 


Using this inequality we obtain 


a—e+nl 


Ww) g ee h-o-F (101) 
{ ov OH) SV oe sinha © . 
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Finally in the interval a — ¢ < u < o, v = 2 and we have 


® (w) = —sinh u —ucosh a <—u cosh a <f(—a) —-— —u cosh a, 


Therefore we obtain the following inequality for the last integral in (97): 


N 


o +r = 
. e 64 


ef) dw] < ev(—4) (102) 


z cosh a 
a—s+ni 
Notice that the inequalities (101) and (102) could easily be made more exact. 
Let us now return to the expression (92). Using (97) and also the inequalities 
(99), (100), (101) and (102) we obtain the following expressions: 


—ats | 


HP® =a] | dete rf (103) 
eae 
in which 
a(—a)| 3 sinh a_.-on , sinha 
ae Eee ageoha. © 
4.4 1 Be 
: Faso as Soon a | ae (104) 


The integral in (103) we investigated in [80] where we saw that it can be repre- 
sented by the formula 


—at+eée 
as oF) dw = 
att 
—a-—8 
2 \: 1 5 cosh? 1 
bef tee A-2)(— ‘| al — Ssunre | SaabT ‘ 5 
a are) ia?" Sainhte|eunka |S ue) 
where 
N 5 
: e~ N’® cosh? a 2 261 cosh? a cosh! a 
cs Vx (2 r 62 sinh3 a )+( sinh 3) (s+ 25 sinh? a a 8 sinh‘a I: 


(106) 


If the term w in (103) is taken into account then the function H{)(z) can be 
represented by the right-hand side of the formula (105) where instead of w 
we have w’ -++ w” and where w” satisfies the following condition: 


] 
Jo") <= 


1 
sme) 3sinha _o75N sinh a _N 
—— aN o N+ 
Vn 


2 5N cosh a 3N cosh a 
N23 


+( SS oe Jo *]. (107) 


Yzsinha #Sinha 
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We can easily find an upper bound for the right-hand side. To do so it is 
sufficient to use the equation 
z sinha 2 sinha _ VN 
( 2 } Ncosha 6 ’ 

which follows from (95). With the aid of this equation the values of the right. 
hand sides of (106) and (107) can be compared. It thus appears that when N > g 
the value of (106) exceeds the value of the right-hand side of (107). Therefore 
when N > 8 the error in the formula for H9)(z) [of the type (105)} will be 
determined by the second term in (106). Notice that the condition N > 8 in 
our calculations is equivalent to the requirement: 


2 
z sinh a > 3 (z cosh a), (108) 
i.e. 


Vp? — 2? > 3p’. (109) 
Terms of an even smaller order can be calculated similarly. We then obtain the 
following formulae: (cf. Watson: A Treatise on The Theory of Bessel Functions) 


4 


Ho Qik jee tanh PG (—8) 


_ ; (110) 
H® (2) wi jz go EG (56) 
and a 
Jp (2) nS jz ef Parc tanh ¢, (8), (111) 
where 


a? = p? — 22, 


1/1 5p?) , 1:33 TIpt , 385pe 
and 6@=14+5(>-2)+- (e-aerrt a) te (112) 


This series does not converge for any s and py. However when s and 7 are suf- 
ficiently large then the terms decrease before beginning to increase again. 
The series (112) must always be terminated by terms which are still decreasing. 
It can be proved that if the series (112) is discontinued in the way described 
above and if the inequality below is satisfied 


2 
Vp? — 2? = 8 > 2.5p, (113) 


(Note that this condition can only apply when p > (2.5)* ~ 16), then the right- 
hand side of (111) gives approximate values for Bessel functions to an accu- 
racy greater than that of the last remaining term. 

To obtain a clear picture of the behaviour of Bessel functions when z < p 
the following expansion can be used: 


83 
3p? 


Bete 


8 8 
are tanh — = — 
Pp Pp a 
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It is then apparent that the expression 


3 
- 8 _ (p?—z?)* 
on ore aN 3p? Se 
increases as z tends to zero from values close to p. It can be seen from (110) 
and (111) that when the values of z vary in the way described above, the Hankel 
functions will grow exponentially and the Bessel functions will decrease expo- 
nentially. This latter fact is used, for example, for testing the convergence of 


series of the following type: 
> Cady (@)- 
n=0 


If |¢, | < Mn’ (o > 0), then the above series will, in any case, converge when 
n> Q. 


Fie. 77 


CasE 2. § <1, z > 1. The saddle-points now have coordinates w, = + fi 
where cos 8 = §(8> 0). The stationary contours, determined from the 
equations 

seca PhS A (114) 


sinh wu sin v = (wv + 8) cos B — sin B, 


are situated symmetrically with respect to the axes of coordinates and pass 
through the saddle-points +78 and oo respectively. These stationary contours 
are represented in Fig. 77 where the directions in which @[f(w)] decreases are 
marked by arrows. 

If we take the stationary curves (a) and (6) which connect (— o) with the 
points (co, +27) and (oo, —zi) respectively, for the contours of integration 
C, and C, in the formulae (87), then the determination of the principal parts 
of the Hankel function will involve integration in the neighbourhood of the 
saddle-points -+ £2. It, is then apparent that the values of both Hankel functions 
are of the same order as their sum. Therefore to obtain the asymptotic representa- 
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tion for the function J, (z) it is not necessary to perform additional calculations 
but it is sufficient to use the formula: 


1 
Jp (2) =-5 [Hp (2) + HP @)]. 
The asymptotic formulae can be constructed by the usual method of the steepest 


descent. Without performing these calculations here we give the following 
final formulae: 


HY (2) ~ /2 G (si) e”, 
H®) (2) ~ / a G(—si)e"”, (115) 


/ 2 : 
Jp (z)~ re (G1 cos y -+- G, sin 9), 


in which 
et = pt + ot; G (et) = G,—G,4; p= 9 —porotan > —F, (116) 
and where G(s) is the series (112). It can be shown that when 
== 3a 
Vz? — p?=s>2.5p3 and s>6 (117) 


and if in the expressions G, G, and G, only decreasing terms are retained, then 
the error in the formula (115) will not exceed the value of the last remaining 
term. It can readily be shown that the asymptotic formulae (115) become the 
Hankel formulae which we obtained in [112] when z > p. 

We can obtain the corresponding formulae on the assumption that in the 
series G, G, and G, only the first terms are retained. Noting that when z > p 
the following approximate equations are valid 


8 z 7 
s~z and aretan——~aretan7—~ >» 
P Pp 


we obtain from (115): 
for idee 
BPay~ [eel ro, 


H® (2) ~ (2 Pas Cari | (118) 


Case 3. €~ 1, p> 1. The position of the stationary contours and of the 
saddle-points can, in this case, be established by taking the limit as §— 1. It 
is then apparent that the saddle-points lie near the origin and that by moving 
along the stationary contours, the value of integrand changes very rapidly. But, 
in spite of this, the above calculations become devoid of meaning since the 
condition (113) is no longer satisfied. 
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The case of the asymptotic representation of Bessel functions in which we 
are interested corresponds to the conditions 


2 
Vip? —2?2|~|p)> p> 1, (119) 


and was first systematically studied by Academician V. A. Fok (V. A. Fok, 
A New Asymptotic Representation of Bessel Functions, Reports of the Academy 
of Science, 1934, vol. 1, No. 3, pp. 97-99; V. A. Fok, The Diffraction of Radio 
Waves Round The Surface of The Earth; V. A. Fok, Tables of Eiry functions). 
We explained the result of his investigations in the example of the function 
H(z). 

If in the first of the formulae (87) w is replaced by (—w) we obtain for H'})(z) 
the expression 


HY) @) = =. [ omen to aw, (120) 
c 


in which the path of integration connects (— 0, — zt) with (+ 0). 

The saddle-point of the integrand function in (120) lies very close to the 
origin and the stationary contour can be modified to a contour along the 
straight line I,,(w) = —2, from (— 0, — 2%) to the point w, = — x/y3’ — xi, 
then along the straight line from w, to the origin and, finally from the origin 
along the positive part of the real axis. When moving along this path away 
from the origin the integrand function decreases very rapidly. Therefore the 
value of the integral (120) is determined by integration along a small section 
of the contour near the origin. Denote this section of the contour by /,. We 
can then write: 


HY} 2) = =| | oe 7Sinh +P dey + wy (Zz, p) 5 | (121) 


I, 


where the upper bound of w,(z, p) is approximated to in the same way as we 
did when £ > 1.When the values of z are greater the value of w, appears to be 
negligibly small. 

Let us suppose that 


wl 


p=z+(5)" (122) 


and introduce a new variable of integration 


We thus have 


a t 
: 7 zZ /2 " Zz 2\' 
—2sinh w+ poner — 2 Er 2) — sis (FV 2) awa (124) 


and 


a3 [ -3 
grimvtre FL, (8) eran | (125) 
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Notice that the expansion on the right-hand side converges rapidly on the 
contour I,. 

To obtain an approximate expression for H(z) the equation (125) can be 
substituted in (121). We then obtain the following expression for the integra] 


along 1,: 
2 
z 7 fey s = 
($) | 2 dr — 35 (5 [re 3 dr+... 
L L 


& é€ 
in which small terms are omitted. Notice that the contour ¢, in this formula con. 
sists of straight lines connecting the point (z/2) (— 2//3 — zi)e/3 with the 


af 
? (126) 


origin and the origin with the point (2/2)" é. 

Let us consider finally the contour I formed by the ray arg t = 42/3 with the 
positive part of the real axis. The first integral in formula (126) can then be 
written in the form: 


and the same thing applies to the second integral. 

The upper bound of the integral along that part of the contour I’ which does 
not belong to the contour LZ (this part we denoted by I’ — L,) can easily be 
calculated to be negligibly small when z is large. Therefore when z>1 the con- 
tour of integration D, in formula (126) can be replaced by the contour I. Asa 
result we obtain the following approximate formula: 


« 1 2 
Gigs 2) lay cee (ee) ae 
HY (z) = 7 (3) ‘Jo a (5) se te (127) 
in which 
wij [et 9 ae (128) 
yx 


is the Airy function investigated by V. A. Fok. Tables have been constructed for 
this function. We notice in conclusion that formulae for calculating the residue 
in formula (127) can be obtained without difficulty in the way described above. 

The treatment of this subject and the examples in [80] aro due to Prof. 
G. I. Petrashen. 


153. Bessel functions and the Laplace equation. The Bessel equation 
occurs frequently in problems of mathematical physics. Owing to the 
lack of space we are unable to investigate fully the applications of 
Bessel functions and we shall only consider basic facts which connect 
the Bessel equation with the fundamental equations of mathematical 
physics. 
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Let us begin with the Laplace equation. Previously we investigated 
the Laplace equation in spherical coordinates and we thus arrived 
at spherical functions. Similarly, by writing the Laplace equation in 
cylindrical coordinates and separating the variables we arrive at Bessel 
functions. 

The Laplace equation in cylindrical coordinates has the form: 


Q@ dp? 


) dU 1 @fU eu 
ae (eae) Fear = 9° 

We shall seek a solution of this equation in the form of a product 
of three functions, one of which is a function of gp, the second a function 
of » and the third a function of z: 


U = R(e) (9) Z(2). 


Substituting in the Laplace equation and separating the variables 
we have: 


ral SO] a? @ (gp) G? Z (2) 
de de 1 dy dzz 
Re. veo) 1! Be > 


Each of the above fractions will be equal to a constant since only 
the independent variable o varies in the first fraction while z only 
varies in the third fraction. Equating the second fraction to a constant 
(—p*) and the third to a constant k? we obtain the following three 
equations: 


D" (p) + p?D(p) = 0; 2" (z) —k?Z(z) = 0; 


ay leF’ (@)] — 2 Re) + eR (0) =0, 
or 


R" (@) +R (e) + (2 — 2) R00) =0. 


We shall, for the moment, assume that the constants g and & are 
not zero. The first two equations give 


a cos py 
P(g) =e*'? or P(y) = ne 


22) 07, 


Finally, the third equation gives Z,(k 0), where Z,(z) is an arbitrary 
solution of the Bessel equation with a parameter p. If we require a 
single-valued solution then we must assume that the constant p is 
equal to an integer 7. 
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We then obtain the solution of the Laplace equation in the following 


form: 
2 COS nN 
etk ? 


ng 1 J, (ke) + C, N, (ke)], (129) 


where n is any aney and the constant & is arbitrary. 

If k = 0 then in place of Z(z) = et we assume that Z(z) = 1 or 
Z(z) = 2 and the equation for R(g) will give R(e) = e*?. Finally 
when p = 0 we assume that ®(y) = A+ Bg, and when p=k=o 
that R(e) =C+ Diogo. When n=O formula (129) gives the 
solution in the following form: 


et 10, Jy (ke) + C, No (ke)]; (130) 


which does not depend on the angle y. These equations are of impor- 
tance in connection with potentials of masses with an axial symmetry, 
If we require a finite solution when 9 = 0 then we must assume in 
formula (130) that the constant C, is zero and we then obtain a 


solution in the form 
ett J, (ko). (131) 


When solving Laplace equations of this type it is possible to obtain the 
solution l/r which is of fundamental importance in the theory of Newton's 
potentials, viz. the following formula will hold 


aaee (ko) dk = ———— = = (z > 0), (132) 
0 


which has numerous applications in the theory of potentials. To prove this 
formula we consider formula (42) which gives 


” 
oJ, (ke) = = [eater idy, 
—x 


and integrating with respect to k we obtain: 


e7 kt—lke sing k= oo 
[emf (ke) dk = 5 Slee dp, 
0 


—z—igsing 


or, substituting the limits 


—kz aed ee 
fe J, (ke) dhe = lexeans 
0 —1 
This latter integral can easily be evaluated by the method given in [657] 
whence formula (132) follows directly. 
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If we replace the constant (+?) by the constant (—z*) then e*” 
becomes cos kz and sin kz, while J,(k 9) and N,(ke) can be replaced 
by I,(ke) and K,(ke). 


154. The wave equation in cylindrical coordinates, Let us consider 
the wave-equation: 

eu 

OL? 


=a? AU, (183) 
where 

AU = aa a EE mae 
we shall seek its solution in the form of a product 


U =e! (2, y, 2). (134) 


Substituting in the equation (133) we obtain for V a solution in 
the form 


; AV +2V =0, (135) 
where 
pa 
==. (136) 


The equation (135) is sometimes called the Helmholtz equation. 
If we take any solution of this equation, substitute in formula (134) 
and separate the real parts then it will give us a real solution of the 
wave equation which, in relation to time, represents a harmonic 
vibration of frequency. In some cases this solution can represent a 
stationary wave and in other cases a propagating wave. We shall ex- 
plain this with simple examples. If we examine, for example, the pro- 
duct e~ sin kx then its real part cos wt sin kx defines a stationary 
wave. Similarly, the product e~' cos kx also defines a stationary 
wave. If, however, we examine the product e—' e" then its real 
part cos (kx — wt) is the sine wave which moves in the direction of 
the X-axis with velocity w/k. When Bessel functions are applied, 
cos kx and sin kx can be replaced by Jp(ke) and N,(ke) while elkx 
and e~"* should be replaced by Hf) (ko) and H® (ke). 

Let us now return to the equation (138) and write the Laplace 
operator in cylindrical coordinates assuming, for the moment, that V 
does not depend on 2z [II, 178] 


eV 1 OV ] 
a er 


eV 
0 apr + V = 0. 
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We have already solved such an equation by separating the varj- 
ables and we know that it has solutions of the form Z,(ke) an fd 
where Z,(z) is any solution of the Bessel equation with parameter p. 

By assuming that p = 7 is an integer we obtain a single-valueq 


solution. When taking the Bessel function we obtain the solutions 


= cos np 
ee Fn (ee) sin ng ’ 

the real part of which 
cos np 
cos wt J, (ke) ene 


determines a stationary wave. If we take the first Hankel function 
as a solution then, bearing in mind the asymptotic representation of 
Hankel functions when the value of the argument is large, we have, 
by taking the first terms only the following asymptotic representa- 
tion: 


er lat HO) (Kg) — 0 Ea") 2 f+0(@)), 


i.e. we have a propagating wave at infinity the phase of which moves 
to infinity. We say that these solutions satisfy the radiation principle. 
If, however, instead of the factor e '® we take the factor e', then 
in order to satisfy the principle of radiation we must take the second 
Hankel function as the second factor on the left-hand side since, 
according to the asymptotic expansion, we have the following 
asymptotic equation: 


t (wt—ko+ 4% 4 2) yf 
eft HM (ke) = e ( ta) (0 + 0(e~)]. 
Consider now the general case when the function V depends on 
the coordinate z. Equation (135) then becomes [II, 119]: 


1 0 OV 1 @YV eV a 
(eo) + a opr + ae FV =O. 


We will seek its solution in the form: 
V = R(o) P (9) Z(2). 
Separating the variables as usual we obtain the solution of the equa- 
tion: 


Z, (Viz — hie) ett (137) 


sin pp’ 
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where Z,(z) is any solution of the Bessel equation. Putting 
k2 — h? = 2? and considering single-valued solutions (p = 7 which is 
a positive integer) we obtain the following solutions: 


“lie cos np 
sin np 


——— Cos 
(138) and H® (4p)e!*-*# ia (139) 


Tn (Ag) sin ng* 

The first of these remains finite when @ = 0 and describes a station- 
ary wave. The second solution satisfies the radiation principle. The 
solutions of the first type are generally used when the inner part 
of a cylinder containing the axis g@ = 0 is the domain in which the 
vibrations occur. Solutions of the second type are used for the space 
outside the cylinder. In diffraction problems many-valued solutions 
where p is not an integer are also be frequently used. 


Let us consider one particular problem. The equation (135) has the obvious 
solution e/** = efke cos? Multiplying this by e'“ we obtain the solution 
e'(‘x-~!) which represents an elementary flat wave propagated along the X-axis. 
Let us suppose that this flat wave exists not in the whole infinite space but only 
outside the cylinder e = a, where it must satisfy the boundary condition: 


V =0(wheng =a). 


To satisfy this boundary condition we must add to the solution e!** of the equation 
(135) a certain other solution of this equation (additional disturbance caused 
by diffraction) and this additional solution must be single-valued and satisfy the 
radiation principle. Bearing all this in mind as well as the independence of z 
of the fundamental solution we shall seek the additional solution by using ex- 
ponential functions instead of trigonometric functions, in the form of a linear 
combination of solutions of the form (139) when 4 = k: 


+S Ga) ing 
> 4,An’ (kee (e> a). (140) 


i=-—o 


We only have to determine the coefficients a, from the boundary condition. 
Remembering formula (47) and putting ¢ = ie? and z = ke in this formula, 
we can write the given fundamental solution in the form: 


+= 
efx = pike cos e = > qn Jn (ke) Pa (141) 


i=—-2o 
The boundary condition gives: 


oo +o 
DS iJ, (ka) el"? + 3) a, Hi) (ka) ol”? = 9, 


ni=—~- a Aa=—-—<@ 
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and we thus obtain the following expressions for the coefficients a,: 


in Jn (ka) 
On ©) (ea) 


The final solution of the problem will thus have the following form: 


; te _ J, (ka) 
V=oel* _ >> "0 Gay HY (ke) ei"? (@ >a). 
ni=—o 


The above problem has applications in certain cases of diffraction of electro. 
magnetic waves from an infinite conducting cylinder. The series obtained above 
are of practical use only in cases where the waves are comparatively long. 

It is interesting to compare the diffraction of an elementary flat wave with 
the vibration of a round membrane [I1, 178]. Notice, first of all, that in the first 
case the number & is given (it is determined by the frequency w of the falling 
wave) whereas in the second case it was determined from the boundary conditions, 
In the diffraction problem the coefficients of the expansion are determined from 
the boundary condition, whereas in the second case they are determined from 
the initial condition, i.e. from the vibration picture when ¢ = 0. In the diff- 
raction problem we have no initial condition since we are not cousidering the 
general diffraction problem with an initial disturbance but only an established 
sinusoidal] case with a given frequency w with respect to time. 


155. The wave equation in spherical coordinates. Consider now the 
equation (135) in spherical coordinates. It has the form: 


oV 2 0V 1 
a a a 


We consider a solution in the usual form: 
V =fir)Y (8,9). (142) 
Substituting in the equation and separating the variables we obtain 


rir) , 2 f(r) , 1 AY (8,9) 2 

fey tr fy ta vee th=% 

where A, Y is determined from the formula (71) in [135]. We thus 
obtain two equations of the following form: 


4,Y+AY=0 (143) 
and 


dtr () +(e 4) 1 (7) =0. (144) 


The equation (143) is the same as the equation we obtained for 
spherical functions. If we suppose the solution is single-valued and 
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continuous we obtain the following possible values for the constant A: 
A,=n(n+1) (m= 05.1, 25 50%) 


and these will correspond to the solutions of the equation (143) which 
are the usual spherical functions Y,(@, m). The equation (144) can be 
rewritten as follows 


f(r) + = fn(r) + (i? — 2 #9) f, (7) = (145) 


We now replace f(r) by a new unknown function A(r) according 
to the formula 


Substituting in the equation (145) we obtain for 2,(7) an equation 
of the form 


] 2 
Rf (r) + — By (7) + fi b+) ), (r) =0, 


and therefore #,(7) is equal to Zj41;2 (kr), where Z,41/2 (7) is the 
solution of the Bessel equation with the parameter p= 7+ 1 / 2,and, 
according to (142), we have 


y= ee ¥ n(0, 9) (n = 0,1,2,...). (146) 
Tv 


Notice that here the solutions of the Bessel equation are expressed 
in finite form in terms of elementary functions. The choice of the 
solution Z,43;2 (kr) is determined, as in the previous section, from 
the physical conditions of the problem. The following three functions 
are usually considered: 


CM (9 Pee (e); $2 (e)= Fe A (0) 
(147) 


Yn (0) = P95 Fn43 (0) = = [6 (0) + 2? (e)], 


where the constant term |/7/2 is added to make calculations more 
convenient. In particular when n = 0 we obtain, from [148]: 


e."* sin @ 


Wo) i; Wait; we)= 
et: 8 ee” 
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Solutions which are independent of » have the form: 


oe 1 (kr) 
ae P,, (cos 6), 
and when n = 0 we have 
Z, (kr) 
2 
yr 


To obtain solutions of the fundamental equation (133) we 
must multiply the solutions (146) by e+’ or, which comes, to the 
same thing, by cos wt and sin wt, where w and k are connected by 
the relationship (136). If we separate the variables in the equation 
(133), as usual, assuming that U = T(t) V(z, y,z), we obtain the 
equation (135) for V, whereas for 7'(t) we have 


T” (t) + ak? T (t) =0 (a2 k? = w?), 


which has the above functions of ¢ as solutions. But we have assumed 
until now that & (or w) is not zero. When k = 0 then we must take 
T(t) = A + Bt and we simply obtain for V the Laplace equation 
AV =O. Thus we also obtain a solution in the form: 


(A+ Bt)r" Y,, (9,9), (148) 


which must be linked with the solutions (146). 


Here, as in the above case with cylindrical coordinates, we can pursue to the 
end the solution of the problem of vibrations inside a sphere with given 
initial and boundary conditions, as well as the problem of the diffraction of 
a flat wave from a sphere. 

To start with let us suppose that we want to find the solution of the wave 
equation 


ear (149) 


which satisfies the initial conditions: 


U |reo =f (7, 8 &)5 ae os = fy (1, 8, 9) (r <a) (150) 


and the boundary condition 
0U 


=| =0- (151) 


r=a 


On referring to the solutions (146) and bearing in mind that our solution is 
required to be finite when r=0, we take Zn+yj2(kr) equal to J,,4,,.(kr) and we 
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determine the values of k for a given n from the boundary condition: 


SSI ne ee =0 J ka) — 2ka J’, 41 (ka) = 0. (152 
7 i yy or ny 1 (2a) a n+ ® (ka) (152) 


In future we shall denote the positive zeros of this equation by 
RO (m = 0, 1,2, ...). 
Also the solutions (148) satisfy the boundary condition (151) when n = 0. 


According to Fourier’s theorem we must seek the solution of our problem in the 
form: 


U=A+Bt+ 
Ja (km 7) 
oo oo ate= 
Se ae [yw (8, p) cos ak ¢ + y®) (8, y) sin ak!) 4)] ——2____, (153) 
n=0m=0 yr 


The spherical functions yy) (9,9) and y@) (6, y~) of order n remain to be 
determined from the initial conditions (150). Notice that the equation (152) is 
the form which we considered in [150], and we can determine the above spherical 
functions by using the property of orthogonality of Bessel functions. We shall 
not explain this in greater detail. 

Let us now consider the diffraction of a flat wave from a sphere r = a given 
by the solution e#-°!) of the equation (149), when the boundary condition is 


U |,.@= 0. 


In this case we have taken a wave propagated along the Z-axis. Instead of 
the formula (141) the following formula given in spherical coordinates, applies: 


oft — eikrcos? __  (2n +1) i" p, (kr) Pp (cos 8), (154) 


a=0 


where P,,(x) are the usual Legendre polynomials. We shall not give the proof 
of this formula. Bearing in mind the radiation principle we shall seek the ad- 
ditional disturbance in the form: 


> a, U1 (kr) P, (cos 8). (155) 


n=0 


The coefficients a, are determined from the condition that the sum of the 
solutions (154) and (155) must vanish when r = a, and this gives 


(21 + 1) 4" py (ka) 
¢%) (ka) 


a, = — 
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§ 3. The Hermitian and Laguerre polynomials 


156, The linear oscillator and the Hermitian polynomial. The Schrg- 
dinger equation, as we know, has the form: 


h2 
2m 


Ay + (E—V)y=0. 


We assume that the function y is a function of z only and that 
the potential V is determined by the formula V = kz?/2 which referg 
to the case of an elastic force {f = —ka. We thus obtain the equation: 

h? dtp a 

tn ae + (E-z@)¥=0, 
where the value of the parameter E# is determined by the condition 
that the solution of the equation must remain finite in the whole 
interval —co < x < +00, Let us introduce two new constants: 


mk 2mEB 


a? = TF; A= 


(a<0). (1) 
Here a? is given and A is a parameter which replaces #. The equation 
can then be rewritten in the form: 


d?y 
dz? 


+ (A— ata?) y=0. (2) 


% = co is an irregular singularity of this linear equation. We shall 
treat it in the same way as we did in [105], viz. suppose that: 


y =e? y (2) 


and determine the function w(x) from the condition that in the coef- 
ficient of the unknown function u(z) in the differential equation 
should be there no term containing 2z*. Differentiating and sub- 
stituting in the equation (2) we obtain the following equation for 
u(z) 


u" (a) + Qe‘ (x) uw’ (x) + [w” (x) + w’2 (x) + A— a? 2?] w(x) = 0, 
and to eliminate the term a’z? we take: 


w (x) = — + x2, 
where the minus sign is chosen so as to obtain a decrease as r—>» +. 
We thus obtain 


@ 
—_—, x! 
2 


u (x), (3) 
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where u(x) satisfies the following equation: 


2. 
St — 800 S44 (Aa) u=0. (4) 
If for a certain parameter A this equation has a solution in the 
form of a polynomial then the function g(x) will decrease at infinity 
and, consequently, it will satisfy the necessary boundary conditions. 
We shall therefore seek the solution of the equation (4) in the form 
of a polynomial. Replacing z by the new independent variable 


gE = Ya x, 
whence 
du du ; dz = d’ 
a ag ar are 
and substituting in the equation (4) we obtain the following equation 


for u: 
die du A 


For this equation the origin is not a singularity and the solution 
can be found in the form of an ordinary power series: 


%4= >a, gk 
k=0 


in which the first two coefficients a, and a, are arbitrary. Sub- 
stituting in the equation (5) we obtain a reduction formula for the 
coefficients: 


(k + 2) (+ 1) nya — 2kay + (2 —1) a= 0, 
whence 


2k — (= —1) ; 


+3 = ELD) (ke F1) UH =0,1,2,...). (6) 


We shall now demonstrate a method for obtaining the solution 
of the equation as a polynomial of the nth degree. We assume 
that the parameter / is chosen from the condition 


oe es 
a 


A, = (2n + 1)a. (7) 
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Formula (6) then gives successively 
Oyo = Anag = Ongg=--- =O. (8) 


When 7 is even we must also assume that a, =0 and a,< 0, 
From (6) we have a, =a, = a; =... = 0 and also all a,’s with even 
subscripts to &= 7 inclusively will not be zero while, according to (8), 
the remaining ones will be zero. If, however, n is odd we must assume 
conversely that a, = 0 and a, #0. We then obtain the solution in 
the form of polynomials and formula (7) gives the corresponding 
individual values of the parameter A. Substituting these in the equation 
(5) and denoting by H,,(&) the introduced polynomials we obtain for 
them the following differential equation: 


Ay (&) — 26H, (§) + 2nH, (£) = 0. (9) 


From (3) we have for the function y,(¢) 


_1 
vy, (é)=e ? H,(é)- (10) 


The polynomials H,(&) are usually known as Hermitian polynomials 
and the functions (10) as Hermitian functions. 

We have equation (2) for the Hermitian functions in which z 
must be replaced by &. After substitution the equation takes the 
form: 

Sl) + (4 _ 2) y, (8) =0 (42=2n+1). ay) 

We shall now introduce a simple formula for Hermitian polynomials. 
Assume that v =e" whence v’ = —2év. Differentiating this 
equation (n + 1) times by applying the Leibniz formula to the de- 
rivative of the product we have 


yint2) — _ 2éyat) _ (n + 1) 2y(n) 
or 
yt?) 1 QeytD 4 2(n +1) eX = 0. (12) 


Let us introduce a new function K,(£) = e” vo” and show that the 
equation (9) is satisfied by it. The function K,(&) must be a poly- 
nomial of the nth degree in &: 


_ oft 4" (-e 
K,, (¢) =e ae (e~*’). (13) 
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Substituting the expression 
vi) =e # K, () 


in the equation (12) we do, in fact, obtain the equation (9) for K,(). 

Hence the Hermitian polynomials which have so far only been de- 
termined as far as the constant term are the same as the functions (13). 
Notice that the second solution of the equation (9) cannot be a poly- 
nomial since the point § = co is an irregular singularity of this 
equation. To obtain a positive coefficient for the first term we ascribe 
the constant factor (—1)" to the expression (13) and determine the 
Hermitian polynomial from the following formula: 


— (— 1) eft 2 (et 
H,, (€) = (— Ire < (e#). (14) 


Let us write the first three Hermitian polynomials: 
Hyo(é)=1, H,(§)= 26 HA, (&) = 46 —2. 


H,,() generally contains only even powers of & when 7 is even 
and odd powers of € when 7 is odd. This follows from the method 
described above by which the coefficients a, were determined. 
It follows from formula (14) that the first coefficient " in the poly- 
nomial H,,(£) is equal to 2”. This is due to the fact that the differentia- 
tion of the index (—&) gives (—26). 

It can be shown, but we shall not do so here, that Hermitian func- 
tions represent the complete set of solutions of the equation (2) 
which satisfy the boundary conditions. 


157. Orthogonality. Consider two different Hermitian functions y,(&) 
and »,,(é). The following equations are satisfied by these functions: 


Sn (6) ais (= = £2) y,(€) = 0, 


Syete) (=- &) Ym (é) =0. 


Multiplying the first function by y,,(&) and the second by y,(é), 
subtracting and integrating over the interval (— °°, +°°) we obtain, 
as always, the equation proving the orthogonality of Hermitian func- 
tions: 


+c 
{ wn (8) Wm (€) dé = 0 (n #m), (15) 
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or, from (10), 


+o 
feo@H, (6) H,(é)df=0 (n#m), (16) 


i.e. we can say that Hermitian polynomials are orthogonal with e~* in 
the interval (—°°, +co), Let us now evaluate the integral (16) when 
nm =m. According to formula (14) we have: 


+” + 


oe —§9 772 — (__1)\” . d" (e~*") 
rere Hy) a= (— 1)" [ Ha) eae, 
or, integrating by parts, 
ap oliege jade een ts 
I, = (— 1" 2, () SS 
7. qa"! (e~*) 
+ (— ere] Hy, (3) aaa dé. 


The first term on the right-hand side is a product of e * and a 
polynomial and therefore it vanishes when £ = +. Continuing the 
integration by parts we obtain 


+ oo 
I,= § HY (eae, 


or, bearing in mind the fact that the first coefficient of the polynomial 
H,(&) is equal to 2” 


+a 
£5; = 2"n! ‘ e—* dé, 
we obtain finally [II, 78]: 
+a 
I,= § e-? H2 (é) dé = 2" nl Vx. (17) 


Series containing Hermitian polynomials and analogous with Fourier series 
can be constructed similarly to those containing Legendre polynomials [132]. 
In this case instead of the finite interval (—1, +1) we have an infinite interval 
(— «, +o). In this interval we obtain the following expansion 


i®= » On Hy (Os (18) 
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where the coefficients a,, as a result of the above orthogonality and from formula 
(17), are determined as follows: 


1 


—————— 
7 2° niva 


+a 
| 1 (2)07S" H, (&) df. (19) 


For the expansion (18) to become valid it is, of course, essential that the 
function f(é) should satisfy certain additional conditions. 


158. The conversion function. Using (14) and Cauchy’s formula 
for the derivative of the function e~” in the form of a contour integral, 
we can write 

_¢2 ms ni eo” 
eT" H, (6) = (— 1)" > ree dz, 
Ig 
where J, is an arbitrary closed contour which encircles the point 
z= &. Replace z by a new variable of integration according to the 
formula 
z=&—f. 

Replacing the variables in the integral and dividing both sides 

by e-* we obtain 


1 1 eet ae 
at Hal) = gaz | par 
t 
4 


where Jj is a simple contour which encircles the origin. It follows 
from this formula that H,,(£)/n ! is the coefficient of t” in the expansion 


of the function 
e—ti+2tg (20) 


into a McLaurin’s series, i.e. the function (20) ts the conversion function 
for Hermitian polynomials multiplied by the constant 1/n}: 


e—+2te SA, (€) i”. (21) 
n=0 


From this formula the fundamental relationships for Hermitian 
polynomials are readily obtainable. Differentiating the identity (21) 
with respect to £ we have 


e—P+2t 94 — >a Hi (é) tn 
n=O 


or 
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and comparing the coefficients of equal powers of ¢ we obtain the 
relationship 


H,, (§) = 2nH,_, (6). (22) 
On differentiating the identity (21) with respect to tf we obtain: 
e—t+2tg, = = n—1 
(26 — 24) Poa aay Hn (6) 


or 


— 


2& 2 ~ 1 = 
Saree — Sar hae = Samar Bale, 
and again comparing the coefficients we also obtain the following 
relationship: 

Hy+1 (6) = 26H, (6) — 2nH,-y (6). (23) 


Finally let us determine the constant term in the Hermitian 
polynomial, i.e. H,(0). When 7 is odd this term must be zero since an 
odd Hermitian polynomial contains only odd powers of €. When n 
is even we have, first of all, H,(0) = 1. Subsequently formula (23), 
with n = 1 and € = 0, gives 


H, (0) = — 2H, (0) = —2. 
The same formula when n = 3 and & = 0 gives 
H, (0) = — 2-3A, (0) = 22-1-3. 
Further, when n = 5 and & = 0 we have 
H,(0) = — 23-1-3-5 
and in general 
H,,,(0) =(—1)"-2"-1-3-5...-(2n —1). (24) 


Notice that if Rolle’s theorem is applied several times to the equa- 
tion (14) then it can be shown that all the zeros of H,(£) are real and 
different. We used similar arguments in [102] to show that all the 
zeros of P,(xz) are different and lie in the interval (—1, +1). 

Sometimes Hermitian polynomials are introduced in a slightly 
different form, viz. instead of formula (14) the Hermitian polynomials 
are determined from the formula 


The only difference is in the constant terms one of which stands 
outside the polynomial while the other refers to the argument &. 
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159. Parabolic coordinates and Hermitian functions. We shall now 
give one particular case of substitution of the variables in the 


wave equation 
eU 
02? 


Satu =0. (25) 


Replace z and y by two other variables € and 7 and let us suppose 
that this substitution satisfies the formula 


z+ iy =f (c) = (6,7) + iy (6,7) (¢ = € + im), 


where /(¢) is a regular function of the complex variable ¢. Differentia- 
ting in accordance with the law for differentiating complicated functions 
we have 
aU _ aU 8 , WU ay, aU _ aU a , WW ay 
0é Ox OF Oy o& ’ On dx On “Oy On 


and further 


eU _ 8U (8p)? 4. 8U ap ay | FU a aU ap , aU dy 

of ~ da? (+) Oxdy O& O€ Oy? (3 Toe oz 0&? Oy o& ’ 

eu eU eU Op Op Op OU Oy 
(32 =) se Oxdy 0 On ee a or (ae) + = ar t “Oy On?” 


On? CO? 
Using the Cauchy-Riemann equations 


Ls i de ee 
OF = an’ = Ont—i‘(i«t«‘ ES? 


and also the fact that y(£, 7) and (&, 7) satisfy the Laplace equation 
we can readily prove the following formula: 


ae + oe = (Ger + “aye (Cae) + (2e) | 


CU aU ld Of 
“OEz sr -(etaril’ (¢) |*. 


or 


Consider the particular case when 


AO=SEL Ms (QO =Et in 


or 


p (&, m) = SIF —7); y(n) = én. 


The coordinate lines §=C, and »=C,_ represent parabolae 
[32] in the (x, y)-plane and therefore the new coordinates € and 7 
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are called parabolic. Transforming the wave-equation in the way 
described above we have 


eU CU ; 
ge tae this (¢)|?U =0, 


and therefore equation (25) with the new coordinates will, in this 
case, have the following form: 


CU CU 
ae boy + P(e + 9?) U = 0. (26) 
We shall seek its solution in the form of a product of two factors, one of 
which depends on ¢ and the other on 7: 
U = X (£) Y (n). 


Substituting in the equation (26) and separating the variables in the usua 
way we obtain 
X” (€) 2p2 ¥* (n) 2,2 
ke? = — — k*n’*. 
me a) sala 


Both sides of the above identity will be equal to the same constant which 
we denote by (— f?). We thus arrive at the following two equations: 


XK” (&) + (k?S" + B*) X (£) = 0; Y* (n) + (k’n® — B*) ¥ (n) =0. (27) 


Let us recall the differential equation (11) which is satisfied by Her- 
mitian functions: 


Yn (§) + (2n + 1 — &) wy (f) = 0, (28) 


where we have the following formula for the Hermitian function: 
€2 §3 


va(é)=e * Hy(é)=(—1)"e* = a a 


Consider the first of the equations (27) and replace & by a new variable ¢, 
according to the formula 
gE = Vik § . 
This gives 
d — d d? . dd? 
a a ag aR 


and substituting in (27) we obtain the equation: 


ae + (ae —) X=0. (30) 


If we determine the constant §? from the equation 


Br = (2n + 1) tk, 
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where is a positive integer or zero, we can obtain the equation (30) in the form 
(28). Hence by using this new variable £, we can take the following Hermitian 
function for X 
& 
Xn = Cn ¥n (61) =Cne Hp ($1) 


or returning to the old variable we obtain 
ik és 


Xn=Ony, (Vike) =O,e * H, (Vik é), 


where C,, is an arbitrary constant. 
Similarly considering the second of the equations (27) and replacing 7 by 
the new variable 


m=t Vik th 
we can also obtain the second solution in the form (28) for the same value of the 
parameter f,. Returning to the old variable we have 
tkn? 
Yn = Da ¥na(m) = D,e *® Hy (i Vik n). 


We thus obtain an infinite number of solutions of the wave-equations (25) 
in the following form: 


Un = An Vn (Vik €) Yq (i Vik 7) (n = 0,1, 2, ...). (31) 


These solutions comprise a full system of functions and are analogous with 
Bessel functions expressed in cylindrical coordinates. Here, as before, functions 
analogous with Hankel functions can be constructed and this makes it possible 
to solve diffraction problems with reference to a parabolic cylinder. 


160. The Laguerre polynomials. We obtained the Laguerre poly- 
nomials in a generalized form on solving an equation of the 
type [115] 

ad? d 
x¥ + (s+1—2)2 + wy =0. (32) 


Bearing in mind the formulae (218), (219) and (222) from [115] 
we can say that the solution of the equation (32) will be obtained 
in the form of a polynomial of the nth degree if the parameter yu is 
equal to pn, = 7; in this case, the solution of the equation will be 
expressed by Laguerre polynomials for which we obtained the follow- 
ing expressions: 


QD (2) = 2-8 5. (at o-¥). (33) 
da" 
Hence these polynomials are the solution of the equation 
ad? d 
a Yn + (s+ 1 — a) Gi + ny, =0. (34) 


We are assume throughout that the number s is real and > —1. 
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In (32) notice that the independent variable z only differs by a 
constant term from the radius-vector and therefore the principal 
interval of variation of this variable is the interval (0, +°°). The 
Laguerre polynomials are analogous with Hermitian polynomials but 
for them the principal interval is not the interval (—°°, +°°) but 
the interval (0, +-°°). Formula (216) from [115] gives the Laguerre 
functions which are analogous with Hermitian functions: 


es _s x qq 
ow) (2) =e 222 QS) (xz) =a 22 ame (ete); (35) 


According to (213) and (222) from [115] these functions are 
solutions of the equation 


d dw x gs? 
ae? ae] t+ (4-F- ae) e=9 a) 
where 
a=tth in. (37) 


As before the orthogonality of these functions can easily be deduced: 


f ow) (22) oS) (ar) da = 0 (m # n) (38) 
and from (35) : 
{2s e—* QS) (x) QO (x) dx = 0 (m #7). (39) 
0 


We shall now try to evaluate the integral (39) when m = n. Accord- 
ing to the definition of the Laguerre polynomial we have 


I, =e e-* [ee (x)]? dx Bi Qo (2) — (astn e—*) dz. 


Integrating by parts we have 


-f a (x) g2- L(gsta e*) dx 


Ll. = Q&S) ( (z) = — («stn 5] 


where as for Hermitian ieee the first term on the right- 
hand side vanishes. Integrating by parts several times we finally 
obtain the integral 


i= 1" fast ox TOC) de 
6 dx" 
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But d”Q® ()/dz" is a product of n! and the first coefficient of 
Q(x). Applying the Leibniz formula to the derivative in formula (33) 
we can see that this first coefficient is equal to (—1)" and we can there- 
fore write 


a 


— ~-xX 
I,=n! jaente dz, 
6 


or, remembering the definition of the function J(z), we finally obtain 
J x8e—* [QM (x))?dx = nl P(s+n+1). (40) 
0 


In the same way as we did with Hermitian functions we can con- 
sider the expansion of an arbitrary function f(x) into a series of 
Laguerre polynomials in the interval (0, -++°9). 

We shall now construct the conversion function for Laguerre 
polynomials. According to formula (33) and Cauchy’s theorem which 
gives the derivative of order n of the function z°*" e~’, when z=z, 
we can write 
ni Sth a2 
2a : (z—a)"*! 


ase—* QE) (x) = 2, 

where J, is a small closed contour encircling the point z = x. Notice 
that the function 2°*" e~* is regular in the whole plane except at the 
point z = 0 where it has a branch-point, provided s is not an integer. 
Replacing z by a new variable of integration 


Z2—f Zz at 


eg See ee 


substituting in the integral and dividing through by 2° e * we obtain 


1 Lf 4 dt 
7 OP (x) =sa7 Je : ‘door pF ati? 
where J, is a small closed contour which encircles the point ¢ = 0. 
This shows that Q©(x)/n! are the coefficientsin the expansion of 


the function 


(1 — gett 
into a McLaurin’s series in powers of #, i.e. 
xt 


or a= SSH (aye. (41) 
~ n=0 
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From this formula several simple relationships for Laguerre poly. 
nomials can be deduced. Differentiating both sides of (41) with 
respect to x we obtain 

emt HL Pe) 
(1 — t)s+? a, nm dz 
or 


a. S] ag’) Qn’ (x) 
_ ( +) (x +1 — n 
De ROn ees =D er ga 


n=0 
which, by comparing the coefficients of t", gives: 
ao’) 
Br) — nQesy (x). (42) 
Similarly, differentiating both sides of (41) with respect to t, we 
obtain the relationship 


xQ (x) = (nm + 8) QED (x) — QUEP (2). (43) 


Finally if we multiply both sides of (41) by (1 — ¢) we also obtain 
the following relationship: 


QED (x) = Qi (x) — nQM (2). (44) 


Frequently instead of the polynomials Q(x) the polynomials 
(1/n 1) Q(x) are considered. 

By applying Rolle’s theorem several times to formula (33) it can 
be shown that all the zeros of Q(z) are real and different and lie 
in the interval (0, + °°). 


161. The connection between Hermitian and Laguerre polynomials. The 
Hermitian polynomials can be simply expressed in terms of the Laguerre poly- 
nomials Q‘5)(z). These latter aro, as we know, the solutions of the equation (34) 
when = — 1/2, i.e. 

d?y, it 


\ dy, = 
Zz dz (> _ | an + NY yp =O. (45) 


Replace x by a new variable £ according to the formula 


qgdoid, @ id Ee) E-EE 
dz 2 dé’ dx? 2 al es dé)” 48 d& 46 dé° 


Substituting in the equation (45) we obtain the equation 


ie — 26 te + 4ny, = 0, (46) 
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which is the same as the equation (9) if we write 2n instead of n in the latter 
equation. As we mentioned before the second solution of the equation (9) is no 
longer a polynomial and we can therefore say that Q¢—1/2)(é*) is the same as 
H.n(é) except for a constant factor, i.e. 


(1) 
Hen ($)=C,Q,_° * (6). 

To determine the constant C, we compare the coefficients on both sides of the 
above equation. On the left-hand side the first coefficient, as we know from 
[156] is equal to 27" and on the right-hand side to (—1)"C,, [160], so that 
C, = (—1)" 22", and therefore 


it 
Fey (§) = (— irae, 2) (?). (47) 


Let us now deduce an analogous formula for H,,,,,(). The function Q{!2) (2c) 
satisfies the equation: 


a? 3 d 
eae + (a2) ae tune 


which can be transformed by the formula « = é into the following equation: 


d?y 2 dy _ 
det oes (+- 26 qe + 4ny, = 0. 


Replace y, by a new function z,, according to the formula 
Yn = 7 Zn: 


On differentiating with respect to £ and substituting in the equation we obtain 


an equation for z,: 
dz, 


dz 


This equation is the same as (9) if we write (2n + 1) for nm in the latter 
equation. The above transformations give us directly: 


1 
Fonsi 3) rm Dn #9, (0) (§?). 


The comparison of the first coefficients gives D, = (—1)" 2+), and there- 
fore: 


1 
Fenn (§) = (— 1)" 2°77 Qn (2) (7). (48) 


162. The asymptotic expression for Hermitian polynomials. The Hermitian 
function: 
iy lye a" = 
Va(z)=e 9+ Hy(z)=(—1)"e =| (o™*) (49) 


satisfies the equation (11) 


vn (a) + (2n + 1 — 2%) yy (x) = 0. (50) 


Consider the case when 7 is even. We then have 


Von (x) + (4n + 1 — 2*) yay (z) = 0. (51) 
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Also from (24) and the fact that H,,,(x) is a polynomial in z?, we obtain the 

following initial conditions 
Yon (0) = (— 1)7271-3-5... (2m —1); Pen (0) =O. (52) 


The equation (51) together with the initial condition (52) makes it possible 
to obtain the asymptotic expression for Hermitian polynomials when n is large, 
Let us recall that the solution of the equation 


y’ +h y =f (2), (53) 
which satisfies zero initial conditions y(0) = y’(0) = 0 has the form [II, 28] 


x 
y= | f(w)sin kw — w) du. (54) 
0 


If instead of the zero initial conditions we have the following initial conditions 
y(0)=a; y’(0)=b, (55) 


then we must add to the solution (54) a solution of a homogeneous equation 
which satisfies the initial conditions (55); the final solution of the equation (53) 
which satisfies the initial conditions (55) will then be 


x 
y =acos ke + 7 sin ke + { f (u) sin k (w — w) du. (56) 
0 


Take the equation (51) and rewrite it as follows: 
Von (x) + (40 + 1) py (x) = 2 Pon (2). 


Let us suppose that in this case k? = 4n-+1 and f(r) = 2’? y,,(z). We 


obtain from (56): 
x 


fu Yo, (u) sinV4n + 1 (@ — u) du. 


1 
Yan +1 . 


Pon (LZ) = Yen (0) cos Van +lat 


(57) 
It can be shown that when the values of m are large the first term on the 
right-hand side gives the principal value of the function y,,(z). To prove this 


we determine the upper bound of the integral term on the right-hand side 
when x > 0. Applying Buniakowski’s inequalityw we obtain from (17): 


x 
| { wu? yon (u) sin V4n + 1 (2 — u) du| < 
) 


<|f Fein am / ( utsin’ Vin-+1(c—u)du< 
6 0 


<i —_____. 
> ei Pan (%) au § ut du = oem Vx = 
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and substituting in (57) we have 
4 6 
— 2" V(2n)t ¥ax® 
Yo, (x) = 0) cosY4n + la + —~—_—___ 9, (zz), 
an (©) = Pen (0) AF Yélantl n(z) 
where 6,,(x) is a function of x which satisfies the condition 
—1<6,(x) <1. 


Taking y.,(0) outside the bracket and remembering its value from (52) we 
have 


& 
(— 1)" Gayl Yaa j ai (58) 
V6V4n+1-1-3...(2n—1) "J 


Let us consider in greater detail the coefficient of 6,(x): 


Pen (©) = Yen (0) E V4n+l2+ 


a_ 5 «5 
Vru* i-2-3...2n “Vat lf 2-4-6... 
¥5 1-3-5...Qn—1)  Y5 1-3-5...(2n— 1) 
If we put 


Psa 
2 
I,= 4 sin” x dz, 
0 
then, as we know [I, 100], 


__ (2n— 1) (Qn —3)...1 


I 2n (2n — 2)...2 
an 8n (2n — 2)...2 


4 I = 
Q?  ~Att Qn +1) (Qn —1)...3’ 


where Ian41 < Inn, 1.0. 
2n(2n—2)...2  — (2n—1) (Qn —3)...1 2 
(Qn+1)Qn—))...3 In(2n—2)...2 2° 
or 
2n (2n — 2)...2 7 n 
(eye yc) = Varies: 


Whence 
4 
—Ba6...mn vas 
ESS < Wa y2n +1, 


and, finally, the coefficient of 6,(2) will be 


4 
= mits)? 
Vx \2 +1 ; 1 6, 


H 6 —_ 
4__ -f dnt 1 4____ 
V50 + Y4n +1 
where 0 < 6, < 1. Rejecting the factor which is less than unity we can write 
the above expression in the form 
5 
x -4 On. 
¥4n +1 
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where 0 < 6, < 1. Substituting this expression in formula (58) we obtain the 
following asymptotic representation for the Hermitian function with an even 
subscript: 


5 
Pon (L) = Won (0) | cos P4n + 1 a+ x? aa On a) ; 
pan +1 


where —I< 0;°’(x)< +1. Hence for a given x the second term in the square 
brackets tends to zero as the subscript m increases. The assumption that x > 0, 
as can easily be shown, is not essential. By adding the factor e'!/?’*" we obtain the 
asymptotic expression for Hermitian polynomials with an even subscript: 
ly 
Hon (©) = (— 197271 -3-5...(2n — le?” onraee Te of = : 
Yn 


When the subscript is odd we can obtain similarly 


42 
Hans (2) = (— 1)"2""? x 


\ys 
xX 1-3-5...(2n — 1) V2n4+ le? 


sinv4n+32+0 aoe . 
yn 

In these formulae Oy) denotes a value such that ayn O(1/ya) (1/4dn) 
remains bounded as 7 increases provided z varies in an arbitrary finite interval. 
Notice that we can take any argument 4 + az for the trigonometric function, 
where a is a given real number. In fact we have, for example: 


cos ¥4n +1 2—cosV4n+azr= 


es Vian +1 FEO in ee i 
asin etitVanta i ea l 
2 2 (Y4n +a + Yan +1) 


4. 

When = lies in a finite interval the above product will be equal to O(1//n) 
and therefore cos 74m + lz can be replaced by cos /4n + az with an accuracy 
equal to this value. Using the above calculations it possible to obtain even more 


accurate results for the additional terms O(1//7n). 


163. The asymptotic expression for Legendre polynomials. By using the same 
method the asymptotic expressions for the Legendre polynomials P,,(z) can be 
deduced when n is large. We have the differential equation: 

(1 — 2?) Pf (x) — 2ePy (xz) + n(n +1) P,(z) = 0. 


Let us replace z by the new variable ¢ according to the formula z = cos t and 
replace P,(z) by the new function: 


V_ (t) = Vsin ¢ P, (cos t) or P, (cos t) = alt) (59) 
sin ¢t 
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Substituting all this in the equation we obtain after simple operations the 
following expression for »v,,(t): 


1 1 F 
> 4 vee t 
va) + [2 (a +1) + 3 — |e (t) =0, 
which we can rewrite in the form: 
rt) 4 (n+ 5) ¢ eee et 
Un ( 2 n ( 4 sin? ¢ n (t). 


x varies in the interval —1 < x < +1 which corresponds to 0 < ¢ < z. Take 
t = 2/2 for the initial value corresponding to z = 0. Consider the case when 


the subscript is even: 
4, (t) + (2 = ° Pn a ee 60 
vin (t) + (2+ 5) vant) = — ganey en (60) 
Bearing in mind formula (59) and also the fact that 


P2, (0) =(— 1)" 33h. and Pp, (0) =0, 


we have the following initial conditions for v,,,(¢): 


ven (SE) = (— tn (F) = 0. (61) 


If in the equation (60) we reject the right-hand side then the homogeneous 
equation so obtained will have the general solution: 


C, cos (2n 4. 5) t +0, sin (2 ite 5] t. (62) 
If we select C, and C, so that the conditions (61) are satisfied: 


cn (te 3) f+ Cr5n (tnt 3) Fm) 


: 1\2 1) z 
— 6, sin (2n +] x tC: cos (2n+5)$=0, 
or, using the formulae cos (nz +9) =(—1)"cos@ and sin (nz + 9) = 
=(—1) "sin gy, we have: 
EA on x . 2 7 
C; cos + C; sin = (— 1)" Gn (+) : —C, sin 7 + Cz cos =0, 


whence 


01 = Cy = SO ey (5) =(— Deen (FZ) 80 F 


and substituting in (62) we obtain the expression: 
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602 
Hence the solution of the equation (60) with the initial conditions (61) will be: 
n ] 7m 
tant) = (— 10" an (5 e08 (20 + 5) #— Z| — 
t 
: : ) si (2 + 5) t—u)d 
—7—9y | ranean (sin (2n-+ 5) Ow) du, (69 


(2n +4) . 


where we assume that 0 < a2 < 1 and 0<?i< 2/2. Notice also that the solution 
of the equation (53), which satisfies the initial conditions y(a) = y‘(a) = 0, has 
the form (54) where the lower limit of the integral is not zero but a (II, 28]. 

If we consider the integral on the right-hand side and use formula (59): 


t 
1 , I : 
K.,= laws sin (2n + 5] (t — u) P,, (cos u) ¥sin u du, 


4 


2 
then, applying Buniakowski’s inequality, we obtain: 


a 7 
2 sin? (20 + 3) (t— u) 2 

Kin < |--, du [Pi (cos u) sin «dw. 
J , 


The first of the factors on the right-hand side will be less than 


2 
du 
\aegere = OO 
t 


where §(t) has a finite definite value for a given ¢ and remains bounded when 
0< e«,<t< 2/2, where ¢, is a given positive number. The second factor is 


less than 
1 


[Ph (cos u) sin udu = [Ph (x) dx = ut r: 
: 0 


ela 


We finally obtain the result: 
a (z) 


Ree 
| on | V4an+1 


where a(x) is independent of n and remains bounded when 0 < z < 1 — «, 
where ¢ is any given positive number. Substituting in formula (63) we have: 


Van (t) = (— 1)" ven (=) cos [(2" + aL — z| + v (2) 3 
(4n + 1)? 
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where (x) remains bounded in the interval 0 < x < 1 — e as mn increases. 
Bearing in mind the expression (61) we obtain: 


" 2-4...2 
+(—1)"-- - : ~ va). 
1-3,...(2n — 1) (4n + 1)2 


We shall use the inequality: 


2-4-6...2n ¥a ¥—-— 
7-3-5...(@m—1) ~ y9 Y2n +1, 


which we have proved in the previous section. It gives: 


Ven (t) = ie eee {cos [(2" agi zs}! -4] me jeu 6 (2) 


4...2n 4n+1 4ny+1 
or 
1-3...(2n — 1 l : 
Yen () = feos [(284+5):-4]+ oe 


where 6(x) and 7(z) are functions of 2 which remain bounded when 0 < z > 
< 1 — e and as n increases. These functions can be determined even more 
accurately by using the above calculations. 

Finally, using formula (59) we obtain: 


Pato = cg SEM” fowl dF] 40 ()} 


sin ¢ 


Similarly for an odd subscript 


Pen., (cos t) = = kee aes y {cos [(2" 4 5) pe ;| +0 (=). (65) 


The result obtained is also valid for negative values of z = cost and the 
symbol O(1/n) in the above formulae denotes a number which is such that the 
product 0(1/n) remains bounded as 7 increases independently of x, provided x 
lies anywhere in the interval —1 + ¢ < # < 1 — e, where « is any fixed small 
positive number. 

We can write the above formula in a simpler form. To do so we use the Wallis 
formula [75] 


eee 27. 47...(2n — 2)? -2n 
2 now 12-3%...(2n—])? * 
It gives: 
‘ 1-3...(2n—1) ,— Yj 2 
fim 974... .n Van = Y= 
or 
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where 7, —- 0 as n— ©, ie. 


e 
1-3...(2n—1) _ ty Nn 
2-4...2n ~~ | nw" Yon’ 


After this, formula (64) can be rewritten as follows: 


P.,, (cos t) = = {cos [(2" + 3) t -+| + nn} F 


Applying the same procedure to formula (65) we can see that the following 
formula applies to any subscript 


P,, (cos t) = == {eos IG + aL = 2| si nl , (66) 


where 7, 0asn— o uniformly with respect to ¢ provided that «<t< 
< 2m — e where e> 0. 

We shall also give below the asymptotic expressions for Laguerre polynomials 
without going into the proof. When z varies in the interval O<a<2< 8, 
where a and b are small arbitrary finite numbers, then the folowing asymptotic 
formula holds: 


§ 1 Xx 


s 1 
OO ayaa tae ene 3 wer {eos (2v¥ae--F)+0 (7=)}. (67) 


§ 4. Elliptic integrals and elliptic functions 


164. The transformation of elliptic integrals into normal form. 
In this section we shall deal with certain functions of a complex 
variable which are not connected with linear differential equations 
and have a slightly different origin, viz. these functions are connected 
with certain integrals which cannot be expressed in finite form, i.e. 
with the so called elliptic integrals. We have already mentioned 
these integrals earlier [I, 199]. Here we shall consider them in detail. 

Previously we considered an integral of the type 


J R(x, VP (x) de, (1) 


where R(x, ¥) is a rational function of its arguments, and P(z) is a 
polynomial of the second degree. We saw that such integrals can be 
expressed in terms of elementary functions. If, however, P(x) is a 
polynomial of the third or fourth degree then an integral of the type (1) 
is known as an elliptic integral and it cannot, in general, be ex- 
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pressed in finite form. In exceptional cases it is possible to ex- 
press it in terms of elementary functions. Thus, for example, if 
we take the integral 


gt! da 
ae Yrt+ba?+e’ 
where 7 is an integer, then by introducing the new variable t = 2? 
we obtain the following integral 
t” dt 
2 Ve+ bi +e + bt+ec ‘ 


which, as we know, can be expressed in terms of elementary functions. 
If an integral of the type (1), where P(x) is a polynomial of the third 
or the fourth degree, can be expressed in terms of elementary functions 
then such an integral is known as pseudoelliptic. 

Let us now consider elliptic integrals. We notice, first of all, the 
case when P(z) is a polynomial of the third degree and does not differ 
fundamentally from a polynomial of the fourth degree. One can be 
transformed into the other by a simple replacement of the variable 
of integration. In fact, suppose that P(x) isa polynomial of the fourth 
degree 

P (x) = axt + bai 4+ cz? + dx +e, (2) 


and let 2 = 2, be one of the zeros of this polynomial. We replace x 
by the new variable ¢ given by the formula 


1 
B= 2+ re. (3) 
Substituting in the expression (2) we obtain 
1\4 1\3 1 1 
P (2) =a(z, +>) +0(2, +7) +e(mn+ 4) +4(nts)+e. 


Removing the brackets and remembering that 2 = z, is a zero of the 
polynomial (2), we have 


P(e) = 10 


where P,(t) is a polynomial of the third degree. Hence we can go 
from a polynomial of the fourth degree to a polynomial of the third 
degree. Notice that the transformation (3) must involve the fact 
that one of the zeros of the polynomial (2), viz. x = 2, is, with 
the new variable, transformed into the zero t = ©. 
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Conversely, if P(x) is a polynomial of the third degree, then, as 
a result of the bilinear transformation 


we obtain 


where P,(t) is a polynomial which is, in general, of the fourth degree. 
Arguing in the same way as in [I, 199] we can show that the elliptic 
integral (1) can be transformed into integrals of the following types: 


@ (x) 
——-_ dx 4 
J VP (2) 4) 
and 
dz 
|S: (5) 


where g(x) is a certain polynomial. If we suppose that P(x) is a 
polynomial of the third degree we can show that the above integrals 
can be transformed into integrals of one of three types. To do so con- 


sider an integral of the type 


ak 
omer roti (6) 


where k is an integer, either positive or negative. Let us suppose that 
P (a) = av} + br? + cr +d. 
By differentiating we obtain: 
Die\\ -1VB 7 3ax? + 2bx +c 
am P = m—-1 yy P m Serta — 
(2m YP (@))' = mart VP (@) + om 
ma") (art + bax? +. cx + d) 


Wwe 


x™ (3ax? + 2bx + c) 
2VP (2) 


which after integration, and by bearing in mind the notation (6), gives 
z™ VP (x) + C = mal nyo + mbImng, + mel, + mdl,,_, + 
ee 8) AGE + bE nt. + SL 
(C being an arbitrary constant) or 
alm +5) Imsa+ b(m +1) Imes te(m + 5) Im + (7) 
+dmI,,_, =a" VP (z) +. 
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When m = 0 and m = 1 we have 
Sal, +61, +51, =\P a) +6, 
Fal, + 2b1,+ cl, +dl,=2)P(@+C. 


The above formulae make it possible to express J, and I, succes- 
sively in terms of J, and J,. Putting m = 2 in formula (7) we have: 


fal, + 3b1, + 2 cl, + 2d, = 2? P(x) + ©, 


whence we can determine I, etc. Hence all integrals of the type 
(6) can be expressed in terms of J, and J, when k is a positive integer. 
The integral (4) obviously has the same property. 

Let us now consider the integral (5). Replacing 2 by the new vari- 
able x — a = t we obtain the following integral 


I= [eat a he 5) (8) 
“JS YPL@) oe 

where P,(¢) is a polynomial of the third degree and & is a negative 
integer. Putting m = —1 in formula (7) we obtain 


se li—yely—dl', = YP, +06, 


where a’, b’, c’ and d’ are coefficients of P,(t). 


If we now put m = —2 we obtain 
—$@ hv iL,— fe, — 2d’, =- VP, +0 


etc. This shows clearly that all integrals of the type (8) can be expressed 
in terms of Ij, Jj and J‘,, i.e. by using our former notation they can 
be expressed by the integrals 
z—a da dx 
——— dz; ———$—{>"5 ————— 
YP (x) VP (2) J (x — a) YP (2) 

Hence we can finally say that when P(x) is a polynomial of the 
third degree, then any elliptic integral can be transformed into an 
integral of one of the following three types: 
dz x dx dz 

; ; Eb (9 
eerie ” 


YP(a)’ J YP(@)’ 

The first of these integrals is known as an elliptic integral of the 

first kind, the second as an elliptic integral of the second kind and the 
third as an elliptic integral of the third kind. 
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Notice that when the initial integral is real then the above calcula- 
tions might result in formulae which could contain complex numbers. 
Thus when using formula (3) the number 2, might be complex if 
all four zeros of the polynomial P(x) are complex. Similarly during 
the expansion of the rational fraction into partial fractions and 
the transformation of the integral into the form (5) it is possible to 
obtain complex values for a. We shall not give a detailed explanation 
of the way in which these calculations must be carried out so that 
real quantities only should result. In future we shall to a certain ex- 
tent take this circumstance into account. 


165. The conversion of the integrals into a trigonometric form. We 
shall for the moment only consider elliptic integrals of the first and 
second kinds and show that they can be obtained in a new form in 
which the integrand is expressed in terms of trigonometric functions. 
Let us begin with integrals of the first kind. We can, of course, 
assume that the first coefficient of P(x) is equal to +1, 

P(z)=+25+ be? + cxa+d. 

Let us suppose, to begin with, that this polynomial with real coeffe- 
cients has three real roots: a, 8 and y. We must, of course, assumi 
that there are no equal roots among them since otherwise the poly- 
nomial P(x) would contain the square factor (2 — a)* which could be 
taken outside the square radical and we would then have under the 
radical a polynomial of the first degree. We now suppose that a is the 
smallest zreo when z* has the + sign, and the greatest zero when z* has 
the — sign. Let us suppose further that § denotes the middle zero. 
Replace z by the new variable » according to the formula 


z=a-+t (p—a)sin’o. (10) 
Substituting this expression into our polynomial 
P (a) = 409 + ba? + ce +d = + (2 — a) (x — B) (x — y), 
we obtain after simple calculations: 


P (x) =|y — a| (8 — a)? (1 — &? sin? ¢) sin? 9 cos? g, 
where 


ye = f=2 (11) 


y—a@ 
and we always assume that k > 0. We have from (10): 


dx = 2 (8 — a) sing cos gdg, 
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and therefore the expression 


dx 
——s 12 
VP (2) we 
differs only by a constant term from the expression 
dp 
———— 13 
V1 —k? sin? p ee) 


We can show that it is possible to arrive at the same result when 
the polynomial P(x) with real coefficients has only one real zero 
x =a. In this case this polynomial can be represented as follows 


P (x) = + («& — a) (x? + px +), 


where the trinomial (x? + px + qg) with real coefficients has no real 
zeros and therefore always remains positive when the values of x 
are real. Replace x by a new variable » according to the formula 


a=a+ a+ pa+qtan?=. (14) 
After substitution we obtain 
3 tan? + 
+ (2 — a) (2? + px +g) = (a? + pa + 9)? (1 — k?sin? p) 
cos# -> 
where 
P 
1 a+ | 
k2 = 11 SS 15 
Pleas Va? + pa+q m) 


We shall show that the value of #? lies between 0 and 1. To do 
so it is sufficient to show that the modulus of the second term inside 
the large bracket in the expression (15) is less than unity, i.e. it is 
sufficient to show that the square of the denominator is greater 
than the square of the numerator. We obviously have: 


ot poten (at $}+(—tn) 


But the second term on the right-hand side is bound to be positive 
since it is given that the trinomial 2*- pr + q has imaginary zeros, 
and we therefore have 
2 


a? + pa+q>(a+4] 
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Furthermore, it follows from the expression (14) that 


tan oe 


2 
dy, 
ev 


cos? — 
2 


dx = 4Var+patg 


and, therefore, as a result of the substitution the expression (12) only 
differs by a constant term from the expression (13). 
We thus see that every real integral of the first kind can, by means 
of a real substitution, be obtained in the form 
P 9 
 ——————— 0 k2 1 . 
iF — k? sin? » vs A) iS) 
Let us now consider integrals of the second kind 
fo 
——- d 
Fao 


Applying one of the above transformations we can obtain this inte- 
gral in the form (16) together with one of the following two integrals: 


sin? ae = 
ee =—- gy and | SSS (17) 
1 Shane J Vl—k? sin? p 


Adding to the first of these the constant k? we can write it in the 
form 


2 __sinte anes 
E eso — k? sin? g tv = — k? sin? p =i ee 


and therefore can be converted into the integral (16) and an integral 
of the following type: 
§ V1 — ksin? odo. (18) 


Let us show that the second of the integrals (17) can be converted 
into the first of the integrals (17). To do so we shall use the following 
formula which can easily be proved by simple differentiation 


od (tan $ us \i — sin? g) = [(: + tan? +) — 2k? sin? °| ee 


Integrating this identity we obtain the required result: 
tan? 4 
-dy = 2tan = |/1 — ksin 
— —k* sin* 9 Oe | sin® v zs 


oO? sin* y _ Bes 
a 7 sin* ay Sees 
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We thus an see that elliptic integral of the second kind can be con- 
verted into integrals of the following two types: 


dp. (v7 —antG 
Fresccark {vi Rain? g dg. (19) 


These integrals are sometimes known as elliptic integrals of the 
first and second kind in the Legendre form. 

The integrals (19) can be written in a slightly different form if we 
replace g by a new variable ¢ according to the formula: 


i=sing. 


In this case 
dt 


Vik’ 


and the first of the integrals (19) can be obtained in the following 
form: 


dy 


J di ; 
Vi—®) 1 —Fke)- 


Here we have under the radical a polynomial of the fourth degree 
of a special kind. We could, by taking an elliptic integral of the 
general kind, obtain such an integral if we substitute the independent 
variable by performing the general bilinear transformation 


_ at+B 
ee Mt +O" 

Let us write the integrals (19) with a zero lower limit and a variable 
upper limit by introducing the special notation: 


e 4 
F(k, 9) = [—--“*___; E(k,9) = [J1— Psin?pdy (20) 
F V1 — k sin? p 6 


If the upper limit is equal to gy = z/2 then these integrals will be 
functions of k alone: 


a a 


2 2 
d¢ ey 2 Ce 
F _ xe = 1 — k2 sin? od yy 
a J Vl—ksin?o ’ oan) JV ea asl (21) 


and they are usually known as full elliptic integrals of the first and 
second kind. 

Tables are in existence which give the values of the integrals (20) 
and (21). The Legendre tables, published in 1826, were the first of 
this kind. These tables contain among other things the logarithms 
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of the values of (21) for different values of k; it is assumed that 
k = sin @ and values of @ are given in tenths of every degree. The 
fundamental table with a dual approach gives the values of the integral 
(20) where, as before, it is assumed that k = sin 0. This table containg 
values for integrals of y and 6 for every degree from 0 to 90 degrees, 
The values of the integrals are given with a nine tenths suffix. We can 
also mention the book by Janke and Emde: Tables of Functions with, 
Formulae And Curves, Which Also Contains Tables of Elliptic Inte- 
grals. 


166. Examples. 1. The time required for the full vibration of a@ simple pen- 
dulum of length J and amplitude of vibration a is expressed by the formula 


T= )2 —_*_. (22) 
g ‘ Ycost — cosa 


where g is the acceleration due to gravity. It is not difficult to express the 
integral (22) as a full elliptic integral of the first kind. To do so we introduce 
the constant k = sin a/2 and replace zt by a new variable determined by the 
formula sin 1/2 = k sing. We then obtain 


cos tT — cosa = 2 (sint > — sin’ 5} = 2k? cos? p 


and also 
2k cos cx d¢_ 


Vl—K sin? g 


cos = dr = 2k cos y dg or dt = 


bearing in mind that because sin 1/2 = sin a/2 sin g, the variable g must vary 
between 0 and 2/2, this gives us finally 


tite = 
r=2)— {oe __. =2/ rq. 
9 3 Yl — k? sin? » g 


2. Consider the elliptic integral 


2) 
reco 
; V1 — k’ sin? 9 : 


where k? > 1 and assume that the upper limit g, lies in the interval (0, a), 
where a is determined by the equation sina = l/k. Replace g by the new 
variable y according to the formula sin y = ksing. y can only vary in the 
interval (0, y)) where sin y, = ksin gp, and after elementary transformation 
we have: 


eee. Lee de 
ickate £1... 2 
VI — BS sin? p 1 —4rsint v 
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Po 
whence (se __ ae F(= , vo): 


V1 — k*sin? k 


If the upper limit g, = a then y, = 2/2 and we obtain, according to the 
notation (21): 


\ eee 7G) 
J Yi—wantg Ve) 
Similarly we can consider the integral 


4) 
S V1 — ksin? gdp 
it) 


where k? > 1. In this case we obtain 
9 1 1 
[ue sin? p dp = — F(z )+42(=) -—F(;)- 


3. Consider the integral 
dz 


Yi—<a 
Putting z = cos p we can obtain the integral in the normal form: 


dz 1 Sra Gee a 


7 
Vi-a | l1— = sin® g 
Similarly by using the same substitution we obtain 


2 _-—|—2 
Vi—as 2 Ji —ssinte 


4, Everything that was said in [165] applies to the integral: 


1 —isintg dp. 


f dz 
¥+1 
and replacing x by a new variable ¢, according to the formula: 


=—1473ten'Z, 


we obtain: 
1 dg 


STs F tye 


5. It is more difficult to obtain the integral 


J Facet = 


614 SPECIAL FUNCTIONS (167 


in a simpler form. In this case the polynomial under the radical can be written 
as a product of two real polynomial of the second degree 


at $1 = (a? + 1)? — (V2a)? = (2? + V2r+ 1) (2? — ¥2x + 1). 


In general, when a polynomial of the fourth degree under a radical has only 
imaginary zeros and factorizes into real polynomial of the second degree 


P (xz) = (2 + pr+q)(# + p'@+q’), 


then the substitution of the variable must be performed in accordance with 
the formula 
A A+ pm tan 9 


7 Timtang’ 


where the numbers A and “4 must be determined from the formulae 
(p—p)A=q—q —V(q—9’)? + (Pp — PD’) (pq’ — QP’): 
(p—p')u=q-7a +Viq—7)? + (Pp —P’) (pa — QP’); 
and m is the smaller of the two numbers 


FILE wa | RaPIEE 


we — put we — put” 
In this case the substitution of the variables takes the form 
_ tan g—(1+¥2) 


tang + (1+ 72) ” 
and as a result of this transformation the integral (23) becomes 


a (2 + 12) dp 
V sins py + 6(3 + 2/2) sin? 9 cos’ p + (3 + 22)? cost p 


Ta aol 
It can readily be shown that the expression under the radical is a product of 
sin? y + (3 + 22)? cos? p = (3 + 2/2)? 1 __ Aye _ sin? p 
342y2 


and sin? g + cos* g, and we finally obtain the following formula in which the 
integral (23) appears in the normal form: 


2 = _ @=¥2)dp 
Teat +1 = _4y2 

34272 

167. The conversion of elliptic integrals. Having explained the 

concept of an elliptic integral we shall now proceed to explain elliptic 

functions. In some respects these functions are similar to the known 


trigonometric functions and are so to speak their generalized form. 
We shall explain, first of all, the fact that the fundamental trigono- 


te 
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metric functions, for example z = sin uw, can be obtained by trans- 
forming integrals. Consider the elementary integral 


x 


dz . 
— = arc sin 2x. 24 
Jn ( ) 


The value of the integral u is a function of the upper limit of 
integration x. Let us consider the inverse function, i.e. let us consider 
the upper limit 2 as a function of the value of the integral uw. We 
thus obtain a single-valued, regular periodic function x = sin wu. It is 
said that this function is obtained by converting the integral (24). 
Similarly, if we take an elliptic integral of the first kind 


x 


dx 
“= Tea 


then we obtain an analytic single-valued function 2 = f(u) as a result 
of its conversion. This function will no longer be an integral function. 
It will be a fractional function and will have not one but two essentially 
different periods. We shall explain this problem in greater detail 
later. At the moment we shall consider an elliptic integral of the first 
kind of the Legendre form 


z 

dz 
«= | gms et 
and assume that k is real and satisfies the inequality 0< k< 1. 
We have already met the integral (25) in connection with the 
conformal transformation of the upper half-plane z into a rect- 
angle in the w-plane [37]. We will recall the relevant results 
obtained at the time, but we shall slightly modify our notation. 
Formula (25) gives the conformal transformation of the upper half- 
plane z into a rectangle ABCD in the u-plane. Its side AB lies on 

the real axis and the coordinates of A and B are as follows 


1 
dz 
= eo 26 


and 


1 
dz 

A => eo « 27 

length AB | is =F (27) 


616 SPECIAL FUNCTIONS (167 


The length of the side BC is determined by the formula: 


1 


k 
dz 
length BC = | ————~___ __, 
re | V(z2 — 1) (1 — k? 2?) 


In this formula if we replace z by a new variable of integration 
z= 1/V1—k’*z?, where k= 1—#?’, then aftersubstitution we obtain 
a new expression for the length of the side BC which, like the length 
AB, will be expressed by a full elliptic integral of the first kind: 


I 
dr ’ 
length BC =) Ya—=)(— ka!) =K , (28) 


where the number k” is determined by the formula 
e+ k?=1. (29) 

The number & is usually known as the modulus of the integral (25), 
the number k’ as the additional modulus, and the two are connected 
by formula (29). 

We shall now analytically continue the function (25). If, for example, 
we perform the analytic continuation from the upper half-plane into 
the lower half-plane across the line (1, 1/4) on the real axis then the 
resulting function will transform the lower half-plane into another 
rectangle, obtained from the original rectangle ABCD by reflection 
in the side BC, which is obtained from the above line on the real 
axis. Similarly other analytic continuations of one half-plane into 
the other give values of wu in the form of a rectangle in the u-plane, 
obtained from the initial rectangle by reflection in that side of the 
rectangle which corresponds to the section of the real axis across 
which the analytic continuation is performed. Hence all the possible 
analytic continuations of the function (25) in the z-plane result in 
a net of similar rectangles in the u-plane which fill the entire w-plane 
without overlapping. Each of these rectangles corresponds either to 
the lower or to the upper half-plane z. This net is shown in Fig. 78 
where the clear rectangles correspond to the upper half-plane and 
the shaded rectangles to the lower half-plane. Conversely, by 
performing the analytic continuation of the function z = f(u), obtained 
as a result of the conversion (25), across a line 1, we must only pay 
attention to those sides of the rectangle which are intersected by 
this line when we obtain in the z-plane transitions from one half- 
plane into the other across the corresponding sections of the real 
axis. If, for example, we encircle one apex of our net of rectangles 
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in the u-plane we obtain the former values of z in the z-plane. We can 
thus see that the function /f(u) is a single-valued analytic function 
in the whole w-plane. 

The point « = iK’, which lies in the middle of the side CD of the 
initial rectangle corresponds to the value z= oo [37], where the 


YM 
Wa, 
,__, 
Wl. 


YL 
GY 
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one-sheeted neighbourhood of the point u = iK’ is transformed into 
the one-sheeted neighbourhood of the point z = ec, and this shows 
[23] that our function f(z) has a simple pole at the point ¢K’. There 
are analogous points in every rectangle of our net, i.e. f(z) is a fractional 
function. 

We shall show lastly that the function /(w) has a real period equal 
to 4K and a purely imaginary period equal to 12K’. Let us take our 
net of rectangles and construct from it another net of larger rectangles, 


Fic. 80 


by linking together four rectangles sharing a common apex (Fig. 79). 
This large rectangle has a side 4K in length parallel to the real axis 
and a side 2K’ in length parallel to the imaginary axis. 

The transition from u to wu -+ 4K or from u to u +7 2K’ is equi- 
valent to the geometric transition into the neighbouring rectangle, 
and the value of f(w) does not alter during this transition. For example 
(Fig. 80) the transition from wto u + 4K is equivalent to successive 
reflections in the straight lines BC and A’D’ which give two reflections 
in the real axis in the z-plane as well as former value of z. Hence the 
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function f(z) does, in fact, have a dual periodicity which is expressed 
by the following formulae: 


f(u+ 4K) =f (wu); 
f(u+ i2K’) =f (u). 


The single-valued function obtained is usually denoted as follows 
owing to its analogy with sin w: 


z= sin (wu). 


We shall meet this function again later. As a result of the con- 
version of other elliptic integrals of the first kind we shall obtain 
other fractional functions with dual periodicity. We shall now dea] 
with the general theory of such functions and of connected functions, 
and for this purpose we shall somewhat modify our earlier notation. 


168, General properties of elliptic functions. Let w, and , be two 
arbitrary complex numbers, the ratio of which is not equal to 
a real number. The function f(u) ts known as an elliptic function 
when f(u) is a fractional function 
with two periods w, and ay, 7.€. 


f(u+o,) =f (wu); 
f(u + w,) = f(u) (30) 


are identical for any u.In other words 
the addition of w, or », to the argu- 
ment does not alter the value of the 
function. From formula (30) follows 
the more general formula 


f(u + m,@, + My Ws) = f(u), (31) 


where m, and m, are any integers, 
positive or negative. 

Let us now explain the geometric 
aspect of dual periodicity. Draw 
from a point A in the u-plane two vectors AB and AD to correspond 
to the complex numbers w, and ,. It is given that the relationship 
@, : ®, is not real and therefore these vectors lie on different straight 
lines and therefore we can construct the parallelogram ABCD; by ma- 
king the parallel transition of this parallelogram onto the vectors a, 
and w, we can cover the whole plane with a net of similar parallelograms 
(Fig. 81). The transition from any parallelogram to the neighbouring 


Fic. 81 
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parallelogram is equivalent to the transition from u to u + @, or 
u + w, and, as a result of dual periodicity, the values of f(u) will be 
equal at corresponding points of the constructed parallelograms. 
Each parallelogram is known as a parallelogram of periods of the 
function f(u). Notice that the choice of the fundamental apex dA can 
be quite arbitrary. If, for example, we take the origin 0 as the funda- 
mental apex then the apexes of our net of parallelograms will have 


-WytW, 


—(4),+ Wa) 


Fig. 82 


complex coordinates m, w, + mz, @,, i.e. these apexes give the set of 
periods of the function f(u) as shown by formula (31) (Fig. 82). If we 
take any point M in the u-plane and draw straight lines through it 
parallel to the vectors w, and w,, then the radius vector from 0 to M 
gives the geometric sum of two vectors, one of which is parallel to 
w, and the other to w,; hence any complex number can be represented 
in a unique way in the following form 


u=kw, + lo, 


where & and / are real numbers. These numbers are the curvilinear 
coordinates of the point u if we adopt the vectors corresponding to 
the complex numbers w, and @, as the axes of coordinates. Above we 
used the phrase the corresponding points of two parallelograms of the net. 
These are points, the difference of the complex coordinates of which is 
equal to a period, i.e. they are expressed by the numbers m, @, + mz @y. 
where m, and m, are integers. In this sense any point in the u-plane 
corresponds to a point of the fundamental parallelogram of the net. 
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If we take, for example, the net shown in Fig. 82 in which the origin 
is the fundamental apex, we can give the coordinates of any point » 
in the form 
u = (k, @, + hk, @,) +m, @, + M2, 

where k, and k, are real numbers satisfying the conditions 0 < k, <<} 
and 0< k,< 1, and m, and m, are integers. Notice that we ascribe 
to each parallelogram one apex, and two sides which originate at thig 
apex. The remaining sides and apexes are obtained by the addition 
of a period as mentioned above. 

We shall now explain the fundamental properties of elliptic functions. 
Differentiating the identity (31) n times we obtain: 

eo (u+ mM, @, + M,@,) = f™ (u), 

i.e. the derivatives of an elliptic function are also elliptic functions 
with the same periods. Let us suppose that f(w) has no poles, ice. it 
is essentially not a fractional but an integral function. Its parallelogram 
of periods is a bounded domain of the plane and in this parallelogram, 
including its contour, it is regular and therefore also continuous and 
bounded, i.e. a positive number MN exists such that in the fundamental 
parallelogram of periods the inequality | /f(u)|< N is satisfied. 
In other parallelograms of the net the values of f(u) are repeated, 
and therefore the above inequality is satisfied in the whole plane, 
i.e. f(u) is an integral function bounded in the whole plane. According 
to the theorem of Liouville we can say that such a function must 
be constant, i.e. we have the following theorem. 

TaeorEM I. If f(u) is an integral function of dual periodicity then 
f(u) ts constant. 

This theorem is very important owing to its two lemmas which we 
shall now establish. Let /,(w) and f,(u) be two elliptic functions with 
equal periods w, and w,. Assume that they have equal poles in the 
parallelogram of periods, with equal infinite parts. The difference 
f.(u) — f,(u) will then be a function of dual periodicity without poles, 
i.e. this difference will be an integral function of dual periodicity and 
it follows from the theorem that this difference must be constant. 
We therefore have: 

Lemna 1. If two elliptic functions f,(u) and f,(u) with equal periods 
have the same poles in the parallelogram of periods and their infinite 
parts are also equal, then these functions differ only by a constant term. 

Let us now suppose that f,(z) and f,(w) have the same poles and 
zeros of the same order in the parallelogram of periods. In this case 
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the relationship /,(z) : /,(w) will have neither poles nor zeros in the 
parallelogram of periods and it should therefore be constant, i.e. we 
have: 

Lema 2. If two elliptic functions f,(u) and f,(u) with equal periods 
have equal poles and zeros of the same order in the parallelogram of 
periods then these functions differ only by a constant term. 

Place the parallelograms of periods of the function /(u) in such a 
way that the poles of this function do not lie on the sides and con- 
sider the integral of this function over the contour of the parallel- 
ogram 

{ f(ujdu= f f(ujdut J f(ujdu+ Jf f(ujdut f f(u)du. (32) 
ABCD AB BC cD DA 

Let us consider the integral along the side CD and replace u by the 
new variable of integration uv = v + «,. In this case the side CD be- 
comes the side BA in the v-plane and, as a result of the periodicity 
of the function, we have 


f f(udu= f f(v+o,)dv= f f(v)do=— { f(v)de, 
CD BA BA AB 


i.e. on the right-hand side of formula (32) the sum of the first and 
third term is zero. The same can be said of the sum of the second and 
fourth terms and we therefore have: 
{ f(u)du =o, (33) 
ABCD 
ie. if the poles of the elliptic function f(u) do not lie on the contour 
of the parallelogram, then the integral of this function round the 
contour of the parallelogram is zero. 
Consider the complex number a which is such that the equation 
/(u) —a= 0 has no zeros on the contour of the parallelogram. Apply- 
ing the above result to the elliptic function 


I’ (u) 


P (u)= Fue’ 
we obtain 
I’ (u) = 
f 7G oe du=0. 


ABCD 


The above integral expresses, as we know, the difference between 
the number of zeros and poles of the function f(u) — a [22] and we 
can therefore say that the number of zeros of the equation f(u) =a 
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is equal to the number of poles of /(u) —a@, or, which comes to the 
same thing, to the number of poles of f(z), i.e. the function f(x) takes 
the value of a and infinity an equal number of times inside the 
parallelogram. 

This was proved for an arbitrary a on the assumption that the 
equation /(u) =a had no zeros on the contour of the parallelogram. 
If this is not so then we can slightly displace our parallelogram go 
that the zeros of the above equation do fall inside the parallelogram 
and the poles remain inside as before. The above result will be valid 
for the displaced parallelogram. It can easily be seen that it will also 
be valid for the initial parallelogram, provided that when counting 
the number of zeros of the equation we ascribe one apex and two 
sides, originating at this apex, to the parallelogram. Notice, that when 
the equation /(u) =a has the zero wu = uw, and the following expansion 
applies in this neighbourhood 


f (u) = a + cy (u — Uy)* + Cyy, (U — U)ATI +... (c, # 0), 


then this zero must be regarded as a zero of order k of the function 
f(u) —a or of the above equation. In all such cases we obtain, from 
the above considerations, the following theorem. 

THEOREM II. The elliptic function takes any value (finite or infinite) 
an equal number of times in the parallelogram of periods. 

If f(w) takes any value m times in the parallelogram of periods, 
then it is known as an elliptic function of order m. Such a function 
cransforms the parallelogram of periods into an m-sheeted Riemann 
surface. The conformity of the transformation may be affected only 
at points where /’(z) vanishes or where /(u) has multiple poles. These 
values of w correspond to branch-points on the above Riemann 
surface. 

We shall now show that the positive integer m cannot be unity. 
In fact, it follows directly from formula (33) that the sum of the residues 
of an elliptic function at its poles inside the parallelogram of periods 
should be zero. If we had m = | then the function /(w) would have one 
simple pole inside the parallelogram of periods which contradicts the 
above result. We thus see that an elliptic function of the first order 
does not exist. Later we shall, in fact, construct elliptic functions of 
the ‘second order. It can be shown that elliptic functions of the second 
order are obtained by converting elliptic integrals of the first kind. 
There are, of course, elliptic functions of higher orders. 
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169. Fundamental Iemma. Consider the elementary function sin w. 
This is an integral function with simple zeros at the points u = kz 
(k = 0, +1, ...) on the real axis, which are at a distance 2 from 
each other. Two other fundamental functions 


1 


(sinuw)’ — cos % 
= sin? u ° 


: ——- and — (cotu)’ = 
Sin &@ sinu 


cotu = (34) 
have simple and double poles at these points. The function sin u 
can be represented by an infinite product and we had previously an 
expansion into partial fractions for the functions (34). In the next 
section we shall by an analogous process construct an integral func- 


tion with simple zeros at the points 
M,o, + ™M,,, (35) 


where w, and w, are complex numbers, the ratio between which is not 
equal to a real number, and m, and m, are any integers. The points (35) 
are the apexes of the net of parallelograms shown in Fig. 82. To 
construct this integral function we shall use the Weierstrass formula 
which gives an integral function in the form of an infinite product. To 
be able to apply this formula we have to find a number p which is 
such that the series 


~~ 1 . 
ih, My [mo + mye, |P (36) 


converges. The apostrophe near the symbol of summation shows 
that summation includes all integral values of m, and m, except 
m, =m, = 0. Similar conditions will apply in future in all cases 
where there is an apostrophe near the symbol of a sum or product. 
We must rewrite the sum (36) in the form 


1 
a (37) 


m,m, My Me 


where 6m m, is the distance from the origin to that apex of the net 
in Fig. 82 which corresponds to the complex coordinate m, w, + m, @. 
Let 26 be the shortest distance between any apex of the net, other 
than the origin, to the origin. This number 26 will obviously also be the 
shortest distance between two apexes of the net. Imagine that two 
circles are drawn in the plane in Fig. 82, centres the origin and radii n 
and (7 + 1) respectively, where n is an integer which satisfies the condi- 
tion n > 6. Let K, be the annulus between these two circles. Let us 
find the approximate number of apexes of the net in the annulus K,. 
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Let this number be #,. Draw circles of radius 6 with centres at the 
apexes of the net which lie inside the annulus K,. It follows from the 
definition of 6 that these circles will not overlap and their common 
surface area 267¢t, will be less than the surface area of the annulus 
with inside radius (n — 6) and outside radius (n + 1+ 9), ie. 


a(n + 1+ 6)?—2(n — 6)? > 20°F, 
or, after elementary calculations, 


46 +2 26 +1 
t, << An+ A, (4, = *; A, =~). 


For any apex inside the annulus K, the distance 6mm, will not 
be less than n and therefore the sum of the terms of the series (37), 
which corresponds to the apexes in the annulus X,, will, in any case, 
be less than 

Ant, Ay Ay 
mP mP—1 nP 

This result will be valid for terms of the sum (37) for which 6 m,, mg 
is sufficiently large with respect to 6,, for example 6, m > 6+ 1. 
In this case the corresponding points are bound to lie inside the 
annulus K, when n > 6. Rejecting a finite number of terms of the 
series (37) and replacing the remaining terms by greater terms, we 
obtain a domineering series 


a(s5 +4). 


As we know from [I, 122], this series converges when p > 2 and, 
in particular, when p = 3 and we can therefore draw the conclusion: 

FUNDAMENTAL LEMMA. The series (36) converges when p > 2 and, 
in particular, when p = 3. 


170. The Weierstrass function. To simplify the notation Ict us put 
w= mMm,0, + m,o,. (38) 


Bearing in mind the fundamental lemma we can construct directly 
an integral function with simple zcros at the points (38). This function 
will be given by the following formula [69): 


o(u) =u Jy’ (1— =) or tHe), (39) 


m, mM, 
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where the infinite product includes all pairs of integral values of m, 
and m,, both positive and negative, except m, = m, = 0. 

As we know from [68] we can evaluate the logarithmic derivative 
of this product in the same way as of a finite product; the logarithmic 
derivative of an individual factor of this product will be 


1 u 1 1 
a 


o” (2) } 5 I l u 
ou) = + S (+ +S), (40) 
which has simple poles at the points (38). This function is obtained 
from o(u) in the same way as cot u is obtained from sin uw. Bearing 
in mind the convergence of the series 


» 1 


my, | 5d I? 


it can readily be shown that the series (40) converges uniformly in 
any finite domain ifa finite number of terms with poles in this domain 
are rejected. Differentiating the function (40) and changing the sign 
we obtain a new function 


pu=—C m= 5+ D | a-al- (41) 


mM, MM, 


This new function is obtained from ¢(u)in the same way as (1/sin? wz) 
is obtained from cot wu. It has double poles at the points w. The series 
(41) also converges uniformly in domains of the kind mentioned 
above [12]. 

We shall now explain some fundamental properties of the introduced 
functions. Let us write the expression for o{(—vw): 


i ae (=) 
o(—uy=—u J’ (1 +=]e pai cde 
™, My, bd 

Owing to the fact that the product includes all pairs of integers 
m, and m,, except m, = m, = 0, we can interchange the signs of 

m, and m,, i.e. change the sign of w, whence we obtain 
u 1 ju\2 
ws =) = <=> o{u), 


o(—ujy=—u Jf (1 —-Z)e 


mMm,, My, 
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i.e. o(w) is an odd function. It can be shown similarly that f(x) ig 
also an odd function and that )(u) ts an even function. This can, in fact, 
be obtained directly from the formulae 


c(yy =2 M4; gw = — 6" (w), (42) 


since the differentiation of an odd function gives an even function 
and vice versa. It also follows directly from the formulae which 
define the introduced functions that 


o(u)| yg, 
u u=0 | ? 


ug (u) zea up (u) age ae (43) 

The functions o(z) and ¢€(u) cannot have periods w, and , since 
the first is an integral function and the second has one simple pole 
in the parallelogram. We shall show that the function ((u) has 
periods w, and w,. To do so construct, to begin with, 


Pps 2 yan 
PSS aa 2 ew 
mMy;,™M, 
or 
Y(uy=-2 > ee GaN ee ae 
et (u— w)> a (U — Mw, — Mw,)?' 

mM, MM mm, M, 
where summation includes all integer values for m, and m, without 
exception. Hence 


7 ; } = 
PEE Or) 2 aoa ma = Mo) — 


int 2 ean ree 
lf m, runs through all integral values then the same can be said 
of (m, — 1). We thus have 
9’ (u + o,) = 9" (x), 
and it can be shown similarly that ?’(u + w,) = ’(u). Hence 
9 (u + wx) = 9 (w) (k= 1, 2). (44) 


Let us now investigate the variation of the function §(u) when 
«, and w, are added to the argument. Integrating (44) we have 


9 (u + wx) = P(u) + C,, 
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where C, is a constant. Let us suppose in this identity that 
u = —w,/2, where w,/2 is not a pole of (x): 


r(B)=9(-9) 40. 


Owing to the fact that the function (wu) is even we have 
9(—w,/2) = 9(w,/2) and therefore C, = 0, i.e. 


9 (uw + on) = P (u) (k= 1, 2). (45) 


Let us now investigate the variation of the function ¢(u) when 
w, is added to the argument. We have from (45) and (42) 


OY (u + @) = 0" (wu). 
Integrating this we obtain 


C (w+ wx) = C (U) + % (k&=1, 2), (46) 


where 7, is a constant, i.e. the function C(u) acquires a constant term 
1”, when the number w, is added to the argument. A more general formula 
also follows from formula (46): 


C(u+ ma, + mw.) = ¢ (uw) + my, + MyN,, (47) 


where m, and m, are arbitrary integers. 

The number 7, can be defined as a particular value of the function 
(uz), viz. assuming in formula (46) that u = —w,/2 and remembering 
that the function £(u) is odd, we obtain 


Ne = 20 (S$) (k= 1, 2). (48) 


Let us now turn to the function o(u). As a result of (46) and (42) 
we can write 
a’ (u+ ox) _ 9’ (u) 


o(u+o,) o(u) + Mk: 


Integrating this we obtain 


log o (uw + w,) = log a (u) + 4, u + D, 
or 
a (w+ w,) = Cye™ o(u), 
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where C, =e” is a constant. To determine this constant we suppose 
in the above identity that u = —a,/2: 


Remembering that the function o(u) is odd and simplifying by 
the factor o(w;/2) which is not zero we obtain 


NOE 
2 
C;, = —e ’ 


and finally 
(ata so: ah Sy. (49) 


Conclusion: the function o(u) is multiplied by an exponential factor 
when w, is added to the argument. Instead of formula (49) a more general 
formula can be obtained, which is similar to formula (47), viz.: 


n (u+ +) 


W= MW, + MW, 1 = MN, a Moo 


o(u+w)=ee o(u), (50) 


where 


and ¢ = +1 or e = —1, depending on whether both integers m, and 
m, are even or not. In the last case the relationship (50) follows directly 
from (47) in the same way as (40) follows from (46). We shall only use 
this case in future when m, = m, = 1. 

In conclusion of this section, we shall introduce a relationship 
connecting the constants w, and 7. To begin with we shall introduce 
a rule for the notation of the periods w, and m,. Consider the 
fundamental parallelogram ABCD (Fig. 81). One of its sides AD 
makes a positive angle smaller than x with its other side AB. We shall 
always assume that m, corresponds to that side AB, from which 
the angle is measured and w, to that side AD of the parallelogram 
to which the positive angle, smaller than z is measured; the amplitude 
of the fraction w,/w, will then be equal to an angle between 0 and 
z, ie. the imaginary part of this fraction must be positive. The 
imaginary part of the reciprocal fraction @,/w, will evidently be 
negative. Hence we shall always denote the numbers w, in such a way 
that the relationship w,/w, has a positive imaginary part. Let us now 
construct a parallelogram with the principal apex at A(u = w,) so that 
the pole (x) lies inside it. This single pole has, from (40), a residue of 
unity and, as a result of the fundamental theorem of residues, the 
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integral of the function ¢(u) round the contour of the parallelogram 
will be equal to 2z%, i.e. 


Ut a, Uy +O, + Os Ue + ug 
f f(u)dut+ § C(ujdu+ § C(u)du+ 
Us Up + o1 Uy + w+ oy 
+ f° (u) du = 2x. 
Ug + 


Replacing the variable uw in the second of the above integrals by 
u = v, + o, and the variable w in the third integral by the new vari- 
able wu = v, + w,, we obtain 


Ug + WM, Uy + We Uo 
J £(u)du+ 5 C(v, + o,)do,+ ff S(v,+ w,)de, + 
+ c € (u) du = 271, 
U, + 


where we integrate along straight lines or by changing the sign of 
the variable of integration 
Uy + 22 


i [é (u+ w,) — ¢(u)] du ele (u + w,) — ¢ (u)] du = 2m. 


Uy 
This, from (46), gives the required relationship between w, and 7,: 
02 — N20, = 271. (51) 


This relationship is usually known as the Legendre relationship. 

The functions o(u), (wu) and ((u) were first introduced by Weier- 
strass. It is evident from their definition that any two complex 
numbers w, and w, can be used for their construction, the only 
necessary condition being that their ratio is not be real; these Weier- 
strass functions are not only functions of the argument u but also of 
_the complex parameters w, and , which we just mentioned. For this 
reason they are sometimes denoted as follows: 


O(U; Wy, Wy); CU; 1, @,); P(u; «1, wy). (52) 


171. The differential equation for (wu). Having established the 
fundamental properties of the Weierstrass functions we shall now 
study in greater detail the function (wu) and, in particular, deduce 
a differential equation of the first order for this function. First of 
all we shall derive the expansion of the function (wu) near the point 
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u = 0 which is a pole of the second order of this function. To do go 
let us turn to the fundamental formula (41). We have near u = 0: 


1 
w—uU 


1 u a? 
ae ae --> Toast: 


and differentiating with respect to u we obtain 


1 1 
wow oF 


1 nt 
+ pee. 


This, from (41), gives the following expansion for (z) near the 
origin 
1 7 o 1 
= — 1) u" ; 
p(w) =a + Set ut Sh, 
When 7 is odd, the summation in terms of m, and m, contains terms 
which are equal in value and opposite in sign in pairs so that we 
have 


9 (u) = Se piegut + cgut +... fegu2™—2 feo, (53) 
where 
ay) l 
(n= (221) 2" om (29) 2x2) (54) 


Let us now establish the form of the expansion for (uw) and 
95(u). We evidently have 


9 (u) = — + 2egu + degu? + pei 


1 3c 
9? (wu) = = ait 3cg+..-, 
where in the last two expressions terms in positive powers of u 
are omitted. Hence 


92 (x) — 493 (x) + 20.9 (u) = — 28eg + ..., (55) 


where terms in positive powers of wu are again omitted. Therefore 
the point w= 0 will no longer be a pole of the expression on the 
left-hand side. This expression will be an elliptic function without 
poles in the parallelogram of periods since the only poles of the 
function (u) are at the point u = 0 and at the corresponding apexes 
of other parallelograms. For this reason the expression (55) (an elliptic 
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function without poles) will be constant. But the right-hand side 
becomes — 28cg, i.e. 


0’? (uw) = 499 (u) — 20cef (uw) — 28cy. 


Let us introduce the notation: 


Jo = 20¢, = 60 5’ —; g= 285 = 140 DS’ =. (56) 
Tih, Mg My, My 
The above calculations give rise to the following theorem. 
THEOREM. The function {)(u) satisfies the differential equation 


p'? (uw) = 49° (uw) — go (u) — gs. (57) 

The numbers g, and g, are known as invariants of the function ((u). 

The function {(w) has only one double pole in the parallelogram 
of periods with its main apex at the point w= 0. The remaining 
apexes should no longer be ascribed to this parallelogram and there- 
fore (wu) is an elliptic function of the second order; any equation 
(wv) = a for any given value of the complex number a will have two 
zeros in the parallelogram of periods. 

When ((z,) = a and 9’(w,) = 0 then the zero u = uy must, in any 
case, be a double zero. It can not, however, be of an order greater 
than a double zero since ((w) is a function of the second order and 
therefore it is equal to a only at one point wu = uw, in the parallelogram. 
If (’(u,) #0 then the equation 9(u) =a will have two different simple 
zeros in the parallelogram. Let us now see where those values of u 
for which ~’(u) = 0 lie. Assuming in the identities 


P' (uo) =P" (u) or (w+ @, + @,) = PF" (u) 


that w= — o,/2 or u= — (a, + @,)2 we obtain, owing to the fact 
that 9’(w) is odd 
9’ ($4) =0 (k=1,2) and 9’ (5s) zy, (58) 


i.e. 9’(u) vanishes in the middle of the sides and in the centre of the 
diagonal of the parallelogram with the main apex at u = 0. Consider 
the values of the function 9(u) at these points 


(B)=e1 OEE —e oan oo 


Each equation {(w) = e, has a double zero at the corresponding 
point. Bearing in mind that ((u) is a function of the second order we 
can say that the numbers e, are different. 
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Let us now turn to formula (57). The right-hand side of this formula 
is a polynomial of the third degree in (wu). Assuming that either 
u= @,/2 or u=(@,+@)/2 we can see that this polynomial vanishes 
when {?(w) = e; since for the given substitution the left-hand side of the 
equation (57) vanishes and (uw) becomes e,. Factorizing the polyno- 
mial we can rewrite formula (57) as follows: 


9”? (u) = 4 (9 (w) — e,) (P(u)—en) (9 (x) — 6). (60) 


Comparing the right-hand sides of the formulae (57) and (60) we 
obtain formulae connecting the numbers e, and the invariants g, 
and g,: 


1 1 
€y + ly + lg = 0, 1, + Cnlg + C30) = ——G-Gos 0023 = Ys. (61) 


If we put z = {)(w) then the equation (57) can be rewritten in the 
form 
dz \2 
(=) = 42° — gor — gs. 
Bearing in mind that when u=0 we have x= ©, we separate the 
variables and integrate to obtain 


x 


dx 
4 = | —_—__-——_— 
epee (62) 


i.e. the function ()(u) ts obtained as a result of the conversion of an elliptic 
integral of the first kind (62). It can be shown conversely that by choos- 
ing the constants g, and g, in such a way that the polynomial under 
the radical has no square zero, the conversion of the integral (62) leads 
to the Weierstrass function ((u). 

It can be shown further that any elliptic function with periods a, 
and w, is a rational function of ((u) and 9’(z) so that the set of rational 
functions of (’(w) and (uw) represents the full set of elliptic functions 
with periods w, and ay. 


172. The functions o,(u). It follows directly from formula (60) that 
the product on the right-hand side is the square of a single-valued 
analytic function ~’(u). It appears that the same can be said about 
each of the factors (wz) — e,. The same thing also applies to trigono- 
metric functions 


(cos w)’? = sin? wu = (1 — cos 4) (1 + cos 4), 
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for each factor on the right-hand side is the square of a, single-valued 
analytic function 
uu 


1—cosu=2sin? > and 1 + cos % = 2 cos? > 


2 


To prove our hypothesis for the difference (uw) — e, we shall deduce 
an auxiliary formula. Consider the difference 


9 (x) — § (v) (63) 
as being a function of the argument w. In the parallelogram with the 
main apex at wu = 0 it has a double pole wu = 0. Owing to the fact 
that the function %(u) is even, the zeros of the function (63) lie at the two 
points of the parallelogram which correspond to the complex numbers 
u = +2, i.e. strictly speaking, the zeros lie at points of the parallelo- 
gram which differ by a period from +v. If such a point of the parellelo- 
gram proves to be a period then the above two points coincide and 
form a double point in the way explained above. Together with the 
function (63) let us also consider the function 

__a(u—v)a(u+r) 
[Og (64) 
Let us prove, first of all, that this latter function also has the periods 
w, and w,. We have from (49) 
g(u—v+ox)o(ut+o+ ox) _ 
a* (u + wy) - 


f(u+ o,) = 


omen ony oMl"*"* Foto) _atu—v)o (ute) _ j(u) 


et (u + 3) a? (u) a? (u) 


Therefore the function (64) does, in fact, have periods w, and @,. 
It follows directly from formula (64) that it has a double zero at u=0 in 
the fundamental parallelogram and two zeros at points of the parallelo- 
gram which differ by a period from +v. All this follows from the 
position of the zeros of the function’o(z), viz. it is due to the fact that 
these zeros are simple zeros equal to w = m,@, + m,,. Therefore 
the functions (63) and (64) both with periods w, and , have the 
same poles and the same zeros of the same order in the fundamental 
parallelogram. We can therefore say that these functions differ only by 
a constant term [168]: 

9 (uw) — 9 (v) = CCM MET) | 


a? (u) 
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To determine the constant C we multiply both sides by u? and sub- 
sequently put u = 0 


wu? (u) — u? p (u) 


ee Co (u — v)o(u + v) 


o(u) ]2 
u=0 | U | u=0 
We have from (43) 
1 = Co(— v) a (v) = — Co? (v), 
and we finally obtain the required formula 
— ») +2) 
9 (u) — 9 (v) = — (65) 


To investigate the difference (uz) — e, we only have to assume in 
formula (65) that 


Or. yp Mates 
2 


v= 


Thus, for example, 


1) _ By 8 
9 (u) — 4 = 9 (u)—9(S) =— (2 , (66) 
or, bearing in mind that we have from (49) 


o(u+$)= o(u— s+ w,) = — ot ("—F+ F)o(u — 2), 


2 
i.e. 
o(u +) = — ema (u — +} ; (67) 
instead of (66) we can write 
r @ 
ie 
G, ($+) o? (u) 
or 
2 ea 
oC ere lid se, 
Q (s) @ (uz) 


Two other differences can be analysed similarly. We therefore obtain 
the following representations for 9(u) — e, as the square of the quotient 
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of two integral functions: 


0) (x) — ey = [% ae (68) 


o, (u) = e? aa)" 
Pc ee oe 
o,(u)=e2 ' * ae eye (u) =e? * =a 
("3") o(3) 


Let us now establish certain properties of the function o(u). These 
functions are obviously, integral functions and, putting u = 0, we 
have 

o,(0) =1 (k= 1, 2, 3). (70) 


Rewriting the relationship (67) in the form 


we obtain 


and the same applies to the two other functions o;(u), i.e. the functions 
o(u) are even integral functions. 

Substituting the expressions (68) in the right-hand side of formula 
(60) and extracting the zero we have 

' _ O, (U) Gy (tu) Oy (u) 
0’ (wu) = + 2 aaet 777 ae P 

To determine the sign we multiply both sides by uw? and sub- 

sequently put « = 0. Bearing in mind the expansion 


9! (u) = — + 2oqu + dogu? + Sari 


and also the formulae (70) and (43) we can see that we must take 
the — sign in the above formula, i.e. 


9’ (w) ae 9% (u) Oe (u) 9, (&) J (71) 


a (u) 
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173. The expansion of a periodic integral function. The integral 
function o(u) has no periods at all. We shall show later that by mul- 
tiplying it by an exponential factor we can obtain a periodic integral 
function. At present we shall consider a periodic integral function 
and deduce an expansion for such a function in the form of a power 
series or a Fourier series [cf. 119]. 

Let us suppose that the integral function ¢(u) has a period a, i.e. 
for any complex u 

g (ut wo) = pu). (72) 


We draw a vector w through the origin and two lines perpendi- 
cular to it through its ends (Fig. 83). The latter lines form the 
period band of the function 9(u). The line CD is obtained from the line 
AB by the transformation wu’ = u+ o. 
Let us apply the transformation 
t=u-: 2ni/wtothe u-plane. In the plane 
t=t1,+ it, our band will be transfor- 
med into a band bounded by the lines 
T = 0 and t, = 22. If we subsequently 
perform the transformation 

2niu 
C =e = eo ; 


then in the new ¢-plane our band will 
be represented by the whole plane cut 
along the positive part of the real axis ¢ 
with the exception of the point ¢ = 0 
[19]. The edges of the cut correspond to the two lines which boun- 
ded the original band in the u-plane and the corresponding points 
on the two edges refer to values of u connected by the relationship 
wu’ =u-+a. As a result of (72) our function has equal values on 
both edges of the cut and therefore the values of the derivatives of 
all orders will also be equal, i.e. our function will be single-valued and 
regular not only in the cut ¢-plane but in the whole ¢-plane except at 
the point ¢ = 0. We can therefore say that it can be expanded in 
this plane into a Laurent’s series 


Fig. 83 


+2 + arin 
yp (u) = > a," = A a,e @ x (73) 


i=—o 1=—o 


We thus derive the following theorem. 
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THEOREM. Any integral function g(u) with a period w can be repre- 
sented in the whole u-plane by the following series 


p(u) = > One 2”. (74) 


The above series must converge uniformly in any bounded part 
of the plane. If we use Euler’s formula and group together terms with 
corresponding values of 7, equal in magnitude but opposite in sign, 
we obtain an expression for the function g(u) in the form of the trigo- 
nometric series 


gy (u) =a) + + S(m cos an 6, sin mn, (75) 


where 


a,=a,+a_,; 6, =t(¢,—a_,) (n=1, 2, 3, ...). (76) 


174, The new notation. When the theory of elliptic functions is 
studied in detail it contains an extensive formal apparatus which is 
used in the applications of these functions. Unfortunately not all 
authors keep to the same notation. We are giving here the mere basis 
of the theory and therefore we shall not give numerous and frequently 
evry useful formulae which appear in the theory of elliptic functions. 
However below we shall deal with a more complicated formal appa- 
ratus than we have used until now. We shall therefore give the nota- 
tion due to Jacobi which is systematically explained in the book by 
Hurwitz The General Theory of Functions and of Elliptic Functions. 
We shall follow the treatment described in this book in the next 
few sections. 

In future we shall frequently deal with halves of the numbers a, 
and w, and therefore, to abolish the use of fractions, we introduce the 
following symbols for w, and a,: 


0, = 20; w, = 20’. (77) 
In relation to this we also put 

7, = 2; 1, = 2n’. (78) 
In future the fundamental element in the construction of the 


functions will not be the numbers w, and w, themselves, as for ex- 
ample in the case of the function 9(u), but their relationship 


= SS (79) 
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or another number directly dependent on this relationship: 
hA= ett | ( 80) 


We also replace the argument wu by two other arguments 
a 
v= —: z=cl® —e% . (81) 


The above notation affects the symmetry of the numbers w and w’, 
i.e. these numbers play different parts when the above notation is 
used. We always assume, as before, that in the relationship w’/w the 
coefficient of 7 is positive, i.e. if it is assumed that w’/w = r + is, 
then s > 0, and therefore 


jrA| =e" <1. (82) 
For these values of w, and w, we had Legendre’s relationship (51) 
which, by using the above notation, can be rewritten in the form: 
, ’ | Rene 
no’ — 9'o = =- 1. (83) 
Notice certain consequences due to the use of the above notation. 
We have from (81): 


; 1 
“i? . ots; ee elt ("+ 3) mie, eft(+1) — — 2, 
@ 


and similarly 


uta’ 4 5 u+ 2a’ . in eee =. i i in(v+t) _ 
on =U has So UT; ol ( thee e = hz, 


i.e. for example, the addition of w to uw is equivalent to the addition 
of 1/2 to v or to the multiplication of z by 7; the addition of w’ to w is 
equivalent to the addition of 1/2 to v or to the multiplication of z 


by h)/?, Notice in conclusion that we shall always denote the powers 
of h® and 2 by e'"” and e', 


175. The function 3,(v). Using the new notation we can express 
the fundamental property of the function o(u) as follows: 
a(u+ 20) = — e447 q(u); o(u+ 2w’) = —eV"UtGg(u). (84) 
Add to the function o(w) the exponential factor 
p(w) = e*Fug (x) (85) 
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and select the numbers a and b so that the new function g(u) has 
a period 2w. We have from (84) 


p (uw ze 2) Se aa a i Garo (7) = 


2 2 
ae eideutdaw +2bw+2n(u+o),au tou g (a), 


or 
yp (u+ 2w) — — e22awt+n)(utw)+2bw (86) 
y (u) 
and similarly 
P(u+ 20’) geQQawty)(u+o)+ 260" (87) 
p (u) 


In formula (86) the index on the right-hand side is a poly- 
nomial of the first degree in wu. In order that the right-hand side 
should be unity for any value of wu it is necessary to equate to zero 
the coefficient of u in the index while the constant term in the index 
should be equated to kai, where k is an odd integer. In relation to this 


we assume that 
jee 7) __ mi 
= 20’ ~~ Qa * 


Substituting in the right-hand side of formula (87) we have from (83): 


Cd A le 
Pp (wz) . 
We thus see that the function 
PL ae 
g(u)=e 2% %* g(u)=e ™* z0(u) (88) 


satisfies the following equations 
p(u+2w0)=p(u), pl(ut 20’) = —z7*p(u). (89) 


Since (wz) is an integral function with a period 2m, we can expand 
it in the form [173] 


<8 
| 
V, 
a] 
O 
= 
I 
‘4 
= 
N, 
3 


n=—o a=-—@ 


Also the addition of 2m’ to u is equivalent to the multiplication 
of z by A, ie. 
+ @ 
p(u+2w’)= S a,h?re, 


f=—-o 
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and the second of the formulae (89) gives 
+ @ + 
>> apra a os > C2, 
i=-—o i=-—-@ 
or, replacing in the latter sum the variable of summation n by n + 1, 


+ += 
» 2ny2n __ on 
DS ah — SS Ag 2". 


nan=—o n=—o 


Comparing the coefficients of like powers of z we obtain 


1\2 / 1\2 
Ant. = — ha, mo art) - ("-3) ap» 


which can also be written as follows: 
1\2 1\2 
(— yttag ("+ 3) ip yen” ("—2) Qn: 
We thus see that the expression 
(0-4) 
(— 1)"h z a, 
must have the same value for all integral values of n. Suppose that 


1\2 
(— 1)" ("—3) a, = Ci, 
where C is a constant. This gives us the following expression for the 
coefficients in the expansion of the function 9(w): 


(4 
@,=(—1)"9 z) Ci, 
and therefore: 
+ 0 faye 
p(u)=Ce SS (—1yHl"—2) 2. (90) 
ia-—o 
Formula (88) gives, at the same time, the following expression for 


the Weierstrass function o(z): 
nut 


a (u) =e 219 (x). (1) 
Here we must introduce a new function 
+ @ 1\2 
0, (v) =1 = (— 1)"h (a -3) gen (92) 
a=—-o 


which is connected with the function o(u) by the following relationship: 


jut 


o(u) =e CF, (v). (93) 
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Let us now determine the constant C. Bearing in mind that u = 2av 
which, from (93), gives #,(0) = 0, and that the relationship #,(v)/v, 
when v = 0, is equal to 8{(0), we obtain, on dividing both sides of 
formula (93) by w and then putting u = 0, 


and finally 
a(u) =e 22 oo 8, (v). (94) 


Let us now transform the power series (92) for the function #,(v) 
into a trigonometric series. To do so we must group together terms 
of the above expansion referring to powers of z which are equal in 
value but opposite in sign. Denoting by »v the odd positive number 
p= 2n—1 (n= 1,2,3,...), whence n= —y- 1/2 we can write: 

1,3, 5,... vt of 13 Bia:3 —»+1 9 

B, (v) | > (-lrare+ SS (- ye wee, 
where each sum is over the odd positive numbers i.e. y = 1, 3, 5,... 
Bearing in mind that 

y+1 —v+1 —v+l1 y—1 


(—yF =(-1y(-l) F = (-) 7 = (- 


and 
2” — 27” = el’? _. g—a0 — 27 gin v7, 


we can rewrite the above formula as follows: 


vy—1 


A(v=i SY (-1Ie he (2? — 2’), 


or 
1,3,5,. y—1 


8, (v) = 2 > ea hare WT sin vv = 


1 9 25 
=2[h* sin 2v— h* sin 3 2v+h4 sin Sav —...]. (95) 


The function @,(v), which is usually known as the first theta function 
is an odd integral function of v. To construct this function we only use 
one complex number t which, according to the given conditions, 
lies in the upper half-plane, i.e. its imaginary part must be positive, 
where A = e'”". Therefore the theta-function is sometimes denoted 
by 8,(v; 7), 
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176. The function 3,(v). Above together with the function o(u), 
we introduced the three integral functions o,(z). This, naturally, 
indicates that we should also introduce three theta-functions together 
with the function #6,(v). 

Using our new notation we have 


ty F(W’ — U) 
Me a 
or from (93) 
O vu + Ley ’ 
= 2o a —u 
S43 (w) o (w’) e a, (“e } : 


Removing the brackets of the power index and replacing u/2w 
by v and w/w by t we obtain: 


une (no — new’) = 
6, (u) = Cye™ 9, (=). 


where C, is a new constant. Finally, using the relationship (83) we 
obtain an expression for the function o,(u) in terms of the new theta- 


function: 
nut 


0 (u) = Cae * 218, (+ — v) : (96) 


Similarly we obtain for o,(u): 


Oo (u) = eee , 


where, for the sake of briefness, we have put 
R=7+7; @=w+ a". 
Formula (93) then gives us 


Cc fut, OY D 
62 (4) = TH & 4 if 2w ), 


and making calculations analogous with those above we finally obtain 
nue 
a, (u) = Cie 271 8, (+ + > — ») (97) 
We have similarly 


a, (u) = Ce * 9,(=-—»). (98) 
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Let us now deduce the expansion into a power series from the values 
of the theta-functions entering the expressions for the functions o;(w). 


We have 
1 1 
8,(=—») = — a, (»- =) . 
But, from (81), the subtraction of 1/2 from v is equivalent to the 
multiplication of z by (—7) and, therefore, recalling (92) 


0, (F-)=-8 FS Cral-a(—ape- 


2 
= “Ss lez) a, (99) 


Similarly , : 
(+++ -2) =— 4%, (»-+- 4). 


and the subtraction of (1/2 + 1/2) from v is equivalent to the multipli- 
cation of z by —i- 71”. 
It follows that 


+_@ 1\2 1 
0, (+ =a > a v) ae | pe (— 1e(" 3) (— th % 2) = 
= ae 'S Aln—-1)? g2n-2 


Aa—o 


or, replacing the variable of summation n by n + 1, 


1 t ee = Ayntz2n 
i(>++-)=4 oe ae ee oY) 
and similarly 
1 + « 
B, (+ _ v) hte (— 1)"AP*22", (101) 


We introduce the three new theta-functions 


(0) = “AO e) ote, 


+ 2 

8 (v) = heen, (102) 
+a 

A= YS (—1)H’ 2, 
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In this case the above formulae for o,(u) can be wrtten in the form 
nu* nut nu* 


o,(u) =C, e 20 9, (v); o,(u) = C,e 2 0, (v); do (u) = Cre 2 3, (v), 


where @, and ©, are new constants. To determine the constants we put 
o = 0. In this case wu = 0 and o,(0) = 1; hence 


and we have finally 


nu’ 8, (v) nu? B, (v) nu" @, (v) 
o, (u) =e * 8, (0); o2(u) =e ™ 8, (0); o3(u) =e B,)* (108) 


Sometimes @,(v) is written instead of ?,(v). 

The power series (102) for theta-functions can easily be transformed 
into trigonometric series in the same way as those of the functions 
6,(v). We thus obtain: 


25 


1 9 
8, (v) = 2h* cos xv + 2h* cos 8av + 2h* cos Sav-+... 
By (v) = 1+ 2h cos 2xv + 2h* cos 4xv + 2h*® cos 62v 4... (104) 
8, (v) = 1 — 2h cos 2nv + 2h4 cos 4nv — 2h® cos 6av+ ... 


In future, to simplify notation, we shall not write the argument 
v = 0, i.e. instead of 6{(0) we shall simply write 6; and 4; instead 
of 6,(0). It follows from (95) and (104) that we can write the follow- 
ing expansions for these values 


a as 25 49 
H = 2n(h* — 3h* + 5h* — The +...) 
1 9 25 49 
, = 2h* + 2h4 + 2h* 4+ Qh4 4+... (105) 


95 = 1+2h+ 244 Q+... 
0,=1—2h+2h4— ohe+... 


These series converge very rapidly since it is given that |h| <1 
and the sum of these series are regular functions of t which are deter- 
mined in the upper half-plane. 

It is not difficult to establish the connection between the Weierstrass 
function (uv) and the theta-functions. We had earlier 


VP) — =, 
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and, bearing in mind the expression for the functions o(w) and o;(w) 
in terms of theta-functions we obtain 


la). po 1 o; Breit (v) 
V9 (u) —& = do On, Bi ) (106) 


177. The properties of theta-functions. All theta-functions are 
integral functions of the argument v and the fundamental element 
used in their construction is the complex number 1 in the upper half- 
plane. To emphasize this fact these functions are sometimes written 
a8 follows: $,(v; zt). As we have said already the function #,(v) is odd 
and the remaining functions are even. We shall now investigate the 
behaviour of theta-functions when 1/2 is added to the argument v. 
Remembering the expansion of theta-functions into trigonometric 
series and using the formulae for the conversion of theta-functions, 
we obtain immediately 


8, (0+ =) = (0); (0+ =) = — 44 (0); 
8,(0+>) = 8, (v); i (vt =] = 8, (v). 


Let us now investigate the behaviour of theta-functions when 1/2 
is added to the argument v. This, as we know, is equivalent to multiply- 
ing z by h’’?. Using the power series for theta-functions we obtain, 
for example, from (92) 


ui (» + +) = > i= yal" a) hos pn = 


1 +2 
=th> 42% S$ (—1)Phm2r, 
or from (102) 
8, (° x =) = imd, (v) , 
where 
es ak 
m=h 4*z1=h 4e7*, (107) 


and it can be shown similarly that 


a, (0 + +) = mi, (v); Bs (v ++ +) = mi, (nr); B, (v — +) = imd,(v). 
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From this more general transformation formulae can be obtained. 
Thus, for example: 


1 5s tT 
(vt NA+ Sty aa tela (04 2) - 
— ~ix(v+—) ae : 
Sore “th * ed, (v) = — 18, (0), 
where 
t=ho2-?. (108) 


The results obtained can be collected in a table as shown below: 


vp vt vt +e o+] vo+t o+l1+r 
a, | b, im®d, mé, — 6, — 18, 18, (109) 
6, 0, mb, amd, 8, lO, 18, 
a, 8, ame, mé, b, — 1d, — 18, 


If we want, for example, to express #,(v + 1/2 + 1/2) in terms of 
theta functions of the fundamental argument v, then we must find #, 
in the first column and take the expression under v + 1/2 + 1/2, in 
the corresponding row, i.e. 


Bs (v-+ > +} = ind, (0). 


We shall also give a table of the zeros of theta-functions. The 
function @,(v) differs from the function o(u) by an exponential factor 
which cannot vanish and, consequently #,(v) vanishes when, and only 
when 6(u) vanishes; this latter fact takes place when 


“u=n2o+n'2w’, 
where n and n’ are arbitrary integers. Dividing by 2w we obtain the 
following expression for the zeros of the function #,(v): 
v=n+tn't. 


The zeros of the remaining theta-functions can be obtained by 
using the first row of the above table. Thus, for example, we have 
8,(v) = m-16,(v + 1/2 + 2/2), and therefore the zeros of #@,(v) are 
determined by the condition 


1 Tt r] 
is a a Pe 
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since m-! = h*e!*” does not vanish, or 


where n and n’ are arbitrary integers. We thus obtain the following 
table for the zeros of theta-functions: 


¢ 


8, n+ n't 
By n+ntt (110) 


l t 
oo ge 


t 


a, n+ n't + 5 


Notice also that it follows from the fifth column of the table (106) 
that the functions #, and #, have a unit period, and the functions 
6, and #, have a period of two. The above table shows that different 
theta-functions have different zeros. 

Theta-functions can be regarded as functions of the two arguments 
v and t. For any given t in the upper half-plane they are integral 
functions of v, and for any given v they are regular functions of t 
in the upper half-plane. This latter circumstance is directly due to the 
fact that the series (92) and (102) converge uniformly when 
|h| < 9 < 1. We shall now show that all four theta-functions, by 
virtue of being functions of two arguments, satisfy one and the par- 
tial same differential equation of the second order: 


OO, (v) - 08, (v) 
Ov? ae or art) 


This equation formally resembles the heat conductance equation 
with which we dealt earlier [II, 203]. We shall test the equation (111), 
for example, for the function @,(v). Differentiating the general term 
of the series (104), equal to 2k" cos 2nav = de!" cos 2nav, twice 
with respect to v we obtain 


— 8n2n2e!""*""?" cos 2nxv, 
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and the same result is obtained by differentiating once with respect 
to t and multiplying the result by 427 

Ani (2inn? e!**™ cos 2nzv) = — 8n2n*e'™*™™ cos 2nzv. 


This equation can be tested similarly for other theta-functions. 


178. An expression for the numbers ¢, in terms of #,. In the study 
of the Weierstrass function (wu) we introduced the numbers e, which, 
in our new notation, are defined as follows: 


Q=P(o); &=P(~+o'); e=P(o’), (112) 
and we obtained the following fundamental relationship for the 
function (2) 

B'? (a) = 4 (P (u) — e,) (P (u) — en) (P (u) — ea). (113) 

The numbers e,;, a8 we saw, satisfy the condition 
e+e,+6=90 (114) 
and are all different. These numbers are of fundamental importance in 
the theory of the function (uw). They can be taken as the basis for the 
construction of the function {(u) instead of 2m or 2m’. In this case 


the function ((z) will be obtained as a result of the conversion of an 
elliptic integral of the first kind 


dz 


ee | ees 115 
i l= ea a 


We shall now express the numbers e, in terms of theta-functions, 
the argument of which is zero. Take formula (106) 


BIA Oar (0) ou 
VP () = ee = 35 Be BC) (»= 35) 


and put wu = w, i.e. v = 1/2, and subsequently, put u = w + w’, i.e. 
v = 1/2 + 1/2. We thus obtain from (112): 
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Using the table (109) which gives the conversion formulae for theta- 
functions we have 


We shall prove below the following important identity 


the use of which makes it possible to rewrite the above formulae in a 
very simple form: 


Vep—@ => %; Ye, — ¢5 = = 03; Ve,— = =~. (117) 


Let us now prove the identity (116). We have from (106) 


—————— 1 # & 1 (v) 
VP (200) — ee = 35 Sega 8, (0) ’ 


whence, expanding the functions @,(v) and #,4,(v) into McLaurin’s 
series and bearing in mind that #,(v) is odd while the remaining func- 
tions are even we, obtain 


a a ae 
Vp (2wv) — 7 as %W 8,” v3 


or, taking the factor v out of the denominator and dividing one series 
by the other series 


PO) — = wast G+ SHE] 


Cael 


~ 


or 


eid Phesr 1 &) 2 : 
§ (20) — = sae [+ (Gs e) a) 

As we know, the expansion of (uw) near w = 0 contains no constant 
term and, consequently, squaring the bracket on the right-hand side, 
and collecting together all the constant terms we should obtain (—e,), 
and so 


a= gala 3): (118) 
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This and (114) gives us the following relationship 
, ss a a 
eo ee ee, (119) 


In all these formulae the dashes above @ indicate partial differen- 
tiation with respect to v so that, for example, #1” is 0°8,(v)/dv3, when 
v=0. The equation (111) when v = 0 gives 


te 


and, similarly, assuming in the equation (111), that k = 1, differen- 
tiating with respect to » and subsequently putting v=0 we 


obtain 
0A; 


OY = Ani ae 
By using the last two relationships we can rewrite the formula (119) 


as follows 
1 06, 1 «08, | 1 88, | 1 28, 
® ot 0, oc ' 6, Oc | B, Or’ 


Integrating with respect to t we have 
B, = CI,9304, 


where C is a constant independent of 1, i.e. of h. To determine this 
constant we substitute on both sides of the above identity the ex- 
pansion (105) writing out only its first terms 


an(h*# —...)=C(2h4+...)(14+...)(l—...). 


Comparing the coefficients of terms containing h''*, we obtain C =x 
which gives the identity (116). 


179. The elliptic Jacobian functions. Instead of the elliptic Weier- 
strass function (wz) other elliptic functions are frequently used which 
have an earlier origin historically and date back to Jacobi. Assume, 
as always, that t is an arbitrary number in the upper half-plane, 
while wm and w’ are two numbers, the ratio of which is w’/w = t. 
By using these clements we can construct theta-functions. Let us 
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define three new functions which are the ratios of two integral func- 
tions, i.e. which are fractional functions: 


atu) 9, 1 A () 


anu Gay a By) 

_ o(u) _ &, 8, (v) _ & 
MOS eae (!=ss) ee 
dn (a) = 22) — 4 9 (2) 


According to the known formulae 


Bin ae a CRM) 
V9 (u) = = a (u) , 


these new functions are connected with the Weierstrass function (P(x) 
by the following three relationships: 


VP) — 6 = Say VOW) — es = Ss VP) — & = S21) 


Eliminating the function 9(u) from these relationships we obtain 
two relationships for the new functions: 
en? (u) + fe, — eg) sn?(u) = 1; dn?(u) + (e, — eg) sn?(w) = 1. (122) 


The formulae (117) from the previous paragraph give us 


= (=) of & — 6 = (=) O3; € — eg = (ss) By. (123) 


Until now the complex numbers w and w’ have remained fully arbi- 
trary, the only essential condition being that the relationship w’/w = t 
should lie in the upper half-plane. In the theory of the Weierstrass 
function these numbers are not subjected to any other limitations. 
In the theory of Jacobian functions the number w for a given t is 
determined by the condition that the difference e, — e, is unity. 
The second of the relationships (123) then gives ow: 


w= 2S (14+ Qh Oh + WO...) (=e), (124) 


which is fully defined by this formula for a given 1; w’ is determined 
subsequently from the formula w’ = wt. Substituting the expression 
(124) into the relationship (123) we obtain: 


8} 03 
ey — 2 = Be é; —@, = 1; C2 — €3 = Gr (125) 
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where the right-hand sides depend only on t. The relationships (122) 
can then be rewritten as follows: 

sn? (wu) + cn?(u)=1; dn? (u) + ksn?(u) = 1, (126) 
where it is assumed, for the sake of briefness, that 


4 
be = ae (127) 


The Jacobian functions are constructed by using 7 alone and there- 
fore the following notation is sometimes used 
sn(u; t); en(u; t); dn(u; 7). 


The number & given by formula (127) is known as the modulus of 
the Jacobian function. We shall also introduce the so-called additional 
modulus which is defined by the formula 


' 64 
kh’? = ee : (128) 
Adding the first and third of the relationships (125) we obtain 
+k? =1. (129) 


The formulae (127) and (128) determine k? and &” as the squares 
of certain single-valued functions of t; by taking definite values of 
the radicals we can therefore write: 

pS Se Hest (130) 
3 


Let us now return to the formulae (120). Factors on the right which 
are independent of v can be expressed in terms of & and k’. In fact, 
we have from (130) 


b, . 7 &, fe & 
Vk => 2 > Vk" = 2, ’ k~ = 2, ’ 
which, together with (124) and (116), gives 
2, a, = 5 1 


B 
Qu 4 = nt = 2 =, 
a sae o, Vk 


and therefore the formulae (120) can be rewritten as follows: 


y) — 1 a). _|fk’ é 7b 
m(X) = Fai MM = PER anu) = Ve py 180 


(=a). 
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180. The fundamental properties of Jacobian functions. The formulae 
(131) represent the Jacobian functions as the quotients of two integral 
functions. Using the fact that @,(v) is odd and that the remaining 
functions $,(v) are even, we can conclude that sn(z) is an odd func- 
tion and cn(u) and dn(u) are even functions. 

Also 6,(0) = 0 and we have 


u |p-0 200 Ser oe 
and the formulae (120) give 
S| j= hi on(0) =dn(0) = 1. (132) 


Let us now return to the table (109) which gives the conversion 
formulae for theta-functions. Bearing in mind the fact that the ad- 
dition of 1/2 or 7/2 to v is equivalent to the addition of wor w’ to u, 
and using the fundamental relationships (131) we obtain the following 
table of conversion formulae for the Jacobian functions: 


| uta | u+o’ utoto’ jut 2a |ut+ 20’|u + 20 + 2w’ 
en (u) 1 1 1 dn (zu) 
sn dn (u) "Ee nia). | cata) —sn(wz)| sn (uw) — sn (wz) (133) 
, sn (u) 4 dn (wu) a | 
cn |—k ae ~ sn (u) "een (a) —cn (z) —cn(t) cn (u) 
P . en (zw) -,, Sn (wz) 
dn} k aay shai) a ona) dn (uw) |—dn(u)| — dn(u) 


The last three columns of this table show that the function sn(w) 
has periods 4w and 2w’, the function cn(w) has periods 4w and 
2m + 2w’, and finally, the function dn(u) has periods 2w and 4w’. 

The table (110) which gives the zeros of theta-functions leads us 
directly to a table giving the zeros and poles of Jacobian functions. 
Adding to this the periods shown above we obtain the following table: 


Zeros Poles Periods 
(134) 
sn (u) 2nw + 2n’w’ 2nw + (2n’ + 1) w’ 4w and 2’ 
cn (tz) (2n RO tar Sane 2nw + (2n’ +1)’ | 4w and 2w + 2w’ 


dn (uw) |(2n + y w+ (2n’+1)@’) 2nw +*(2n’ + 1) w’ 2 and 4w’ 
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In Fig. 84 below, the parallelograms of periods for Jacobian functions 
are given. The circles denote the zeros and the crosses the poles of 
the corresponding function. Owing to the fact that both the theta- 
functions and the o(u) functions have simple zeros we can say that 
the Jacobian functions have simple poles. Below there are two poles in 
each parallelogram, i.e. all Jacobian functions are elliptic functions 
of the second order with simple poles. 


0 2wW 


This is directly due to the fact that all these functions can be obtained 
by converting certain elliptic integrals of the first kind to a poly- 
nomial of the fourth degree under the radical. We shall now try to 
explain this circumstance. 


181. The differential equation for Jacobian functions. It follows 
directly from the formulae (113) and (121) that 


; ee 2 en (ez) dn (2) 
9’ (u)= —sn8(u) 


To determine the sign on the right-hand side, we multiply both sides 
of the above equation by wu? and then put wu = 0. Bearing in mind 
the fact that the product u° 9’(u) equals (—2) when wu = 0, and using 
the formulae (132) we find that the minus sign must be taken on the 
right hand side of the above formula. This sign will remain unchanged 
during analytic continuation of the function, ie. we have 


ry) — _ 2en(u) dn (u) 
9 (z) a sn? (u) 


On the other hand, differentiating the relationship 


] 
P () — €3 = satay’ 
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we obtain 


9" (u) = — 2 (sn (w))’ 


“sn*(u)’ 


and comparing these two expressions for 9’(u) we obtain 
[sn (z)]’ = en (wu) dn (w). (135) 


Differentiating the equations (126) and using (135) we obtain the 
derivatives of two other Jacobian functions: 


(cn (u))’ = —sn(u)dn(u); (dn (u))’ = — kan(u)en(u). (136) 


Squaring and using (126) we finally obtain the following differential 
equations for Jacobian functions: 


(SY = 1 — sn? (u)) 1 — en? (u)), 
(ROY = 0 — ont (u)) (b+ Hon? (u)), (137) 
(SY = — (1 — ant (a) (2 — dn? (a). 


Let us investigate the differential equation for the function sn(z) 
in greater detail. If we put x = sn(u) we can write 


ae — 0-0 — ey), 

where it must be assumed that x = 0, when u=0O, and also that 
the radical on the right is equal to unity since sn’(0) = 1 from (132). 
Separating the variables and integrating we obtain: 


ee fecactn 
3 VT a8) (1 — a) 


(138) 


This shows that the function sn(u) is obtained as a result of the con- 
version of an elliptic integral of the first kind in the Legendre form. 
It can be shown, conversely, that by taking arbitrary complex 
values other than 0 and 1 for the number k?, we obtain the Jacobian 
function sn(w) as a result of the conversion of the integral (138). 
Hence together with t the number & can serve as an element in the 
construction of the Jacobian function. We investigated the integral 
(138) in detail from the point of view of conformal transformation 
in the particular case when k? is real and lies between zero and unity. 
We than had one real period, which in [167] we denoted by 4K and 
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another purely imaginary period 2iK’. Comparing this with our new 
notation we obtain: 


It ‘ * 7 
K=o=-—8 iK'=o0' =ot=—> Jt. 


I 


182. Addition formulae. Let us consider three functions of the 
variable wu: g,(u) = sn(u) sn(u + v); (wu) = en(u) en(w + v); 
¢3(z) = dn(w) dn (w+ v) where v is a fixed arbitrary number. By using 
the table (133) it can readily be seen that all these functions have 
periods 2m and 2w’. The function 9,(u) has simple poles at the points 
where sn(w) or sn(u + v) have poles. Using the table (134) we can see 
that these points differ from w’ or —v-+ w’ by a period, i.e. they differ 
by an expression of the form n2w + n’2w’, where n and 7n’ are arbit- 
rary integers. In the fundamental parallelogram of periods constructed 
on the vectors 2m and 2w’ there will, consequently, be only two such 
points. The same result will also be obtained for the remaining functions 
p,{u), i.e. all these functions are elliptic functions of the second order 
with periods 2a and 2w’ and have two simple poles in the parallelo- 
gram of periods, one of which is equal to w’. The constants A and B 
can be so chosen that the two functions 


P2(u) + Agy(u) and 9, (u) + By, (u) (139) 


have no pole at wu = w’. For this choice of constants the functions 
(139) will have only one pole of the first order in the parallelogram of 
periods, and since no elliptic functions of the first order exist [168] 
it follows that these functions are simply constants. We can there- 
fore say that with a suitable choice of the constants A and B the follow- 
ing relationships apply: 


en (w)en(w+ v) + Asn(u)sn(u+v) = A, (140) 
dn (uw) dn(w+v) + Bsn(u)sn(u+ v) = By. 


The constants A, B, A, and B, are constants with respect to the 
argument uw but their value depends on the choice of v. Let us deter- 
mine these constants. On putting wu = 0 in the formulae (140) we 
obtain: 

A,=cn(v); B,=dn(v). 


Differentiating the relationships (140) and then putting wu —=0 we 
obtain from (135), (136) and (132): 


(en (v))’ + Asn(v) =0; (dn(v))’ + Bsn(v) =0 
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and again, from (136) 
A=dn(v), B= cn(v). 
Substituting the constants in (140) we finally obtain the following 

two relationships: 

en(u)cn(u + v) + dn(v)sn(u)sn(w+v) =cn(v), 

dn (uw) dn (wu + v) +k? cn (v) sn (wu) sn (wu + v) = dn(v), 
which can be regarded as identities with respect to u and v. Replac- 
ing wu by (—u) and v by v + wu we obtain 


(141) 


en (uw) cen (v) —dn(w+ v)sn(u)sn(v) =cn(u+), 
dn (uw) dn (v) — k? en (u + v) sn (wu) sn (v) = dn(u +). 


The last two formulae enable us to find cn(w -+ v) and dn(w + v) 
and on substitution in the first of the equations (141) we obtain 
sn(w + v). We thus arrive at the following addition formulae which 
express the Jacobian functions of the sum of two arguments in terms 
of Jacobian functions of the individual arguments 

__ sn(u) cn (v) dn (v) + sn (v) en (wz) dn (u) 
sn (wv + v) = ] — k* sn? (u) sn? (2) = 
__ cn (u) cn (v) — sn (uw) dn (u) sn (v) dn (v) 
en (u + 0) = 1 — k? sn? (u) sn? (0) , (142) 
dn (uw) dn (v) — k* sn (wz) en (uw) sn (v) cn (v) 
1 — k? sn? (u) sn? (v) : 


dn(u+v) = 


The first two formulae resemble the addition formulae for ordinary 
trigonometric functions: the sines and the cosines. These latter 
functions do, in fact, appear to be special cases of Jacobian functions 
when k = 0. Thus if we put k = Oin the integral (138) then its conver- 
sion gives x = sin u; it follows from (126) and (132) that cn(z) be- 
comes cos u. Finally, the second of the formulae (126) shows that the 
function dn(z) simply becomes unity when k= 0 and therefore it has 
no analogous function among the trigonometric functions. 


183. The connection between the functions {?(u) and sn(z). We shall 
now establish a direct connection between the functions (uw) and 
sn(z). Let us investigate the function ((u) with periods 2m and 2w’. 
Consider the number w’/w = t in the upper half-plane and construct 
theta-functions and the function sn(z) by using this number and the 
first of the formulae (130) and (131). The numbers 2w and 2w’ which are 
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connected with the above Weierstrass function, will not, in general, 
satisfy the condition e, — es = 1. According to the formulae (117) 
quoted above we have the following relationships: 


2 nN * 94. A 8 
wnan (Ble aa (S)e ona (Sl% | 
yh nL ig eee 
OY C1 — 3 


We have new numbers 20 and 2w’ for the function sn(w) instead 
of 2w and 2w’ which, as we know, are determined by the conditions: 


24 = 2; 20’ = 2. (144 


Denoting by 4 the relationship 1 = «/w =’/w’, we consider the 

function 
Az 
F(u) = srw * 

We have 42m = 2 and A2w’ = 2m’ and, according to the table 
(133), the function /(w) has periods 2w and 2w’. We see from the table 
(134) that the function /(w) has poles at n2w + n’2w’, where n and 
n’ are arbitrary integers. 

Hence the function f(z), like the function (uw), has periods 2w and 
2m’; it also has in the fundamental parallelogram of periods a single 
pole of the second order at w= 0. We shall show that the infinite part 
of the function f(u) at this pole will be the same as of that the function 
(uw) and will be equal to 1/u?. In fact, remembering that the function 
sn(z) is odd and also (132) we have the following expansion near 
the point «w= 0: 

sn (uw) = u+ cgu? + cgue+..., 
whence: 
Ns oe eet 
sn?¥(u) uu?) (1 + cgu? +c,u4+ ...)? 


or we have near u= 0: 


t (8) = ray =<, + dy + Md,u® + ..., 


=p + dy + du? + See 


which we wanted to prove. Hence the functions f(w) and 9(u) have 
in their common parallelogram of periods the same poles with equal 
infinite parts; it therefore follows that these functions differ only by 
their constant terms, i.e. 


9(u) = _+0. (145) 


sn? (Au) 
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To determine the constant C we put u=w. We have Y(w) =e, 
and from the table (133) 


sn (Aw) = sn (@) = 


and formula (145) gives: 
C=e,— 2. (146) 
According to the formulae (143) and (144) we can write 


20 = 2m |e, — é3; 20! = 20’ Ve, — és, 


7) @’ ———— 
A=— = = Ve, —e 
7 oO’ Ve, 3? 


1.e. 


whence, by using (146) we have C = e,. 
Using the equations (143) and (114) we can write the constant C 
as follows: 
— _ (+k) a 
C= te 
Hence we finally obtain the following connection between the 
functions ~(u) and sn(w): 


5a SS 
9 (2) 7 sn? (Ve, — eu) + 3 (147) 
or 
Az ] k?) 22 
9 (u) = sa SF a= Vea — 4). (148) 


184. Elliptic coordinates. Elliptic functions are frequently used, particularly 
in mechanics. Here we shall only deal with fundamental and very simple appli- 
cations of these functions. One application is their use in finding elliptic coordi- 
nates in space. We have already met elliptic coordinates earlier [II, 137]. Here 
we shall repeat what we know already and give some additional properties of 
these functions. We shall somewhat modify our earlier notation, viz. we shall 
replace the numbers a?, 6" and c? by —a?, —b? and —c?. Let us write the equation 


ed 


This is an equation of the third degree with respect to 9. At any given point 
with cartesian coordin ates(z, y,z) the equation (149) has three real zeros 4, 
fs and », which satisfy the inequality 

A>@>u>b>y> ec’, (150) 


and these three numbers are known as the elliptic coordinates of the given point. 
So as not to affect the sign of the equality we assume that x, y and z are not 
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zero and that they are positive, say. If, in the equation (149) we put 9 = A, 
we obtain an ellipsoid which passes through the given point; when e@ = uz 
this will be a one-sided hyperboloid and when 6 = » a two sided hyper- 
boloid. We have seen earlier that the coordinate surfaces A= const 
“# = const and » = const are mutually orthogonal, i.e. elliptic coordinates are 
orthogonal coordinates. We shall introduce formulae which give the cartesian 
coordinates in terms of elliptic coordinates. Bringing the left-hand side of the 
equation (149) to a common denominator and remembering that the nume- 
rator is a polynomial of the third degree of g with zeros A, « and », the first 
coefficient of which is (— 1), we can write an identity for g: 


a 


att ee = SE aw 


ch (e = a?) (9 — B4) (0 — c*) * 
Multiplying by (e — a*) and then putting @ = a? we obtain an expression 
for z? and analogous expressions for y? and z?: 
ot — 228) (u — 2) (va?) 
ae)’ 
_ (A— 5?) (u — b*) (v — b?) 
v= — Gr aba) (152) 


_ (A— c*) (u — cc?) (v— c?) 
~~ (c? — a?) (c? — b?) ; 


ge 


We shall now deduce a formula for the square of an element of arc in 
elliptic coordinates. Taking logarithms and differentiating the formulae (152), 
we obtain: 


dz dA du dy 
Be Mesa ee ae) =a 
dy __—da du dy 
yy A—B a Bt o_o : 
dz da du dy 
ras A—c? + w—c - y—c? 
Multiplying by 2, y, z, squaring each term separately and adding we have 
de? = [? da? + M? du? + N? do’. (153) 
where, for example, 
2 2 2 
A (154) 


Qa tae tae: 


Notice that the right hand side of formula (153) does not contain products 
da dz ete. since elliptic coordinates are orthogonal [II, 130]. We can obtain the 
right-hand side of the formula (1654) by differentiating the left-hand side of the 
identity (151) with respect to 9, changing the sign and then putting 9 =A, i.e. 


4p2— 2 (e@—4) (0 — 2) (e@ —») 
de (@ — a*) (g — b*) (@ —c?) |o=a 
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We can therefore write the following formula for da?: 


2 (A — 2) (A—») : (4 — A) (u—¥) ‘ 
Adet= Gaal) + Grae _ ele et 
fo WS ASH) Qa. (155) 


(vy — a”) (v — 8?) (vy — c?) 


Knowing the expression for an element of length we can write the Laplace 
equation in elliptic coordinates [II, 119]. For the sake of simplicity we introduce 
the following notation: 


f (e) = (e — a?) (e — b*) (ge — c?). 
In the notation of [II, 119] we had: 


(A— pn) (A—») | jeder» je-ae=e (v— 4) 
ante jeswges jar ee io Oe 7() 


where H; must be positive; it must also be remembered that f(A) and f(») are 
positive and f() < 0. The Laplace equation in elliptic coordinates is as follows: 


ec! ie 
E A 0 ou =0 156 
nak, (ra) 7 OND) 


where the last two terms are obtained from the first as a result of the cyclic 
rearrangement of the letters A, w and ». 


185. The introduction of elliptic functions. Let us replace the variables 
A, # and » by new variables a, f and y, according to the formulae 
dA du dy 
— = da; = df; = dy, 
Vi) Ve)" VF) 


i.e. a, B and y are expressed by elliptic integrals of the first kind in terms of A, 
# and » and, conversely, the latter are elliptic functions of the former. Thus we 
have, for example, from (157) 


re) rs) 
Via ==Fe- 


and we can rewrite the equation (156) as follows: 


(157) 


o— sey (A — ae (wa) FE = 0. (158) 


Let us now turn to the formulae (152) and show that xz, y and z are single- 
valued functions of the new variables a, § and y. In fact, consider the radical 


Vi (e) =V(e — a*) (e — 8) (e — ), 
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which enters the expressions (157). Replace 9 by a new variable ¢ according 
to the formula 


e=pt+ qt, 
where p and q are constants. We obtain 
(@ — a?) (@ — b*) (g — c?) = 98 (t — &) (¢ — ee) (¢ — ey), 
where e, are the zeros of the polynomial with respect to ¢ so that we have: 
P=p+qe; F=p+ge; =p t ges- 
Let us select the constant p so that the sum of the e, should be zero, i.e. 


ey + ee te, =9, 


hence 


The preceeding formulae will determine the numbers e, accurately except 
for g which we assume to be positive and denote by s?. We therefore have: 


= a’ b? + c? 
se sat 2 TOTS 
2 b? 2 
oe, or TES (159) 
2 2 2 
s’e, = c? — overe ; 
It also follows that: 
a* — b? = 8? (e, —e,); a? —c? = 8? (e, —e,); 6b? —c? = 8? (e, — @,). (160) 


Substituting 9 = p + gt we have: 
@—a=s'(t—e); @—b? = 8? (t— es); @—c? = 8? (t — ey). 
The polynomial f(9) with the new variable can be written in the form 


f (a) = 98 (t — e&,) (t — eg) (¢ — eg). 
On putting 
A= ater + 8*t, (161) 


we can rewrite the first of these formulae in the form: 
t 


+ | a = 
= V4 (t — e,) (f — €z) (t — eg) 


where the arbitrary constant on the right is omitted since it is of no significance. 
Assuming, for the sake of simplicity, that s = 2 we obtain t = {)(a) as a result 
of the conversion of the integral since the polynomial under the radical has the 
form given in [178] owing to the fact that e, + e, + e, = 0. 
Formula (161) gives 


aa SHEETS +49 (0, (162) 
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and we obtain similarly: 


pe STE F" 4 49H; ve PERT apy. (163) 


Substituting these expressions in the formulae (152) and taking into account 
(159), (162) and (163) we have: 
4 (a) = ey) (PB) = 2) PY) ~ 1) 
(€, — 2) (€, — eg) 
yt 4 22) = &2) (9 (8) ~ €2) (By) = 2) 
(€2 — €3) (€2 — &) 
1 (P (a) — €s) (9 (B) = 5) (P (y) = es) | 
(€3 — &) (€3 — &2) 
As we know from [172] all the differences in the numerators are squares of 
single-valued functions of a, 8, y, so that, in fact, the above formulae give z, y 


and z as analytic functions of a, B and y. According to (162) and (163) the 
Laplace equation (158) with the new variables will be 


(164) 


a 


Vy) — 918) SZ + (a) - Po”) or + PB) — 9(a)) Sa =0. (165) 


186. The Lamé equation. Let us separate the variables in the Laplace equa- 
tion and find its solution in the form of a product of three functions, one of 
which depends only on a, the second only on £ and third only on y: 

U = A (a) B(B)O(y). (166) 

Substituting in the equation (165) and dividing by A(a) B(B) C(y), we have 


_ gm, 4% (a) BY (B) O" (y) _ 

(P(r) — BB) Sra + Pe) — PON im +9 A) —PO GE = 

This equation will be satisfied if it is assumed that the factors in the ex- 
pression (166) are solutions of an equation of one and the same form viz.: 

A” (a) _ BY" (B) _ . CS: = 

At) ~~ OPO) —b BRP Ab Gy =a) —b 
where a and b are constants. We thus obtain an equation of the second order 
with a coefficient of dual periodicity 

*R 
2 ai + [a9 (u) +b] R(u) =0. (167) 
Let us determine, first of all, the constant a so that the general solution 


of the equation (167) is a single-valued function of wu. The coefficient af)(u)-+-b 
can be expanded near the point u = 0 as follows: 


a 
St bt 


and therefore the determining equation at this regular point will be 


e(e—1)+a=0. (168) 
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If the integral is to be single-valued the zeros of this equation must be integers. 
The sum of the zeros is equal to -+ 1 and therefore the equation (168) must have 
zeros at —n and 7 -+ 1, where n is a positive integer or zero. Hence the constant 
a can have the following possible values: 


a,=—n(n+1) (n=0, 1, 2,...). (169) 


Strictly speaking we have only shown above that the equation (169) gives 
the necessary condition for the general solution to be single-valued. We shal] 
now show that this is also the sufficient condition. It follows from general 
theory that one of the solutions of the equation (167) when a = —n(n + 1) 
can be expanded as follows near the origin: 


R(u) =u"! (c, + c,u + cu? +...) (cp #0). (170) 


The equation (167) remains unaltered if wu is replaced by (—w); hence if we 
make the same substitution in formula (170) we should also obtain a solution 
which only differs by its constant term from the solution (170) since the second 
solution, linearly-independent with (170), has a completely different form near 
u = 0. It follows from these considerations that the power series in formula 
(170) contains only even powers of wu, i.e. 


R, (u) = u"*1 (c, + cgu? + cut + ...) (cy # 0). (171) 


The second solution of the equation (167), as we know, can be obtained from 
the formula [II, 24] 
" du 
R, (u) = R, (u | Bist 
2 (u) 1 (u) R? (zu) 


or 


R, (u) = R, (uv) |aee (Cg + cu? + cut + ...)-* du. 


The integrand can be expanded near the point u = 0 into a series contain- 
ing only even powers of u and therefore the term in u! will be absent while the 
second solution of R,(u) will not contain log uw. We can thus see that both 
solutions will be single-valued near wu =O. The above arguments can be 
repeated word for word for every singularity of the equation (167). Its sin- 
gularities lie at the points u—m, w, + m,@,, where w, and @, are the periods 
of (wu) and m, and m, are arbitrary integers. Hence any solution of the equation 
(167) can only have poles at the singularities and therefore it must, in fact, 
be a single-valued function of wu. 

Substituting the value of the constant (169) in the equation (167) we obtain 
the equation 


on) +[— n(n +1) (u) +b) R(u) =, 172) 


which is generally known as the Lamé equation. The constant 6b is determined 
by the condition that the equation (172) should have a solution in the form of 
a polynomial in )(z) or in the form of a product of this polynomial and a factor 
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of the following form 
Vp@y—a; VWou)—es VO (u)—e,, 


and there can be one, two or three additional factors. It is apparent that the 
constant 6b can have (27 + 1) values which satisfy this condition. If R,(u) is a 
solution of the equation (172) of the form mentioned above then the product 


Ry (a) Ry (B) Ro (y); 


which is a solution of the Laplace equation, is a polynomial of the nth degree 
in the x, y, z coordinates. For a given n there will be (2n + 1) such solutions, 
as explained above, and they are generally known as Lamé functions. These 
polynomials are obviously directly connected with spherical functions with 
which we dealt earlier. 


187. The simple pendulum. We shaJl consider a simple pendulum as one of 
the simplest applications of Jacobian functions. Assume that a heavy material 
point of unit mass moves round a smooth circle. Let the coordinate axes 


Fie. 85 


X and Z be in the plane of this circle and let the Z axis be directed vertically 
upwards, let 1 be the radius of the circle. Suppose that when ¢=0 our point 
is set free from the lowest point M,(z = —1) with an initial velocity v,. The 
increment in kinetic energy is equal the work done by the force of gravity and 
we thus obtain the formula 


or 
v? = 2g (a — z) (2=-7+ 4 : (173) 


Suppose that the line z = a intersects our circle at the points A and A’, 
ie. a <lorv, < 2 Vig. It follows from formula (173) that z < a, and therefore 
movement takes place along the arc 4M ,A’ (Fig. 85) of our circle. We have 
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= -—IlIcos 6; let us now introduce an angle a such that a = —lcosa 
{0 <a < 2). The velocity is then given by the formula 
Sar Lae 


and therefore the equation (173) can be rewritten in the form 
de \? 
2 cn = — 
l (7) = 2gl (cos 8 — cosa) 


or introducing half-angles 
.( de \? _, @ ee, 
Bake eo 2 sin? 
(5 } 4g (sin 5 sin’ ie 


hence 


We are supposing that @ incrcases with ¢. Replace @ by the new variable 
z according to the formula 


sit =tsin— 
2 2° 


Differentiating this relationship we readily obtain 


2sin de 2sin dr 2sin de 
d§ = —_—— = >; i.e, d@ = ———_____ , 
6 : a 
cos —— — sint —__ pas 2 2 
5} iF sin 3 ie sin 3 tT 


and therefore, substituting in (174) and bearing in mind that, when ¢ = 0, 
we have 6 = t= 0: 


. dt : a 
ge: = TY e= 2 __ , 
/3 = | Tacs ( a ) 


_ sn 2+} (175) 


and using the known property of Jacobian functions we obtain: 


sofa tal[F (JE): | 


ae eee (176) 


ogee Fs) —eo(PF).| 


and to extract the zero we take into account that when t = 0, @ = 0. The 
last formulae make it possible to express the coordinates x and z in terms of 
single-valued functions of t. 


hence 
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Let us consider now the case when the constant @ in formula (173) is greater 
than /. We can rewrite this formula as follows: 


I? (<7) == 2g (a + Leos 6) = 2%9(a on asin? +), 
or 
dé \? 6 
2 [2] = — k? sin? — 
I (=} 2g (a +2)(1 k? sin ar (177) 
where 
21 
z2— 
B=, (178) 
and, obviously, k? < 1. Integrating the relationship (177) we obtain: 
=f , where 4 = 1200+) 
nae — k? sin? — 


Replacing @ by the new variable t = sin 0/2 we have: 


2dt . 8 1 
= | ——____——_. , whence t=sin-——=sSsn (++). 
¥(1 — 7?) (1 — kz?) 2 2 
0 


and similarly 
cos = = 1 1— sn? (+ Atl = en(-# , 
2 2 2 


These formulae make it again possible to express the coordinates as single- 
valued functions of time. 


188. An example of conformal transformation. As we saw above, when 
0<k <1 the function 
2 
; ¥(1 — 2?) (1 — kz?) 


transforms the upper half-plane z into a rectangle in the u-plane and, con- 
sequently, the reciprocal function z = sn(u; k) transforms a rectangle into a 
plane. The lengths of the sides of the rectangle are determined by the integrals 
[167]: 


dz 
a a ai 
4 ¥(1 — 2) (1 — ka?) * Sis — 2) = = ) (1 — ka?) ’ 


where k? + k” = 1. In this way a rectangle with sides of any length can be 
obtained. By adding the constant 1/A to the right-hand side of formula (179), 
a rectangle with arbitrary sides can be obtained, and such a rectangle will be 
transformed into a half-plane by the function z = sn(Au; k). We shall now show 
that the function which transforms the rectangle into the circle can be simply 
expressed in terms of the Weierstrass function o(u). Take a rectangle K, in 
the plane, the apexes of which have the following coordinates: (0, 0), (0, a), 
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(a, b) and (0, b). Let z = f(u) be a function which transforms K, into a unit circle; 
a point (¢, 7) in K, becomes the centre of the circle. If we analytically continue 
j(u) across the side which connects the apexes (0, 0) and (0, a) then as a result 
of the principle of symmetry, f(u) transforms the rectangle K,, symmetrical 
with K, with respect to the above side, into the outside of the unit circle, i.e. 
into the domain | z|>1, while the point (£, — 7), symmetrical with the point 
(¢, 7), becomes the point at infinity. Bearing in mind the fact that the reflection 
is in one sheet we can say that f(u) has a simple zero at the point § + 77 and 
a simple pole at the point £ — in. If we construct two more rectangles K, and 
K,, symmetrical with K, and K, with respect to the imaginary axis, then one 
of these will be transformed into the domain | z| < 1 and the other into the 
domain |z|> 1; the function f(u) will have a simple zero at the point 
z= —éin and a simple pole at the point z = —£ + 77. 

It can be shown in the same way as in [167] that f(u) is an elliptic function 
with periods 2a and 2bi. The fundamental parallelogram (rectangle) of periods 
consists of the above four rectangles and in this parallelogram of periods 
has the same zeros and poles as those mentioned above. 

If we suppose that w, = 2a and w, = 2bi we can construct the Weier- 
strass function g(u) and also the new function: 


_olu—€— ino (wt + in) 
PO) = Sutin) out Em) as 


This function has the same simple zeros and poles in the above parallelogram 
of periods as our function f(u). We shall show that the function (180) has 
periods w, and w,; if this is so then f(u) and g(u) only differ by a constant term. 
Using the property of the function o(u) as given by the equation (49) we can 


write: 

k(u—g—ine 2 t+ing CF 
k(u—g+int ting CH) o(u—E +m) 0 (U+$—in) 
Pi (u +int+ *) +m (u+ int+ *) 


P (UW) = 


ete eee ew 2 - 
= eae oa (k =1, 2), 


which we had to prove. Hence 


o(u—&—in) o (u+&+ in) 


LO ob aan) a eb Ee) : 


To determine the constant C we put u = 0 and rewrite the above formula 
as follows 
o(—§—im) 9 (§ +4) 


1O)=0 SEF in) @ Ein) | 


(181) 


The definition of the function a(u) gives 
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where w = m, 2a + m, 2b7. We assume that wu is real. Owing to the fact that 
the product includes all integral values of m, and m,, except m, = m, = 0, 
the factors are conjugate in pairs, i.e. those factors are conjugate which have 
the same m, but where m, has different signs. If m, = 0 then the corresponding 
factors are real. 

Hence in the case under consideration where a, is real and @, is purely 
imaginary, the function o(u) is real when w is real. As a result of the principle 
of symmetry it will have conjugate values for conjugate values of u. It therefore 
follows that the numerator and the denominator of both fractions on the right- 
hand side of formula (181) are conjugate so that the modulus of each fraction 
is unity. Consider the left-hand side. The point u = 0 lies on the contour of 
the fundamental rectangle K, (at its apex) and therefore f(0) lies on the unit 
circle, i.e. | f(0) | = 1. Hence formula (181) shows that |C| = 1, ie. C=e?, 
where 6 is real. We finally obtain the following formula for the function which 
transforms the rectangle K, into a unit circle: 


ig o(u — §& —in)o(u + & + in) 
o(u—&+in)o(u+é—in) © 


The choice of @ is of no importance. When the values of 6 change the unit 
circle rotates about its centre. 


f(u) =e (182) 


SUPPLEMENT 


THE CONVERSION OF MATRICES 
INTO THE CANONICAL FORM 


189. Auxiliary hypothesis, It is the aim of this supplement to prove 
the hypothesis which we stated without proof in [IIL, 27]: if A is a 
matrix then a non-singular matrix V can always be found such that 
the matrix V AV —', similar to the matrix A, will have a quasidiagonal 
(or diagonal) form 


VAV> = [7,, (Ay), Leg (Aa)s «+01 Ley (Ap); (1) 
where the matrices J,(4) are of the form 
A, 0, 0, , 0, 0 
1, 4,0, ..., 0, 0 | 
F(a) =f] Or Aer? ) 
0, 0, 0, ..., 4, 0 
0, 0, 0, aay 1, A 


The letter o indicates the rank of the matrix and the argument A 
gives the value of each element on the main diagonal. When o = 1 
then the matrix J,(4) becomes the number 2. In the proof of this 
hypothesis we shall enlarge upon some essential points. 

Let us recall, first of all, the geometric meaning of the trans- 
formation to a similar matrix. The matrix A of order 7 is an op- 
erator in an n-dimensional space in the sense that it effects a given 
linear transformation of that space. As we know from [III,, 21] the 
form of the matrix A depends on the choice of coordinates, i.e. on the 
choice of the main axes. If the matrix A gives a linear transformation 
for a definite choice of axes and if we transform the coordinates in 
the course of which the new components of every vector are given in 
terms of former components by means of the transformation V, then 
in the new system of coordinates our linear transformation will be 
given by the matrix VAV-1. Hence our problem essentially involves 
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the choice of the axes; these are most important for the linear trans- 
formation which in the former system of coordinates was effected by 
the matrix A, viz. it involves a choice of axes for which our linear 
transformation is expressed by a matrix of the form shown on the 
right-hand side of equation (1). 

Before solving this problem we shall explain some additional hypo- 
theses which we shall use later. The majority of these assumptions were 
explained in earlier paragraphs but to obtain a complete picture we 
shall collect them together here. 

First of all we shal] explain the concept of the subspace which we 


have already met. If x,, ..., x, are k linearly independent vectors in 
space, where k < n, then the set of vectors given by the formula 
CX, +...t+ CreExy (3) 


where c, are arbitrary numbers can be called the subspace of k dimen- 
sions formed by the above vectors. When k = n the subspace coin- 
cides with the space. Another definition equivalent with the above 
definition can be used for defining the subspace viz. the subspace con- 
sists of a set of vectors which have the following two properties. If a 
vector x belongs to this set then the vector cx, where c is arbitrary, 
will also belong to this set, and if two vectors x, and x, belong to the 
set, then their sum x, + x, will also belong to this set. In other words by 
multiplying or adding vectors of the set we do not depart from the set. 
In future we shall use two methods for determining a subspace 
which we shall now mention. Let P be a matrix of order n and x be 
an arbitrary vector in an n-dimensional space. The set of vectors 

defined by the formula 
& = Px, (4) 


is evidently a subspace which may coincide with the space. In fact if 
a vector &, = Px, belongs to the set then the vector c, &, = P(c, x,) also 
belongs to the set, and if two vectors £; = Px, and &,= Px, belong to 
our set then the vector £, + &, = P(x, + x,) evidently, also belongs 
to that set; therefore formula (4) for any arbitrary variable vector x 
does, in fact, define a subspace. As we said in [IIJ,, 15] the number 
of dimensions of this subspace is equal to the rank of the matrix P. 

We shall now give the second method for defining a subspace. Let 
Q be a matrix of order nm and consider a set of vectors which satisfy 
the equation 


Qx = 0. (5) 
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We can show in the same way as we did above that this set of vectors 
forms a subspace. As we saw in [III,, 14] this subspace will have k 
dimensions, where (n — k) is the rank of the matrix. 

When we talk about a subspace we are, of course, always assuming 
that it is not empty, i.e. that it does, in fact, contain vectors other 
than zero vectors. Let us consider the case when formula (4) gives an 
empty subspace, i.e. the case when our space formula (4) gives a zero 
vector for every x. Bearing in mind the form of the linear transfor- 
mation we can see that this will be so if, and only if, the matrix P is 
zero, i.e. when all its elements are zeros. 

Let E,, ..., 2m be certain subspaces. We say that they form the 
complete system of the subspace if every vector x of the space can 
be represented uniquely as the sum of the vectors 


Ke Ca eas (6) 


of the above subspaces. Let us explain the condition for this unique 
representation. It follows directly from the condition that a zero 
vector cannot be represented as the sum (6) which contains terms other 
than zero and this, in its turn, is equivalent to the fact that there 
can be no linear dependence among vectors in the above subspaces. 
As an example consider the usual real three-dimensional space formed 
by vectors originating at a point O. We can define the complete 
system of subspaces by means of a plane L which passes through O 
and a line J through O, not lying in L. Let the first subspace, which is 
two-dimensional, be defined by two vectors in Z which do not lie on the 
same straight line and the second subspace, which is one-dimensional, 
by a vector along J, then any vector in our three dimensional space 
can be represented in a unique way as the sum of the vectors in 
the L-plane and the vector along l. 

Let A be a matrix which defines a linear transformation of the 
space. Suppose that we succeeded in finding a complete system of 
subspaces £,, ..., #,, of dimensions 9Q,, ..., Qm, 30 that each of these 
subspaces should be invariant with respect to the linear transformation 
defined by the matrix A, in other words, any vector of the sub- 
space EH, (s = 1, ...,m) will, as a result of the linear transformation 
defined by the matrix A, be transformed into a vector of that same 
subspace. In this case we have the following natural choice of axes 
for which the matrix A assumes the quasidiagonal structural form, 
viz. {0;, ---, Qm}. We take for the first 9, axes any 0, linearly-inde- 
pendent vectors which form the subspace £,; for the next g, axes we 
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choose any 0, linearly-independent vectors which form the subspace 
E,, etc. Since E, forms the complete system of subspaces we have, 
evidently, 0, + ... + Qm =. It can readily be seen that for this 
choice of axes our matrix A will, in fact, be of the quasidiagona) form. 
We shall investigate this in greater detail but, to simplify our notation, 
we shall only deal with the case when m = 2. Let (2, ...,%,) be a 
certain vector and (zj,...,%,) another vector obtained from the 
first as a result ofa linear transformation. Since the subspace £, is in- 
variant and for the given choice of axes, when 2, ,; = %,42 = % =0, 


we must have 2 ,, =%42=--- =%, = 0. Similarly, as a result 
of the invariance of the subspace F,, when z, = ... = 2, = 0 we must 
have 7} =... = a, = 0. It follows that for our choice of axes a 


linear transformation is effected by a quasidiagonal matrix of the 
form 


Ay, Ayn, -++1 Ay, 9, 9, , 0 

G1, Qg9; +++ Ay, 9, 9, ..., 0 

a a frog @ 0, 0 0 

el? @12> 2101 , : 2% —— A’, B'). (7) 
On. Die sheen gle esau. 

Oe: “Oe. . cate, Boi, Og05 «+ +1 Ooo 

0, 0, ceeey 0, Daa Bos aa et Brice 


Notice that the choice of the fundamental axes in each subspace 
remains fully arbitrary and in future we shall use this freedom to con- 
vert each individual matrix A’ and B’, which is part of the quasidia- 
gonal matrix (7), into the simplest form in a certain sense. 

We shall now make the following assumptions which we shall use 
later. 

Let f(z) be the polynomial 


f (2) = Goz? + az?" + a, 12+ ay. 
Replacing z by a matrix A we obtain a matrix polynomial 
f(A) =a, A? + a, AP* 4... + a,,A + ay. (8) 


By performing the operations shown on the right-hand side we ob- 
tain another matrix, i.e. any matrix polynomial /(A) is also a matrix. 
Notice that the coefficient a, of the polynomial is numerical. Owing 
to the fact that positive integral powers of one and the same matrix 
A,commute with each other and with all constants, we can say that 
both the addition and the multiplication of polynomials of the same 
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matrix A aredone in accordance with the usual laws of algebra in the 
same way as with polynomials in numerical arguments. Hence if an 
identity connects several polynomials in numerical arguments which 
have to be added or multiplied then this identity is still valid if the 
argument 2 is replaced by a matrix A. 

The following characteristic equation is of fundamental importance 
in the conversion of a matrix into the canonical form: 


ayy, == A, Ay ooey Ain | 
p(a)= |r 5 eis Tn = 0, (9) 
Qn, Aro weey Ann— A | 


where a, are the elements of the matrix A. This equation can be 
written in the form 
D(A —A) =0, (10) 
where the symbol D(U) denotes the determinant of the matrix U. 
As we have shown before [90] the following Cayley identity applies: 
p(A) =0, (11) 
i.e. if in the characteristic polynomial (A) of the matrix A the argu- 
ment A is replaced by the matrix A then a zero matrix results. 

We shall now state two more simple hypotheses. As we know the 
zeros of the equation (9) are known as the characteristic zeros of 
the matrix A. Weshall now prove the following theorem: #f A,,...4n are 
the characteristic zeros of the matrix A then the matrix A*, where s is 
a positive integer, will have the following characteristic zeros: Aj,... An. 

Remembering that the term of highest degree in the polyno- 
mial g(A) is equal to (—A)" we can write the following identity 
for A: 


D(A’) = JJ (&—%. (12) 
k=1 


Let « = e*”’® be the sth zeroof unity. We have the obvious 
identity [I, 175]: 
(2 — A) (2— ed)... (2 —eS-U) = BS — AS. (13) 
Bearing in mind the fact that the determinant of a product of 
matrices is equal to the product of the determinants and also the 
identities (12) and (13) we can write 


D(A —¥) = Tf (ue —2) 


k=l k 


nm 


(A, — eA)... JI (Ax — 1A) 


1 k=l 


Rs 
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or 


D(AS— 2) = JF [ue —4) (Ae 28) «(ed 
kal 


As a result of the identity (13), this gives: 


D(A’ — 28) = = IT s 4s), 


D(AS—p) = [J (%— pm), 


k=l 


which proves the above theorem 
In future we shall have to evaluate a matrix in the quasidiagonal 


form 
A= [Ay Ag ss 55 Ag 
It can easily be seen that it is equal to the product of the deter- 
minants of the matrices Aj,, i.e. 


D(A) = D(A,) D(A)... D(A,). (14) 


To simplify the notation we shall only deal with the case when 
k = 2. The multiplication law gives: 


[ A, A,] = [A, I) (ds A,], 
hence 


D (A) = D((A;, 1]) D((Z, 42]). 


Using the expansion of a determinant in terms of the elements 
of a certain row or column we obtain, for example, 


D([A,,1]) = D(A,), 


from which formula (14) follows directly. 
To conclude this section we recall that similar matrices have similar 


characteristic zeros. 


190. The case of simple zeros. Above we have investigated in full the 
conversion of a matrix into its canonical form when its characteristic 
zeros were distinct. Let us now formulate this in a somewhat different 
way so that we can subsequently make analogous arguments in the 
general case when the characteristic zeros coincide. 
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Let A,, ..., A, be the characteristic zeros of the matrix A which are 
all distinct. As we know from above there are, in this case, n linearly- 
independent vectors v,; which satisfy the equations 


Avy = An vy, (k= 1, Bi ial 2y 9b) 
or 
(A = Ax) Vy, = 0. (15) 


Each one of the vectors v, gives a one-dimensional subspace E, and 
these subspaces E, together generate the whole space. Each of the 
vectors Cc, V,, Where c, is a constant, must satisfy the equation 
Ach Vp == Ax Cy Vu i.e. a8 @ result of the transformation A, each vector 
is multiplied by A,. In other words, each of the subspaces £, is invariant 
with respect to the linear transformation effected by the matrix A. 
By taking the vectors v, for the axes we convert the matrix A not into 
the quasidiagonal form but simply into the diagonal form since each 
of the subspaces E, is one-dimensional. 
We now consider an equation of the form 


(A—4)x=0 (k=1,2,...,n). (16) 


This equation is satisfied by vectors of the subspace H,. It can readily 
be seen that it has no other solutions, i.e. that the equation (16) defines 
a one-dimensional subspace. In fact, if this equation determined a sub- 
space of higher dimension e.g. a two-dimensional subspace, then as we 
have shown in [III,, 27], each vector of this subspace would be linearly- 
independent of the vectors in the remaining subspaces E;,,and we would 
then obtain (7 + 1) linearly-independent vectors in an n-dimensio- 
nal space which is impossible. Hence in the case under consideration 
the equation (16) defines a one-dimensional subspace E,. 

These subspaces can be defined in a different way. To do so take the 
expansion into partial fractions 


1 ee Z (2) 
——_ = ‘“ k_. or a P — ] 
me) Bema OF Ea 


where a; are constants other than zero. Replacing z by the matrix A 
we obtain: 


Sa, 24 = ‘ (17) 


Ena, x (k=1,2,...,2), (18) 
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where x is an arbitrary vector in space. The constant factor a, in for- 
mula (18) is, obviously, of no significance. Formula (17) gives the ex- 
pansion for any vector x: 


. (A) 
x = SuUG—iz,* (19) 


where the terms on the right-hand side belong to the subspaces 
Ej. We will show that these subspaces E;,, given by formula (18), are 
the same as E,, which is given by the equation (16). In fact, if € is a 
vector in E, and is given by the formula (18) then, as a result of Cayley’s 
formula, we have: 


(A—4) 5 =a,9(A)z=0, 


i.e. any vector H, belongs to H,. It remains for us to show that, conver- 
sely, any vector 4, in E, can be obtained from formula (18) provided 
xis suitably chosen. To do so we write 7, in place of x in (19). Owing to 
the fact that each polynomial g(A)/(A — 4,), when s 4 k contains the 
factor (4 — A,) we have, from (16) which determines LE, the 
following: 


7A) 


Tey sa when sk, 


and therefore by replacing x by 4, we obtain from (19) 


A) 
Ny = Ay er ay Mk » 


i.e. the vector %, can, in fact, be obtained from formula (18) if we take 
the vector 7, instead of x. 

We will now use exactly the same arguments as when above for 
the case the zeros of the characteristic equation are repeated. This will 
make it possible to divide thespace into a complete system of subspaces, 
invariant in relation to the transformation effected by the matrix A. 
For each of these subspaces all zeros of the characteristic equation are 
the same; the second step in our transformation will be to choose 
axes in the space which will bring us to the fundamental formula (1). 


191. The first stage of the transformation in the case of repeated 
zeros. Let us suppose that the characteristic equation (9) has a zero a, 
which occurs 7, times, a zero a, which occurs 7, times etc. and finally, a 
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zero a, which cccurs 7, times. Expanding into partial fractions we 
obtain the following formula 


1 xi?) 


PZ) fA (z— ay)’ 


where g;,(z) is a polynomial in z of degree not higher than (7, — 1), 
and g;,(a@,) # 0. Consider the polynomials 


fal2) = ge(z) 22. (20) 


(2 — ay)" 
We obvionsly have the identity 


s 
1= Sf,(2), 
k=1 
or, replacing the argument z by the matrix A 
s 
1 — > fil A). 
k=l 


Thus any vector x can be represented as the sum of s vectors 


s 
x= S/,(A)x. (21) 
k=l 
Let us define certain subspaces E,, ..., H;, viz. assume that E, is 
a subspace which is given by the formula 
E=/,(A)x (k=1,2,...,8). (22) 


We shall see later that none of these subspaces E, is empty. Denote 
by x, any vector in the subspace H,. We shall prove, first of all, the 
following two formulae: 


f,(A)x,=0 when p¥q and f,(A)x,=x,. (23) 
In fact, we have by definition 
x, =/,(A)x, 


where x is any vector in the whole space. We thus obtain from (20): 


A = A A Ly(A)F 
fa ) X 9 p( ) 94 ) (A —a,)'p(A —ro)te ay)» (A — ra)re x 
If p and gq are different then the fraction on the right-hand side 
of the equation is a polynomial containing g(A) and therefore, as a 
result of Cayley’s identity, this polynomial will be a zero matrix; 
this proves the first of the formulae (23). To prove the second 
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formula it is sufficient to assume in formula (21) that x =x, and make 
use of the first of the formulae (23). We then obtain directly the second 
of these formulae. We will now show that these subspaces form a 
complete system of subspaces. Formula (21) shows that any vector 
can be represented as the sum of vectors from the subspace E,. Hence 
we have only to show that there can be no linear dependence among 
vectors in these subspaces. Assume that this linear dependence does 
exist 

Cix, + C,x,+...+C,x,=0, (24) 
where the vector x, belongs to the subspace E,. We must show that if 
x, is not zero then the coefficient C, must be zero. Applying the linear 
transformation /,(A) to both sides of the equation (24) we obtain 
from (23) 

Cx xX, = 0 ’ 


which proves our hypothesis. 

Hence the constructed subspaces £, do, in fact, form a complete 
system of subspaces and the sum of their dimensions must be 2, i.e. 
the same as the dimension of the complete space. 

Each of the subspaces E, can be defined in a different way from 
the above definitions, viz. it can be shown that the subspace £, is 
defined by an equation of the form 


(A —a,)*x=0, (25) 


i.e. it represents a set of vectors which satisfy this equation. In fact, 
suppose that we have a vector £ given by formula (22) and let us 
show that it will satisfy the equation (25). In fact, substituting the 
expression 


E=f,(A)x 


instead of x in the equation (25) we obtain on the left-hand side of this 
equation an expression 


(A — ay) f(A) x = 9,( A) p(A)x, 


and as a result of Cayley’s identity [y(A) = 0] the result will, in fact, 
be zero. We now have to prove the converse, viz. that any solution 7 
of the equation (25) can be obtained from formula (22) for a given 
choice of x. Furthermore, we will show that from the equation 


(A — a,)*4 = 0 (26) 
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it follows that 
1 = fi(A)n. (27) 


In fact, we have from (21) 
$ 
n= Sf,(A)1- 
p=l 


But each of the polynomials f,(A), when p # k, contains the factor 
(A — a,)™ and therefore, from (26), we have {,(A) 7 = 0 when p#k 
from which formula (27) follows directly. 

Let us now return to [III,, 27]. If A = a, is a zero of the characteris- 
tic equation then substituting this in place of A in the coefficients of 
the system (105) we obtain a homogeneous system with a zero deter- 
minant and we can therefore construct for it a solution which is not 
zero. This solution v, will satisfy the equation 


(A—a)vy,=0, 


and hence the equation (25) will also be satisfied by it, i.e. it forms part 
of the subspace E£, which therefore cannot be empty. 

It follows from the form of the equation (25) that each of the sub- 
spaces FE, will be invariant in relation to the transformation by the 
matrix A. In fact, if a vector x satisfies the equation (25) then it is 
clear that the vector Az will also satisfy this equation, since 


(A — a,)% Ax = A(A — ay) x. 


Let q,, ..., gs be the dimensions of the subspaces E,, ..., Es. Select- 
ing the fundamental axes in these subspaces in the way described in 
the previous section we obtain instead of the matrix A a similar 
matrix in the quasidiagonal form 


8, AS;! =[A,, 4,,..., AJ, (28) 


and the component matrices will be of rank g,. We will now show that 
the numbers gq, are the same as the order 7, of the zeros of the charac- 
teristic equation and that every matrix A, has a single characteristic 
zero a, which occurs 7; times. 

To prove this take any vector £ in the subspace E,. It must satisfy 
the equation (25). With the new choice of axes this equation can be 
rewritten in the form 

S,(A — a,)% S715 =0. 


But we have, for example 


$,(A — ay)? Sz? = 8,(A — ay) S718,(A — a) Sy = (8, ASz3 — 0)?, 
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so that the above equation can be rewritten as follows: 


(S, AST* — a,)*#& = 0, 
or 


[4, —a,, A,~—a,,..., A,—a,J*E=0. (29) 


Consider, for example, the case when k = 1. 
In this case all components of the vector £, except the first g,, will 
be equal to zero and instead of the equation (29) we can write: 


(A, — a,)"8' =0, (30) 


where by &’ we denote an arbitrary vector in a g,-dimensional space 
and the matrix (A, — a,)" is of order g,. Owing to the fact that the 
equation (30) holds for any vector 5’ we have 


(A, —a,)" =0. 


It follows that all the characteristic zeros of the matrix (A, — a,)” 
must be equal to zero. But they are obtained from the characteristic 
zeros of the matrix A,—a, by raising them to the power of 7,; conse- 
quently all characteristic zeros of the matrix A, — a, are equal to zero 
and all characteristic zeros of the matrix A are equal to a,. It can be 
shown similarly that in the general case all the characteristic zeros of 
the matrix A, of rank g,are equal to a,. But the matrix (28), which is 
similar to the matrix A, must have the same characteristic zeros as 
the matrix A. Its characteristic equation has the form: 


D([ 4, — 4, A,—A,..., A,—A]) =0 
or [189]: 
D(A, — 4) D(A, — a)... D(A, — 4) = 0. 


It follows that q, must coincide with 7, and that the matrix <A, 
has a single characteristic zero a, which occurs r, times. 


192. Conversion into the canonical form. We saw that each of the 
matrices A, has a single characteristic zero a, which occurs 7; times. 
To convert this matrix to the canonical form mentioned at the begin- 
ning of this chapter it is sufficient to select in a definite manner the 
axes in the subspace HL,. We thus have to investigate a particular case, 
viz. a matrix with a single characteristic zero. Suppose that a matrix 
D of order 7 has a single characteristic zero a@ which occurs 7 times. 
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The matrix B= D—a will have a single characteristic zero equal 
to zero of order r and it is this matrix which we shall now consider. 
As a result of Cayley’s identity we have B’ = 0, since the left-hand 
side of the characteristic equation must be the matrix B of equal 
to (—1)' 4’. It may happen that B’ = 0, where / is a positive integer 
smaller than 7. Take the smallest positive integer J to which following 
formula applies 
Bi=0. (31) 
If, for example, the matrix B itself is equal to zero then ! = 1. For the 
matrix 
0, 0, 0, 0 
0,00, 0, 
0, 0, 0, 0 
1, 0, 0, 0 


it can easily be shown that B? = 0. 
If the matrix B is equal to zero then D = B+ a is a diagonal 
matrix 
D = (4; 6;2x=5 a], 
and therefore we have the canonical form already. Hence it is only 
important to consider the case when / > 1. 
As a result of the condition (31) the equation 


Bi'x=0 


describes the whole space of r dimensions. We shall in future denote 
this by w. Let us now construct the equation 


Bi-1z=0. 


Since the matrix B'—' is not equal to zero this equation gives a 
subspace the dimensions of which are smaller than 7. We shall generally 
definite the sequence of subspaces by the following equations: 


Biz = 0;. B's = 0). ..5 Bx = 0; (32) 


and denote by F,, a subspace given by the equation B” x = 0. Let 
Tm give the dimensions of this subspace. As we have already said 
above, F, coincides with the whole space w, and t, = r, where t;_, < 1%. 
If a vector € belongs to the subspace F’,,, i.e. satisfies the equation 
B" €=0, then the vector BE satisfies the equation B”-1 (BE) = 0, 
i.e. it forms part of the subspace F’,,_,. It is also obvious that any vector 
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of the subspace F,,, also belongs to the subspace F',4,, i.e. the sub- 
space f’,, forms part of the subspace F’,,,,. We shall see later that the 
subspace F,,, always has smaller dimensions than the subspace F'7,4,, 
i.e. the subspace F’,, forms a proper part of the subspace F’,,,, but does 
not coincide with it. We have, for the moment, the following inequali- 
ties: 

T > Ty > Tg > +s ST, (33) 


and we will show that in each of these equations the strict inequality 
holds. 

Let us put t, — t;_, = 7, where 7; is a positive integer. In the 
subspace F, (in other words, in the whole space w) we can construct 
7; linearly independent vectors &,, ..., §,,, so that none of their linear 
combinations belongs to F;_,. In this case any vector of F,; can be 
represented as a linear combination of the vectors §&, ...,&,, and a 
vector of F,.,. To construct these vectors &,..., &, we select 
t,-, linearly independent vectors in any way we choose, for example, 
in the subspace F,_,. In this case the vectors £,, ..., &,, will complement 
these latter vectors and form a complete system of linearly-independent 
vectors in the space w. Denote similarly 1;_, — t;, = 7-,, where 
7,, is a positive integer, and in the subspace F;_, construct 7,-_, 
linearly independent vectors so that none of their linear combinations 
belongs to the subspace F;_,. Denote these vectors and any of their 
linear combinations by 7. Consider now the vectors 


BE,,..., BE,,. (34) 


They all belong to the subspace F,_,. Let us show that none of their 
linear combinations can belong to the subspace F,_,. For otherwise 
we should have 


Bi-*(c, BE, +..-+¢, BE,) =0 
or 


BI", 8 +... + C,, Er.) = 0, 


i.e. it appears that the linear combination of the vectors &, ..., 5, 
belongs to the subspace B'-1 which contradicts the definition of these 
vectors. We thus see that the vectors (34) are linearly-independent 
vectors belonging to the subspace F',_, and that they are the vectors 
7 of this subspace, i.e. none of their linear combinations belongs to 
the subspace F,_,. It follows directly that 7,_, > 7. Similarly, denoting 
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T-2 — T-3 by 7-, we obtain 7;.. > 7,-, and, in general putting 
tm — Tm-1 =m, we have: 


O< Fr, S71 Sug Ke e SP, (4, =). (35) 


It also follows directly that in formula (33) we have everywhere 
the sign >, 1.e. 
Sty Se Se (36) 


The number 7; can be called the number of dimensions of the sub- 
space F; in relation to the subspace F;_, which is contained in it. 
More strictly 7, is the number of linearly-independent vectors of F, 
which are such that none of their linear combinations belongs to F;_,. 
These vectors form a subspace G, which is part of F;. Similarly, 7;_, 
gives the dimensions of F;_, in relation to F;_, and we obtain, in the 
same way as above, a subspace G,_, which is contained in F;-,. 
In general, 7,, gives the dimensions of F,,, in relation to F',_, and there 
are 7,, linearly-independent vectors of F,, having the characteristic 
property that none of their linear combinations belongs to Fm_,; they 
form a subspace G,, which belongs to F’,,. The subspace G, coincides with 
F,. If § is a vector of G,,, and therefore also of F',, then BE belongs to 
F ,-,. It can, however, no longer belong to F',_, since we would other- 
wise have B”-*( BE) = 0 and, consequently, the vector § would belong 
not only to F,, but also to F,,_,, which contradicts the definition 
of the subspace G,,. Hence, by applying the linear transformation B 
to the subspace G,,, we obtain part of the subspace G,,_, (or all the 
subspace G,_,) and the linearly-independent vectors in G,, are trans- 
formed into other linearly-independent vectors in G,,,. From the 
formulae 

'm = Tm — Tm-1 (71 = 1) 


and since t, = 7, it follows directly that: 
0 fi lf ee lel 


and the subspaces G,, ..., G, evidently form the complete system of 
subspaces. 

We finally come to the last stage of the construction, viz. to the 
construction of the final subspaces which are invariant in relation 
to the linear transformation by the matrix B. Take a vector &, in G, 
for the first axis and construct (1 — 1) more axes according to the 
following equations: 


E,= BE; = BE; ...; §& = BE-y (BE, = Bie, = 0). 
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It follows from the above arguments that these axes are linearly- 
independent and belong successively to the subspaces G,, G;_,, ..., G. 
It can readily be seen that they form a subspace, invariant in relation 
to the linear transformation B. In fact, it follows from (37) that for 
any choice of the constants c;: 


Bic, &, + 6,8, +--+ 6S) = 6,82 + $3 +--+ 6-15. 


It follows directly that the matrix of the linear transformation of 
the invariant subspace so formed, when the &, are taken for the 
axes, will be a matrix of order 1 in canonical form: 


0, 0, 0,..., 0, 0 
1, 0, 0,..., 0, 0 

I(0) =|] 0, 1, 0,..., 0, 0 
| 0, 0, 0,..., 1, 0 


Using in this way one of the vectors of G, we can take any other 
vector 7, of G,, which is linearly independent of £,, and add to it 
(1 — 1) more vectors, according to the formulae: 


4, = Bn; ng = Bn; ...3 4 = Bm. 


The I vectors so constructed will be linearly-independent not only 
of each other but also of the vectors &,. This is directly due to the 
fact that linearly-independent vectors of G,, are transformed into 
linearly-independent vectors of G,,, by the transformation B. 
Taking the vectors 7, for the axes we obtain an invariant subspace 
corresponding to the linear transformation effected by the matrix 
I,(0). Using all 7, vectors of the subspace G, we thus construct 7, in- 
variant subspaces of / dimensions for each of which the linear trans- 
formation is effected by a matrix of the form J,(0). 

We now pass on to the next subspace G;_, of 7;_, dimensions, where 
71-, > 7. We have already used 7, vectors of this subspace for the 
construction of the axes. Using the remaining (7;_, — 7,) vectors in the 
same way as we did above we construct (7;_, — 7;) invariant subspaces, 
in each of which our linear transformation for the given choice of 
axes, will be effected by a canonical matrix I,_,(0) of order (J — 1). 

In general, when we reach the subspace G,, it will contain (7m — Tm41) 
unused linearly-independent vectors. Selecting these vectors in any 
way we please and applying to each in succession the transformation 
B we obtain from each vector (m — 1) additional vectors and, taking 
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these vectors as the axes, we thus obtain (7m— 7m 4,) sets of axes, 
where each set contains m axes and defines an invariant subspace of m 
dimensions corresponding to the transformation due to a canonical 
matrix J,,(0) of order m. 

Finally, when we reach the last subspace Gj, it contains (7, — 7.) 
linearly-independent vectors satisfying the formula BE = 0. Taking 
these vectors as axes we obtain (7, — 7.) invariant one-dimensional 
subspaces, corresponding to the linear transformation effected by a 
zero matrix of the first order. As a consequence of the new choice of 
axes we have a linear transformation o of the component vector and 
the linear transformation caused by the matrix B, will now be due to a 
similar matrix in the quasidiagonal form 


oBo- = [Ip (0), Ip2(0), -- +s Zpe(0)], (37) 


where among the lower suffixes in the square brackets there are 7, 
equal to J, (7;_,—7,) equal to (1 —1) etc. and, finally, (7, —7,) equal 
to 1. We obviously have for the matrix D = B- a: 


oDo— = cBo-1+ oao1=cBo1+ 4, 


i.e. a is added to the diagonal elements and we thus obtain 


oDo-t = [Ip,(a), Ip:(a), «- + Ip,(a)]- (38) 


Let us return, finally, to our initial matrix A. In the previous 
section, according to formula (28), we represented it as a quasi- 
diagonal matrix in which every component matrix A, had a single 
characteristic zero a, which occurred r, times. According to the above 
section each matrix A; can be converted to the canonical form (38) 
with the aid of a matrix o, of order r,. If we consider the matrix 


De = (6 Cr ery Gels 
then we have 
S,[ Aj, Ag,..-, As] Sy" = [0 A, 97", 6 A, oy", ---, 9, Aas"), 
and our matrix A is finally obtained in the canonical form 
(8, 3,) A(S, 81)? = [1g,(Ay), Loa), «+ +> Loop) - (39) 


The numbers 4, will be equal to a, and the sum of the lower suffixes 
of the component matrices I 9;(;), where 4; = a, must be rx. 

Formula (39) completes the conversion of a given matrix to a canoni- 
cal form. The question of the uniqueness of such a representation 
arises, i.e. it has to be proved that for any method of conversion to the 


193] THE DETERMINATION OF THE STRUCTURE OF THE CANONICAL FORM 687 


canonical form there will be inside the square bfacket on the right-hand 
side of formula (39) a definite number of matrices I9,(A;) for the given 
ojand A,;. For example, suppose that the matrix A is converted to the 
canonical form in an arbitrary way 


VAV-3 = [T,,(Ay), Tog(Aa), «++» Zop(4p)) - 


Bearing in mind the fact that similar matrices have the same cha- 
racteristic equation we can write the characteristic equation of the 
matrix A as follows: 


Di (Tye(Ay)s Toy( Ar), «+ +1 Typ(4p)] — a) = 0 
or 


D([TolAy — 4), Tog(4z — 4), +++» Lgp(Ap — 4)]) = 0, 
which is equivalent to the following [189]: 
D(I,,(A, — 4)) D(Zgq(4, — )) - - - DZ ge(Ap — 4)) = 9. 
but because of the form of the matrix I 0(a) it follows that 
D[I,(a)] = (@ — A). (40) 


Hence the numbers 4; must be equal to the characteristic zeros 
a, of the matrix A and the sum of the symbols g,, for which A; = ax, 
must equal the order r, of the characteristic zero a,. It 
remains to show that all the numbers p; must have a definite value. 
This can be proved by using the same geometric concepts as in the 
proof of the conversion of a matrix to the canonical form. In doing 
this the consideration of invariant subspaces will be of great importance 
We shall not give this proof here but in the following section we 
shall indicate an algebraic criterion which determines the values of all] 
the symbols 9; for the given matrix A. This criterion, based on consi- 
dering the highest common factor for determinants of a given order of 
the matrix (A — A), is given without proof in the first part of this volu- 
me [III,, 27]. It will also establish the uniqueness of the representa- 
tion of a given matrix in canonical form. 


193. The determination of the structure of the canonical form. As a 
preliminary let us prove two auxiliary lemmas. 

Lemma 1. If A and B are two square matrices of ordern and C = AB 
is their product, then any determinant of the matrix C of order t, where 
t <n, can be represented as the sum of products of certain determinants 
of order t of the matrix A and determinants of order t of the matriz B. 
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This lemma follows directly from the theorem proved in [III,, 6). 

CoroLLaRyY. Suppose that the elements of the matrix A(A) are poly- 
nomials of 4 and that the elements of the matrix B do not contain 4, 
where the determinant of the matrix B is not zero. Denote by d,(A) 
the highest common factor of all determinants of order ¢ which belong 
to the matrix A(A) and by d;(A) the highest common factor of the 
matrix A(A)B. It follows directly from the theorem that d,(A) must 
be a factor of d;(A). But we can write 


A(a) = [A(A) B] B*, 


and the above lemma also gives us directly that d;(A) must be a 
factor of d,(A), i.e. d,(A) and d}(A) are equal. We would obtain the same 
result if instead of the matrix A(A)B we had constructed the matrix 
BA(A). 

It also follows that the highest common factors of the matrix A(A) and 
of the similar matrix BA(A)B- will be equal. 

Let us explain one more property of the highest common factor 
d,(A). To do so we shall require a new definition. 

DEFINITION. By an elementary transformation of the matrix A(A), 
the elements of which are polynomials of A, we understand a trans- 
formation of this matrix by means of a finite number of the following 
three operations: 

(1) the transposition of two rows (or columns); 

(2) the multiplication of all the elements of a row (or column) by 
a certain constant, other than zero; 

(3) the addition to the elements of a certain row (or column) the 
corresponding elements of another row (or column) which are al multi- 
plied by a certain constant or bz a certain polynomial of A. 

If the matrix A,(A) is obtained from A(A) by means of an elementary 
transformation then, evidently, the reverse will also be true and A(A) 
can be obtained from A,(A) by means of an elementary transformation. 
If two matrices can be transformed into one another by means of 
an elementary transformation they are said to be equivalent. 

Lemma 2. Equivalent matrices have the same highest common factors 
GAA) (6 = 1, 2) sony 2), 

It is sufficient to show that when all the determinants of order ¢ of the 
matrix A(A) contain a common factor which is a polynomial of ¢(A) 
then all the determinants of order ¢ of the equivalent matrix A,(A) will 
contain the same factor. The first and second of the above three trans- 
formations add a numerical factor other than zero to determinants of 
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order ¢ and for these two transformations the lemma is evident. It 
remains to show that the common factor (A) will also remain in the 
third transformation. Suppose, for example, that this transformation 
involves the addition to elements of the p row of the corresponding 
elements of the qth row, g # p which were previously multiplied by 
the polynomial (A). All determinants of order ¢ which do not contain 
a pth row or which do contain the pth and gth rows will not alter 
during this transformation because of the property VI of a determinant 
[III,, 3]. Determinants of order ¢ which contain a pth row but which 
do not contain a gth row will have the following form after the trans- 
formation: A’(A) + y(A)A"(A), where A’(A) and A’(A) are determinants 
of the matrix A(A) of order ¢t. It follows from what was said above that 
the factor g(A) of the determinant A(A) of order ¢ will, in fact, be a 
factor of all determinants of order ¢ of the matrix 4,(A). 
Lemma 3. Any matrix of the form 


a—i, 0, 0, Jeg. +0 
1 a-—-A, 90, , 90, O 
[,a—a)=|| 9, 1, a—A,...,0, 0 (41) 
0, 0, 0, , 1, a— A 
of order @ can be obtained in the form of a diagonal matrix [1,1, ..., 1, 


(a — A)*] by means of an elementary transformation. 

When 0 = 1 this lemma is trivial. Consider the case when 0 = 2. 
Interchanging the rows and multiplying subsequently the elements 
of the first column by —(a — 4A), adding the products so obtained to 
elements of the second column and doing likewise with rows we obtain 
the required result after dividing the last column by (—1) 


a—i, 0 i. wa 1, 0 
1, a al> a—i’, 0 |- a—a, — (a—A)? 
1, 0 | 
>{¢ — (a—ap| > (a — A)?] 


For a matrix of the third order we obtain the following result after 
performing the above transformations: 


a—A, QO, 0 l, 0 0 
1 a—Aa, 0 —+/||0, (a—A)?, 0 
0, l1a-—A 0, —l1, a—Al 
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Interchanging the second and third rows and performing further 
elementary transformations we obtain: 


1, 0, 0 1, 0, 0 | 
0, (a—A)?, 0 —>!/0, —1, (@—A)||> 
0, -—1, a—i |0, (a — A)?, 0 

| 0, —1l, 0 —>}0, —1, 0 


1, 0, 0 I, 9, 0 | 
| ’ 
| 


lo, (@—aj, @—apsl| flo, 0, (@—ap 


and after dividing the second column by (—1) weobtain [1, 1, (a — A)§]. 
In this way we can gradually prove our lemma for a matrix of any order. 
We shall now prove the algebraic criterion of structure for the cano- 
nical form of a matrix A which was given in [III,, 27]. The corollary 
from Lemma 1 enables us to find the highest common factors d,(A) 
not for the matrix A — 4 but for a similar matrix 
V(A—AV-4=VAV-—A=[T,,(A,— 4), Tgg(Az— A), + + Ly (Ap — 4)) - 
(42) 
Applying Lemma 3 to each matrix in the quasidiagonal form we can, 
by choosing the highest common factors d,(A), replace the matrix (42) 
by a purely diagonal matrix which has along its main diagonal (9, — 1) 
units, (A, — A)®*! units, (@, — 1) units, (A, — A)* units etc. in succession. 
Notice also that if, during the construction of a determinant of order ¢ 
belonging to this matrix we rule out a set of rows, then in the deter- 
minant so obtained at least one row and one column will consist of 
zeros and, this determinant will be equal to zero. Hence when con- 
structing determinants belonging to a diagonal matrix we must 
always rule out the same rows and columns which simply involves 
the ruling out of diagonal elements, the product of which gives the 
value of the determinant. 
Consider one zero 4 = a of the characteristic equation which occurs 
k times. The determinant of order n must contain the factor (A — a)*. 
Suppose that the highest common factor of the determinants of 
order (x — 1) contains only the factor (A — a)“, This means that the 
highest power of (4 — a) which belongs to the constructed diagonal 
matrix is equal to (k — k,), ie. the canonical representation of our 
matrix includes a matrix Z;,_,,(a), and so on. If the highest common 
factor of determinants of the order (n — 2) is equal to (A — a)? 
it means that after (A — a)*~™ the highest power of (A — a) belonging 
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to the constructed diagonal matrix is equal to (4 — a)“'—™, ie. the 
canonical form includes both matrices Z,_,,(a) and I, 4(a). When we 
finally arrive at determinants of a certain order of which at least one 
does not contain the factor (A — a) then we absorb all the compo- 
nent parts of the canonical form A for which 4 =a. Hence the 
algebraic criterion for the canonical structure of a matrix mention- 
ed in [III,, 27] is proved. Notice that it not only follows from the 
above arguments that 


k>k>k,>...>k,, but also that 1,>1,>...>1, >Inay, 


where 
L Skah ako ky 0s ly Shay bt as SS ee 


194, Examples. We can solve the characteristic equation of a given 
matrix A and therefore the canonical form can be directly determined, 
for example, by means of the algebraic criterion mentioned in the 
previous paragraph. The problem remains of how to construct a 
matrix V with a determinant other than zero which would convert 
the given matrix A to the canonical form. In deducing the transfor- 
mation to the canonical form we successively choose new axes. The 
choice of these axes finally converted the given matrix to the canonical 
form. But we know from [III,, 21] how, for a given transformation 
of axes, we can construct a transformation U to convert the matrix A, 
as an operator, to the new form. If 7 is the linear transformation of 
axes then the matrix A will be converted to a new form UAU-}, 
where U=T*~" i.e. to obtain U from T we must interchange the 
rows and columns in 7 and take the inverse matrix. 

Let us now systematize the solution of the problem. First we select, 
the new axes so as to obtain our matrix in the quasi-diagonal form, 
taking into account its various characteristic zeros as described in 
[191]. In this case the choice of the new axes involves the solution 
of an equation of the first degree in the following form: (A —a,)"*x=0. 
Then we have to convert the matrix B with a single characteristic 
zero equal to zero to the canonical form. Here we have, at first, to 
determine the smallest number J, such that B!' = 0, and then we can 
construct a system of equations of the first degree of the form 


Bio,s=0. 


To determine the order of this system of equations we take those 
vectors which do not satisfy it and, on subjecting them to the trans- 
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formation B, we construct a new series of axes, etc. We thus obtain 
a second transformation of axes and, at the same time, a second 
transformation of a matrix similar to the fundamental matrix A; this 
finally gives us the matrix in the canonical form. We shall explain 
these general ideas by a numerical example. 

Consider a matrix of order 5: 


A= 1; 1, 0, — 3, —2 
—4, —2, -—1, 5, 1 
4, l, 1, —3, 0 


Constructing its characteristic equation in accordance with the 
usual rules we obtain it in the following form: 


(A—2)3(4-+1)2=0, 


i.e. this equation has a zero A =2 of order three and a zeroA=—1 
of order. Let us now construct the matrices (A — 2) and (A + 1)?. 
The equation (A—2)?x=0 must give a three-dimensional subspace, 
i.e. the matrix (A — 2)? is of the second rank. 

Similarly the matrix (A + 1)? is of the third rank. By an elemen- 
tary calculation we find: 


— 54,0, —27, 27, 27 
— 54,0, —27, 27, 27 
(A — 2)8 = 27, 0, 0, —27, —27 
— 54,0, —27, 27, 27 
54,0, 27, —27, —27 
and the system (A — 2)3x = 0 can be written as the two equations: 
— 54x, — 27x, + 27x, + 27x, = 0 
27%, — 27x, — 272, = 0, 
where (2, 2%, %3, 4, %;) are the components of the vector x. 
We thus have: 
where x,, 2, and x, remain arbitrary. On supposing that one is equal 


to unity and the others to zero we obtain three new axes which have 
the following components in terms of the former system: 


(0,1,0,0,0); (1,0,—1,1,0); (1,0,—1,0,1). (43) 
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Similarly, as a result of elementary transformations we obtain: 


0, —| 6, 0, 9, 3 
=. 9, 3, 0, 9, 3 
(A+1)? = 0, 6, 0, —9, —3 
—9, —12, 0, 18, —3 
9, 6,0, —9, 6 
and equation (A + 1)? x = 0 can be written as a system of three equa- 
tions: 
— 2x, + 3%,+ 4,=0 
—32,+ %+3%,+ x2,=—0 
or 
t= 2%; t= 74; t= — 2, 


where z, and 2, remain arbitrary. This gives us two new axes: 
(1,1,0,1, —1) and (0,0, 1,0, 0). (44) 


The new axes (43) and (44) will be expressed in terms of the former 
axes by the formulae: 


a= ey 

ey = e} — 3 + 

3 = & — &3 + €5 
€y =e + e + 4 — es 
és = eg 


The matrix of this linear transformation has the form 


0, 1, 0, 0, 0 

1, 0, —1, 1, 0 
fT =|/ 1, 0, —1, 0, lj, 

I, 1, 0,1, —1 


0, 0, 1, 0, 0 


and by interchanging the rows and columns and taking the inverse 
matrix we obtain: 


0, 1, 1, #1,0 —1,1,0, 1, 1 
1, 0, 0, 1,0 —1,0,0, 2, 1 
Syt=7T* =|0,-1,-1, 0,1], 8,=T*®4A=] 1,0,0,—1, Oj. 
0, 1, 0, 41,0 1,0,0,—1, —1 
0, O, 1,—1,0 0,0,1, 1, 1 
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Multiplying the matrices in accordance in the usual way we con- 
vert the matrix A to the quasidiagonal form which consists of matrices 
of the third and second ranks: 


1, 0, —1, 0, 0 
SB a: 0, 0 
8, ASS) = 1,0, 38, oO, Oj. (45) 
0,0, 0, —2, —1 
0, 0, 0, 1, 0 
The matrix of the third rank 
1, 0, —1 
D, =||—2, 2, —2 
1, 0, 3 


has a characteristic zero A= 2 occurring three times. Let us construct 
the new matrix: 


|--1, 0, —1) 
B,=D,—2=||-—2, 9, —2 
10 1 


with the characteristic zero 4 = 0 occurring three times. By squar- 
ing it we obtain Bi? = 0. Hence we have, in this case, J = 2 and the 
system B, x = 0 can be written as the single equation 


«,+%= 0. 


The subspace /, in our former notation coincides with a complete 
three-dimensional space and the subspace /', can be formed by the 
vectors (1,0, —1) and (0, 1,0). We take the vector (1, 0,0) which 
does not form part of F,. It forms the subspace G,. Subjecting this 
vector to the operation B, we obtain 


B,(1, 0, 0) = (— 1, — 2,1). 


The vectors (1, 0, 0) and (—1, —2, 1) form the first pair of new axes 
to which the following canonical matrix corresponds: 


For the third axis we can take any vector F, which is linearly- 
independent of the vector (—1, —2, 1). Let us take the vector (0, I, 0). 
The zero canonical matrix of the first order corresponds to this vector. 


0, 0 
1, 0 
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The new axes will be expressed in terms of the former axes by the 
formulae: 


= —e— 2e, + 4 
€3 = e}. 


We now take a matrix of the second rank which belongs to the 
quasidiagonal matrix (45): 


77 (emicctaaes 
1, 0 
This matrix has a characteristic zero A = —1 occurring twice. 
We construct the matrix 
—l1, -1 
B,=D l= ; 
:=Dt1=[— 77 


with a characteristic zero 4 = 0 occurring twice. Obviously Bz = 0, 
as it should be in accordance with Cayley’s formula. The equation 
B,x = 0 is equivalent to 2, -+ 2, =0, where xz, and 2; are the com- 
ponents of x in the two-dimensional space under consideration. We 
take for the first axis the vector (1, 0), ic. 2, = 1 and operating by B, 
on 2; = 0, which does not satisfy the equation B, x = 0, we obtain 


B,(1, 0) =(— 1,1). 


Hence the two new axes will be (1, 0) and (—1, 1) so that we obtain 
the following expressions which give the new axes in terms of the 
former axes: 

= Ms C= — et 6, 


or, taking into account earlier formulae: 


el = e} 

€, = — & — 2¢, + 6 

6 = e (46) 
a= e4 

= —e,+ e. 


The cannoical matrix J,(0) will correspond to the last two axes. 
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We must add two to the first two matrices along the main diagonal 
and (—1) to the last canonical] matrix. The final canonical form for 
the matrix A is: 


2,0,0, 0, O 
1,2,0, 0, 0 
0,0,2, 0, Off =[J,(2),1,(2),Z.(—1)]. (47) 
0,0,0,—1, 0 


0,0,0, 1, —1 


We finally construct the matrix V which transforms A to the form 
(47). As we know from above it is a product of 8, 8,, where S, has 
been obtained above and 9, can be determined from the formula 


8, = Y bia ; 


where 7’, is the matrix of the linear transformation (46). We have: 


1,-—1,0,0, 0 1, 0, 1, 0, 0 
0, —2,1,0, 0 0, 0, 1, 0, 0 
T*—|10, 1,0,0, 0] and §,=7M-1=//0, 1, 2, 0, 0 
0, O,0,1, —1 0, 0, 0, 1,1 
0, O,0,0, 1 0, 0, 0, 0, 1 


Multiplying these two matrices we obtain: 


0,1,0, 0,1 
1, 0, 0, —1, 0 
V =S8,8,=||1, 0,0, 0,1 
10,1, 0,0 
0,0,1, 1,1 


Finally 
VAV™ = [1,(2), 1,(2), I,(— 1)]. 
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